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1 Introduction

The formula of Feynman-Kac [12, 20, 21] is a central result in the modern theory
of Brownian motion and diffusion processes. To state the basic Feynman-Kac
formula for one-dimensional Brownian motion in the form presented in M. Kac

[20] let ¢ : IR — IR, be a Borel function, and let f : IR — IRy be a locally
bounded Borel function. Then for & > 0 and A > 0

/OOO dt e‘étE [q(Bt) exp (—)\ /Otf(Bs)ds)] — /:: dz q(2)UM (k, ) (1.1)

where F is the expectation operator with respect to a probability distribution P
governing (By;,t > 0) as a standard one-dimensional Brownian motion started at
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0, and U(z) = UM (k, z) is the unique solution of the differential equation

0= (So) v o (12)

subject to the requirements that U'(x) exists for & # 0 and is uniformly bounded,
that U vanishes at +o00, and that

U'(0+4) — U'(0—) = —2 (1.3)

In his 1949 article, M. Kac proved the Feynman-Kac formula by approximating
Brownian motion with simple random walks. The exposition of the present paper
is intended for a reader acquainted with the modern theory of Brownian motion
based on martingale calculus and excursion theory, as presented for example in
Revuz-Yor [33] or Rogers-Williams [34, 35]. For a lighter treatment of some of this
background material, see the Caracas lecture notes [48].

Our main purpose here is to present connections between the Feynman-Kac for-
mula, related Sturm-Liouville equations, and various decompositions of Brownian
paths into independent components. Path decompositions are discussed in Section
2 of this paper. In Section 3 we show how some refinements of the Feynman-Kac
formula may be understood in terms of a decomposition of the Brownian path at
the time of the last visit to zero before time # where 6 is an exponentially dis-
tributed random time independent of the Brownian motion. We also show how
D.Williams’” decomposition at the maximum of the generic excursion under It6’s
measure translates in terms of solutions of a Sturm-Liouville equation. Finally,
Section 4 is devoted to explicit computations of the laws of

Al = /Ot ds f(B.)

for specific functions f, among which f(xz) = Az|*, for some special values of «,
and f(x) = Acoth(ux), borrowed from the recent thesis of Alili [2].

While we have chosen here to stay fairly close to Kac’s presentation of the
Feynman-Kac formula in terms of a one-dimensional Brownian motion, a substan-
tial literature has developed around extensions of the Feynman-Kac formula to
various other contexts. See for instance Kesten’s paper [22] for a survey of such
developments, and [29, 43, 44] for some other recent studies. Simon [38], Chung-
Zhao [11], Nagasawa [26], and Aebi [1] provide connections with the theory of
Schrodinger semigroups. For further examples involving the techniques of this
paper, and a wealth of other formulae related to Brownian motion and diffusions,
see the forthcoming handbook of Brownian motion by Borodin-Salminen [7].

2 Some decompositions of Brownian paths

For a € IR let P, denote a probability distribution governing (B;,t > 0) a one-
dimensional Brownian motion (BM) started at a. For ¢ = 0 we write simply
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P instead of Py. For ¢ > 0 and & > 0 let P govern a process (Reyt > 0)
as a BES(6), that is a 6-dimensional Bessel process, started at a. We shall be
particularly concerned with the BES(3) process, which is obtained by conditioning
a BM in (0, 00) to never reach 0, and the BES(3) bridge obtained by conditioning
a BES(3) process started at 0 at time 0 to return to 0 at time 1. See [33] for
background, and further discussion of this fundamental relationship between BM
and BES(3), and [36, 13, 32] for further discussion of diffusion bridges.

Let £, E, and E° denote the expectation operators derived from P, P, and P?.
While we find it convenient to use the different notations (B;,¢ > 0) for a BM
and (R;,t > 0) for a Bessel process, we shall occasionally regard P, P, and P°
as probability distributions on the canonical path space C[0,00), in which case
(X:,t > 0) may be used to denote the coordinate process on C[0, 00) which might
be governed by any of these laws.

2.1 A decomposition of (B,;0 < u < d,)

Given a Brownian motion (B,; v > 0), and an arbitrary fixed time ¢ > 0, let
dy :=inf{u:u>1t,B, =0} and ¢; := sup{u : v <, B, = 0}.
1
a. The process (bu = ——=By;; 0 <u < 1) is a standard Brownian bridge which
9t
is independent of the o-field generated by the variable ¢g; and the process ( By, 4, u >
0).
|B

1
N gt+u(dt_gt)|; 0<u< 1)
is a BES(3) bridge which is independent of o{B,, 0 < u < g1, u > d;}.

c. The process
My, = | gi + u(t gt)| ; U ,

known as a Brownian meander [10], has a law which does not depend on ¢, and the
meander is independent of o{B,, 0 < u < ¢;}. Details of this decomposition can
be found in Revuz-Yor [33] and Yor [48]. See also Bertoin-Pitman [4] for a survey

b. The standard Brownian excursion, (

of various transformations relating the bridge, excursion and meander derived as
above from Brownian motion.

d. Finally, as a consequence of the strong Markov property of BM, the process
(Bd;+u,u > 0) is a BM independent of (B,,0 < u < d;).

2.2 A decomposition of (B,;0 < u < 6;) at gy, for an inde-
pendent exponential time 6,

Let 05 be a random time whose distribution is exponential with rate /2, that is

k? k*t
PO, € dt) = ?GXP(_T) dt (t >0),
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and assume that 6, and (Bt > 0) are independent. Then the left-hand side of

the Feynman-Kac formula (1.1) equals
2
2 E [Q(Bé’k) exp (—Agkf)]

Since the well known formula for the resolvent of BM [17] implies that
P(By, € da) = ge—klxldx (x € R)

it is clear that the function UM (k, x) appearing on the right-hand side of (1.1) is

el
UM (k,z) = ; E [exp (—Agkf)

By, = 1 (2.1)

Our aim now is to explain Kac’s characterization of U (k, x) as the solution of a
Sturm-Liouville problem in terms of a decomposition of the path (B,;0 < u < 6y)
at time gy, , the last zero of B before the independent exponential time 8;. By a
last-exit decomposition (see e.g. [46] chap. 3, p. 35 or [48] lecture 5, p. 73) the
processes (By; 0 < u < gg,) and (Bg,—; 0 < u < 0, — gg,) are independent. As a
consequence, if ((;,1 > 0) denotes the local time of B at 0, (see e.g. [33, Ch. VI])
and if 7, = inf{t : {; > s} is the inverse local time, then 4, is independent of By,
with
P(ly, € dl) = kexp(—Fkl)dl (€ >0).

Therefore, for every pair of Brownian functionals F' and G, taking values in IR,
we have

E[F(By;0 <u<gg) G(Bo-u;0 <u <0 —gp)|lg, =0,Bg, =a]= (2.2)

(e E |exp — 5 F(B.,;0<u<m)

where Ty = inf{t : B; = 0} and consequently

)

2
) (ek|l’| Ex [exp (—%To) G(Bu,o S U S TO)

0 k2
EF(By;0 <u < g, )] Zk/ dlE lexp (_sz) F(By;0<u<m)
0

(2.3)

2

k foo k
FElG(Bg—w;0 <u <0 —gp,)] = 5/_ da E, [exp (—?TO) G(By; 0 <u <Tp)

For example,

Elesp (<Al )| =& [ [exp - (%QU + Ag)] (2.4)

whereas

E [exp — (Agk — Aglek)] = g/_o:o da E, [exp— (%ZTO + A{FO)] (2.5)
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and

E [exp (—Agk)] =k [exp (_Aglek)] E [exp — (Agk — Aglek)] : (2.6)
We explain in the next sub-section how the basic formulae (2.2) and (2.3) can
be expressed in terms of excursion theory. Then in Section 3 we show how the
right-hand sides of (2.4) and (2.5) can each be evaluated in terms of solutions of
appropriate Sturm-Liouville equations. These evaluations then combine via (2.6)
to yield Kac’s description of the function U (k, x) appearing in (1.1) and (2.1).

2.3 Integral representations of Brownian laws

We now find it convenient to suppose that the laws P, governing BM and P{®)
governing BES(3) are defined on the canonical space C'[0,00), with coordinate
process (X;,t > 0). For m > 0 let P’ and (P®)T denote the previous laws
derived from P, and P® by killing the process (X:,t > 0) at time T,,, = inf{t :
X: = m}. Formulae (2.2) and (2.3) are presented more concisely by the following
master formula, in which the symbol o stands for the operation of concatenation
of two independent trajectories. (See [48] lecture 5, par. 6, or [33], page 481,
Exercise (4.18)).

/OOO dt P — (/OOO chTf) 0 (/_0; daT(PaTO)) 2.1)

where P! is the law of (X,,0 < u <) under P, i.e., the measure defined on the
space of continuous functions {w(u),0 < u < (,}. Thus

(/OOO dt Pt) [F( Xy, u < OR(C)] = /OOO dt h(t) B [F( Xy, u < )]
and
(/OOO CMPU) [F (X, u < m)h(m)] = /000 dOE [F( Xy, u <) h(m)] .

On the other hand, "(PT0) is the law PIo with reversed time. To be precise,

"(PI) = (PéS))Wa is the law of a BES(3) process starting from 0 and ending at
v* =sup{t > 0: Ry = a}. The formula (2.7) is taken from Biane-Yor [6], where
it is proved by excursion theory. See also Biane [5] for a systematic study of such
integral representations and their applications, Leuridan [25] for a more elementary
approach, and van der Hofstad et al. [40] for some closely related presentations.

2.4 The agreement between two descriptions of Brownian
excursions

Two important integral representations of ny, the [t6 measure of positive Brow-
nian excursions, are as follows:

1 o do
ng, — — II° 2.8
i=5/ — (2.8)
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and

ne =5 [T (R ( (R (2.9

" 2Jo m?
where IIV is the law of the BES(3) bridge of length v ( see [6] par. 6.1, [33] chap.
12, [42, 32]). The comparison of (2.8) and (2.9) yields the so-called agreement

formula
oo du v [ dm (3) Tm ” (3) Tm
/0 —27‘_1)3 IIY = A W (PO ) o] ( (PO ) ) (210)

which is discussed in some generality in [32]. According to the basic formula of
excursion theory, for any Borel function f : IR — IRy,

Elexp(—AL )] = exp (—z [ ntae) (1 —exp(—A{/(e)))) (2.11)

where n = nt + n~ is the [t6 measure of Brownian excursions (n~ is the image of
nt by ¢ —» —¢) and V is the length of the excursion.

3 Sturm-Liouville equations

In order to obtain explicit formulae for (2.4) and (2.5), we first present probabilistic
interpretations of the fundamental solutions of the Sturm-Liouville equation

1
5 F'(z) = m(x)F(2) (3.1)
for an unknown function F' : IRy — IR, where m : IRy — IR, is a known non-
negative and locally integrable Borel function. The function m determines two
fundamental solutions of (3.1). These are

i) F(x) = ®(x) say, the non-increasing solution of (3.1) such that F(0) = 1;

ii) F(x) = ¥(x) say, the solution of (3.1) such that F'(0) =0, F'(0+) = 1.
The following probabilistic interpretations of ® and ¥ have been known for

some time as applications of stochastic calculus. See for instance [18],[48, p. 76].
First of all,

0

®(a) = E, [exp (— Y (B, ds)] (0 < a) (3.2)

which by application of the strong Markov property of B implies

5(0) - E, [eXp (_ /OTb m(B,) ds)] (0<b<a). (3.3)

Next,
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Equivalently, by the Doob h-transform relation between Brownian motion and
BES(3) for h(z) = x (see e.g. [33] p. 431)
W(a)
W(b)
For completeness, we record also the following companion to (3.5), which follows

easily from (3.3) and (3.5) by application of the strong Markov property of B at
time Tj:

— £, l1{Tb<TO} exp (— OTb m(B,) ds)] 0<a<b)  (3.5)

To

S

In the next two subsections we show how the above formulae may be applied
with m(x) = % + Afi(x) and m(z) = % + Af_(x) where f is the restriction of
fto IRy and f_(x) = f(—x), x > 0 for a generic f : IR — IR,. For simplicity, we

take A = 1. Replace f by Af to introduce the parameter A.

®a) — m(B,) ds)] 0<a<b) (3.6)

3.1 The Brownian path from gy, to 0,

The following Theorem provides an evaluation of the right-hand side of (2.5).
Theorem 3.1 Let fi : IRy — IRy be a locally bounded function, and let

&5 (k, a) = E, [eXp— (%2T0 + /OTO ds f+(BS))] (@a>0).  (3.7)

The function u(a) = ®/+(k,a) is the unique bounded solution of the Sturm-
Liouville equation

r, k?
5 U :<?—|—f+)u; u(0)=1. (3.8)
Moreover p 2
o0 1 1
&I+ (k,a) = ——— exp(——) H'*(t,a), 3.9
)= [ 2 (= 1 1,0) (3.9)
where
2 t
HP*(t,a) = a exp(—%)EéS)[eXp(—/ du fo(R)|R: = d]. (3.10)
0

Proof: The first part of the theorem follows from (3.2). The right-hand-side of
(3.7) may be written as

RSN A P ey oo
exp| —— | exp| —— | E, |exp — s s
0 V2rt? Pl P 2 P -

Using D. Williams’ time reversal result, and conditioning with respect to v, =
sup{t : Ry = a}, we obtain

E, [exp — /OTO ds f+(Bs)|To = t] = E(()S) [exp — /Ot ds f+(Rs)

and hence the representation (3.10) of H'+. See [48, p. 52]. O

TOZt] .

tha].
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Corollary 3.2 With the previous notation, we obtain the following expression

for f: IR — IRy a locally bounded function:

E [exp— (Agk — Aglek)] = g/ooo da (q)f+(k,a) + q)f‘(k,a))

2 / Qﬂ.tS (_%Zt) /0°° da (Hf+ (t,a) + H/- (, a))

3.2 The Brownian path before g,

The next theorem provides an evaluation of the right-hand side of (2.4). We keep
the notation of Theorem 3.1.

N . H*(t,a) .
Theorem 3.3 The limit K/+(t) := lim, .o, ————— exists and satisfies the
a

equality
t
K+ (1) = E(()S) [exp —/ du f+(R,) | Ry = 0]
0
Furthermore, this function K+ is characterized via the following transform:

0ot 2

@y = [T (1 _ exp(—%) K+ (t)) (3.11)

where

(®+) (k,04) = = Ot (k,a)

a

a=0+

Remark: As a check, recall that ®/+(k, a) is a decreasing function of a, hence,
both sides of (3.11) take values in IR,.
Proof: We divide by a the two sides of the equality

&+ (kya) —1 = (e — 1) + (&7 (k,a) — 7).

1 9 a?
/ NorE exp [—5 (k t-I-T)] ,

we obtain from (3.9) and (3.10) that —(®+)'(k,0+) equals

Then, using

ot k*t (1_ E [exp /d5f+ ‘Rt_o])

o di k*t
, op (1 — exp(—7)), which leads to the form (3.11)

of the right derivative of the function ®/+(k,a) at a = 0. O

We also note that k£ =
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Corollary 3.4 With the previous notation, we obtain

E lexp — (%QU + Ag)] = exp (g (7Y (k,04) + (&) (E, 0+)])

As a consequence, we have
2k
)] = —(@4+)(k, 04) — (®/-)'(k, 0+)
Proof: This follows from Tanaka’s formula and optional sampling theorem. See

e.g. [18], or the proof of the second Ray-Knight theorem in [33], Chap. XI, theorem

P,
2.3. Another proof is obtained from (2.11) and the observation that n = lim, o —
a

E [exp (—Aéek

in a suitable sense. See Pitman-Yor [30] where this result is presented for a general

P, P, . -
diffusion, with ﬁ instead of — for s the scale function of the diffusion. a
s(a a

Corollary 3.5
K /Oo da (D™ (k, a) + &~ (k, a))
E [eXp (—Agk)] = —((I)f+)/(k,0—|-) — (<I>f—)’(k,0—|—)

Remark: Replace f by Af for A > 0 to see that this formula determines the
Laplace transform of Agk, hence the distribution of Agk, in terms of the functions
®M+ and &M= for A > 0. The formula of the corollary extends to

B [ da(g(a)®% (k.a) + g(—a) ©=(k.a)

(3.12)

E [q(By,) exp (—Af,)] = 0T — @00 (3.13)
and
E [q(Bek)p(gek) eXp( Agk)] =
k% pee l

< [ da(g(@)@” (k. a) + g(—a) @7 (k. a)

where ¢ and p are positive functions.
From (3.13) and the discussion below (2.6) it is clear that the function UM (k, )
in (1.1) and (2.1) is expressed in present notation as

2 (@M (k,2)1(2 > 0) + V- (k, —2)1(x < 0))
@04~ (@Y 0]

It follows also that U(z) := UM (k,z) satisfies the Sturm-Liouville equation (1.2)

with the boundary conditions described around (1.3), in particular U’(0+) —

U'(0—) = —2. That the U so obtained is unique requires a further analytic
argument. Note how the presentation of Kac’s basic function in (3.14) as a ratio

UM (k, z) = (3.14)

reflects the path decomposition at time gy, .
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3.3 Relations with the agreement formula

We now examine how the agreement formula (2.10) translates in terms of solutions
of certain Sturm-Liouville equations.

Theorem 3.6 Let f. : IRy — IRy be a locally bounded Borel function. Keep
12
the notation ®+(k,z) = E, [exp— (?TO + A{Fz)] and define another function
U/t (k,z) by
2

k
° = E(()S) [exp — (

f+
Uf+(k,x) 2 Lot ATE)]

Then
i) O = Wt(k,z) is the unique solution of

) = (5 ) wie) s w0) = 0 (04 = 12 0 < W)

ii) The function W/+(k, z) is an increasing function of x, and the following relation

holds:
— (D) (k,04) = /OOO dx (% — m) (3.15)

Proof: Part i) follows from (3.4). Turning to ii), the left and right hand sides of
(3.15) are the left and right hand sides of the agreement formula (2.10) applied to
the functional

e (= [ s teton)

where ((w) is the lifetime of the generic excursion (w(s),0 < s < ((w)). O
As an alternative approach, here is an elementary proof of (3.15). As observed
in [31]
1 d moody \7!
= —— 3.16
U2(m) dm( 0 <I>2(y)) (3.16)

Hence, the right hand side of (3.15) is equal to the limit, when € tends to 0 of

d
o0 1 d mody \7! 1 ¢ dy ! d2(y)
c m2+dm o ®(y) € o P2(y) 6/E dy
0
Since ®(0) = 1, it follows that as € | 0

e (5) [t -ot) =5 [ a0 - o) = —004) o
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We now comment on some variations of the identity (3.16). Since both ® and
U are non-negative, the identity (3.16) is equivalent to

v = — 3.17
)= () [ 55 (3.17)

which in turn is a variation of the Wronskian identity
Ve — o'V =1, (3.18)

As a complement to (3.16) and the discussion of ® and U given at the beginning
of this section, we deduce that for a C'! function 8 : IR, — IR,, with compact
support,

[0t (% = sy ) = 00w+ [ o) (l—(@d—@))

(3.19)
Writing 0(x) —6(0) = [; dy 0'(y), and dividing both sides of (3.19) by 2, we deduce
from (2.9) and (2.10) that

(S ) ST N

where M = sup,s,¢e(s), and V =inf{s > 0:¢(s) = 0}. Equivalently,

(2 Ox q);lEJy))_l _ /{sz} exp( / ds ) (3.20)

4 Examples

)\2

Example 0: fi(z)= 5

)\2
We start with the constant function fi(x) = 5 Then, we have ®/*(k,a) =

exp(—va), where v = (k% + A2)Y/2. We now check formula (3.12) in this case:
easily, on the left-hand side, we find

Blesp(= 0] = & (11)

2
On the other hand, —(®/+)(k,0+) — (®/-)(k,04) = 2v, whereas the integral

/Oo da(®* (k,a) + ®'=(k,a)) is equal to (2/v). Finally, both sides of (3.12) are
0
equal to (k*/v?).
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A more interesting case, which following Kac [20] has been presented many

A2 A2
times in the literature [11, 23, 17, 33, 41], arises when fi(x) = 7"’, f-(z) = 7_,

with Ay # A_. The previous (trivial) formula (4.1) is then modified as follows:

A2 o A2 b k2
E [exp— (?"/0 ds1lip, >0y + 7/0 ds 1{BS<O})] = (4.2)

vyv_

6
where vx = (k% + A2)Y2. Consequently, the random times /Ok ds1lp,soy and

Ok
ds1lip.<oy are independent with a common gamma distribution with shape
0
1
parameter 1/2. Lévy’s arc sine law for the distribution of / ds1lip.soy is a well
0

known consequence.
2
1
In the case fy(z) = 5 it is well known that W(m) = sinhl(/mz/)' Hence, the

equality (3.15) then reduces to

v = /OOO dm (% - (m)z) . (4.3)

With the change of variables : m = x/v, the right-hand-side of (4.3) is equal to

/OOO dx (% — m), so that (4.3) reduces to
oo 1 1
de | - ——F—] =1 4.4
/0 ’ (:1;2 (sinh :1;)2) (44)
. . . 1 1
In fact, the following expression of the Fourier transformof | — — ———.,x € IR
z?  (sinhaz)?

is well known to be

/_Z dx exp(if) (% - m) = (5 coth %5 - |§|) (4.5)

which easily yields (4.4), by letting £ — 0.

Example 1: f(z) = A|z|, A >0

One of the first applications, if not the first, of the Feynman-Kac formula, has
¢

been to compute the law of/ du |B,| (see Cameron-Martin [9] and Kac [19]). A
0

number of variants of this computation, where B is replaced by a 1-dimensional
or 3-dimensional Bessel bridge have been made [37, 39], and continue to be of
interest. See e.g. Perman-Wellner [28], which contains a general discussion similar
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to our Sections 2 and 3.
In order to exploit the previous results, we introduce the Airy function Az which
is the unique bounded solution of

u" = zu, u(0) =1

ot () (39

where K, is the usual modified Bessel function with index v. The solution of

— (k2 + Ax)u,u(0) =1

and is defined as

can be written as

(A)[(xA + k%) /A27]
(Ad)k2/ N2

Some easy computations lead to

g K
Blesp=) [ " du|B.|) = [‘}/3(#) (4.6)
0 12/3
6’k 1 o0
F(ex —)\/ du|B,]) = — dv Kq/3(v 4.7
e [ i) = o [TdoKip) D)
O 1 oo
E —)\/ du|B,|) = / dv K 1.8
(exp 0 ulBu]) Kyys(p) Ju v Kipalv) (4.8)

3

with ¢ = o

¢
The quantity F(exp —)\/ du |B,]|) is computed in Kac [19], the density and the
0
1
moments of/ du | B,| appear in Takacs [39] and are related with the Airy function
0

d
and its zeros. Getoor and Sharpe [14] provide the computation of E(exp —A a du|By|)

90
which can be obtained also from the previous results, together with the Markov

property, which yields:
dt TO
Blespl [ dulBl — alB) = & (exp(—alB) Bpesp— [ dulBl) )

Using the equality gg, faw 01— g, faw (N/k)* where N is a standard N(0, 1) variable
and the scaling property of Brownian motion, we obtain

)\ 1 [(1/3
E ——N3/ dulb,) =
(exp ——5|N] ; ulby|) ooV
E(esp— NP [dum,) = [ do Kyjafo)
exp e : um,) = K1/3(,M) ) v Ky3(v

where b is a Brownian bridge and m a Brownian meander. These formulae can be

found in Biane-Yor [6], Groeneboom [15], Shepp [37], Perman-Wellner [28].
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Example 2: f(z) =i\z

to We now exploit the Gaussian character of (Bt > 0). Let 6 := 6; be an
exponential time with parameter 1/2. The equality

[
E[expi()\/ du B, + uBy)] =
0
[
ElexpiO\ [ du B,)] E[expi()\/ du B, + j1(Bs — By,))]
0 ge

can be transformed in

1
E(expi()\03/2/0 du B, + ,u@l/zBl)) = (9)
1 » 1 » 49
E[exp(M|N|3/ du bu)]E(expi()\N?’/ dum, + Npmy))
0 0

where N & N ' e(gg)'/? faw (0 — gg)*/?, with N and N standard N(0,1)
variables, € a symmetric Bernoulli variable independent of the pair (9, g4), (by;u <
1) a standard Brownian bridge, independent of N, and (m,;u < 1) a Brownian
meander, independent of N. Two among the three expectations found in (4.9) can
be evaluated thanks to the following elementary

Lemma 4.1 For ecvery (A, u) € IR, one has

2

1 2 Y
EKA/ duBquuBl) ] = 1* A+ o
0

o[ o]

Proof: The last equality in this lemma follows from the obvious remark

Moreover,

1 1 1 w1 1
/ du B, = / du (B, —ubBy) —I—/ duubB; fav / du b, + =B,
0 0 0 0 2

where (b, :== B, — uB1,0 < u < 1) is independent of B. a
Plugging the results of the lemma into (4.9), one obtains

1 293
F [expi ()\03/2/ du B, + ,u@l/QBl)] =L [exp —% (/ﬁ@ + )\,u(92 + i)]
0

E [exp (M|N|3/01 du b)] _ [exp (_)\222[6)]

and, in an obvious way

whereas

: ¢ L, , AP
E[expz()\/ duBu—l—,uBt)] :exp—§ pit + At —|——3 .
0
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Hence, we deduce from (4.9) the formula

1 A263
F [exp—§ (/ﬁ@ + )\,u(92 + 3 )]

1
E [expi ()\NS/ dumgy + ,ule)] = TN
24
(4.10)
)\2
Example 3: f(z) = ?xQ,

This is an extremely important example, closely related to Ornstein-Uhlenbeck
processes and P. Lévy’s area formula [27], which may be tackled by using several
different techniques. We refer to lkeda et al. [16] for a number of extensions and
references to recent developments of Lévy’s area formula.

a. Feynman-Kac formula
The bounded solution of
— (k2 + )\2:1;2)u, u(0) =1

is

1 1—v
W) = 5m i) ( > ) Du(zv2))

where D, is a parabolic cylinder function (See Lebedev [24] 10.2.1, 10.2.18) and

1 k?
v = _§(T + 1) . We obtain, using various results on functions D, found in
Lebedev

A2 Ok k% oo k2 1
E - du B?| = —/ dt _t] —
[exp 2 Jo “ “] 2 Jo eXP ( 2 ) (cosht)\)l/2

which, from the uniqueness of the Laplace transform gives
AZ ot 1
FER Y
P P (cosh tA)1/2

a formula which traces back to Cameron-Martin [9]. See also Kac [20], Breiman

8],

(4.11)

b. Direct computation

It is well known that the previous result can be obtained as a consequence of
Girsanov’s transformation (see e.g. [46], chap. 2), working up to a fixed time t.
More generally, we obtain

)\2 t 2y -1/2
E [exp — (1/Bt2 + 5 / du BZ)] = ( cosh(tA) + ~ sinh(t)\)) (4.12)
0
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which leads in particular to (4.11) and, if the Brownian motion starts from «a, to

a’h 1+ 27” coth A\t
exp | ——— ——+—
2 coth(Mt) + =%

2t
E, [exp—(ny + %/ du BZ)]: 5 R
0 (cosh(t)\) + ~ sinh(t)\))

If (Rt,t > 0) denotes a 6-dimensional Bessel process starting from a, whose law
we denote by P{*), one obtains, using formula (4.12) and the additivity of squared
Bessel processes

A2t 5 A2t
Eé‘s) [exp——/ ds R?| R; = 0] = E(()) [exp——/ ds R?| R; = G]
2 0 2 0
A 6/2 a?
= ——(tX coth(tA) — 1 4.1
(sinh(t)\)) exp( gy 14 cothlid) )) )

This formula is closely related to Lévy’s area formula (See [46], p. 18, and [30])
In particular, we obtain
2

Ao A 1/2
o [ ()
[exp 2 Jo U0 sinh A

Using the identity (m?2;u < 1) faw (b2 + R?;u < 1) where R is a BES(2) indepen-
dent of b (see [46], p. 44) we obtain

)\2 1 1 A 1/2
Blow = [Tdom] = s ()
[exp 2 Jo Uiy (cosh A) \sinh A

Moreover, from the equality

1 1 1
/OduBZ:gf/o dubi—l—(l—gl)Q/o dum?

it follows that
1

L dt
(coshv)i/2 — ;/0 ﬁ@ow)mu — 1))

) U\ 1/2 1 v \1/2
where po(v) = (sinhl/) » pilv) = (cosh v) (sinh 1/) '

It follows that there is the convolution identity
1 1 dx

(cosh 1/)1/2 N ;/o (sinh :1:)1/2 (sinh(v — :1:))1/2 cosh(v — ) ’

This convolution identity can also be derived from the product formula

E [exp(—)\/oe duBZ)] _E [exp(—)\/oge duBg)] E [exp(—)\ eduBZ)]

9o

where @ is an exponential variable with parameter 1/2. This last formula is a
consequence of the independence property discussed in subsection 2.2.
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Example 4: f, ()= \*/2z2
Here we have to work around the fact that f, is unbounded at 0+. We are
interested in the law of the principal value
tds ) tds
H; :=p.v. o B = 11_1%1 ; El{|Bs|ZE}
and the law of

+ X tds o
H :=lim —lyg>a + (Ine)ly | .

e—0 0 Bs

See Biane-Yor [6] for the existence of such principal values, and Yamada [45] for
a more general discussion. A decreasing solution of

Y(z) = (%2 + k2) T(z)

(called hereafter the Whittaker function- see Lebedev [24] p. 274 and 279) is

obtained as follows:

T(z) = ek 2kz, (1 +a)U (1 + a;2;2kz) (4.14)
where
(+a)U(l+a22)= [ d —Zt(i)a Qo=
, a a; ,Z—O € T+ and a = .
Since T(0) = 1 we obtain, for « > 0
k2 A2 To ds
Ot (k,z) = Ex[exp—<?T0—l—? ; E)]
o0 t \2/2k
_ o _k / dt —2kt<—) .
x exp(—kx) ; exp( xt) 51

As a first step, we compute the law of the pair (HY, 7t) where 7t := / da (7, and

0
(7;) is the inverse of (£2,¢ > 0). Here, as in the previous section, ({¢;¢ > 0,a € IR)
is the process of Brownian local times. From the definition of H;',

A2 k? 1A?
1) [exp (—? H;'; — ?Tt+)] = lir% []E exp (—711& 6)]

2 o 2 o]
I=FE [exp (_%/ da g, _ % dazj_t)]
€ a €

1
From corollary (3.4), it follows that I, = exp <§u26)(k, O—I—)) where u (¢ (k, z) is the

decreasing solution of

where

{ u'(x) = (); + k*)u(xr)  on [e,00]
u(z) = ax+1 on [0, ¢]
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for some a determined by the continuity properties of v and u’ at x = ¢. Hence

’r/
u?e)(()—l—) =qa = r(?f’(ey where T is the Whittaker function defined in (4.14).
Therefore, the problem reduces to the computation of

and this last quantity is equal to

lim (T'(6) = A(In e)(Y(€) — €T'(e)))

€—

since lim,_o 2 Y'(2) = 0 and YT(0) = 1. The derivative of T is given by

T'(e) = 2k l_%r(e) _ %eke /0°° Ju 6Xp(—u)< u )/\2/2k]

u + 2ke \u + 2ke

Using the asymptotic behavior, when z — 0

exp(— u \*_ L
/ du 0 (HZ) = ~(In + (a+1)) + O/ n2]).

it follows that the needed limit is

ry2
(Zk

We now symmetrize the formula, paying attention to the positive part and the

—k + X*(In(2k) + °

Y

+1))

negative part of the excursions, and working in the complex field, and we obtain

) k2 ,! A
E |exp Z)\Hﬂ—?ﬁ =expy —t | k+ 2 Im — l—l—?

/

and from the series development of ~—, we find that
b

./ A A
k+ 2 Im —(1 + ?) =TA COth(TF%) )
This formula was obtained in Biane-Yor[6] by a different argument involving ex-
cursion theory and time changes.

Example 5: generic powers f,(v) = \’a2®

The previous examples share the common property that f is a multiple of a power
of x. Here, we try to obtain results for general powers. Let f be defined as
f(x) = |z|* and f(z) = (sgnz)|z|*. If @ > —1, the processes AY and A/ are well
defined because [; ds|B,|* < oo almost surely. Moreover, it is well known [6] that

E(exp —AA (7)) = exp (—tca)\l/(a'”))
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where

o T2Y v 2‘ o 1
Ca '_l/sin(ﬂ'l/) y(v)) V'_oz—I—Z
When —1 > o > —2, it is possible (see Biane-Yor [6], Yamada [45] and Yor [48])
to extend the definition of Af as follows

. 13
Al(t) =1lim | du|B.|" sgn (Bu)1 5,50
e—0 /¢ -

The process A/ has paths of unbounded variation with zero quadratic variation.
It is known that the process (Af(7;),# > 0) is a symmetric stable Lévy process [6].

We now point out some consequences of the scaling property of Brownian
motion, which are reflected in the corresponding Sturm-Liouville computations
when f(x) = A?|z|* for a general a. Here, we take 8 =1 + g, for convenience in
the subsequent computations. We first note that, thanks to the scaling property,
the function of three variables

k? To
Uy © (A kD) — u?a)(k,b) =k, [exp— (?TO + )\ﬁ/o ds B?)] ,

where A, k,b > 0, may be expressed in terms of a function of two variables only.

Lemma 4.2 The above function v,y satisfies
U(Aa)(ka b) = wy 2 (kb)

where, for p > 0, w, ts the only posiltive, decreasing, solution of the Slurm-
Liouville equation

w’(z) = (14 2p"72%)w(z) , w(0) =1

Except for @« = 2 and a = £1, we do not know of any reference to the function
w,, in the literature of Sturm-Liouville equations. Nevertheless, from the previous
general probabilistic discussion (i.e., relations between Sturm-Liouville equations
and Feynman-Kac solutions) it turns out that certain quantities associated with w,
may be written in terms of the following Laplace transforms ), c,o?a), c,o%a), c,o?a),
where

cy(N) = E[exp (—)\f’/oldﬂBtP)] AN = E[exp (—Aﬁ/oldﬂbﬂ“)]
S‘Q%a)()\) _ E[exp <_)\ﬁ/01 dtmf)] ‘P?a)()‘) — E[exp (—)\5/01 dtrf)]

Here, (B;,0 <t < 1) denotes a 1-dimensional Brownian motion starting from 0,
(b;,0 <t < 1) a I-dimensional Brownian bridge (tied to 0 from both ¢t = 0 and
t=1), (my,0 <t <1)a Brownian meander, and (r;,0 <t < 1) a 3-dimensional
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Brownian bridge, 1 indicates the meander obtained by Brownian scaling on [g1, 1]
and 3 indicates the 3-dimensional Bessel bridge. We also use the notation m(®
(resp. b)) for the meander of length s (resp. the bridge of length s). Here are

Bessel bridge. The mnemonic for the suffixes 0,1,3 is that 0 indicates a (0,0)
)

some relations between the functions ¢, ¢!, »* and w, where we have suppressed
the subscript («):

Proposition 4.3 The following identities hold

1) | dbwnr) = f/ ﬁ xp(—5-

o dt t

2) —w,(0+) = \//7[0 \/TTGXP(—ZWOW)]_I
3 —ap04) = Vi [ (1 e 00

Proof: Using the equality (for a symmetric function f)
o0 k2
k/ da F, [exp— (?TO + A{FO)]
2 s
= k/ exp (—E) E [exp—/ dt f(mﬁ“"))]
V27 2 0

we obtain, in the case f(x) = \|z|*
AN
t
o (~47) 0
From the formula

pYo, — k/ d€< ( K ) P”) k/oo Es) g
= exp| ——r, = exp [ ——21 .
p 5 [ s p 5

where ()° denotes the law of the Brownian bridge (bf;"),t < s), we deduce

_1 00
u?a)(k,()—l—) - /

E [exp - (Agk - Aglek)]

k/ da w2 (ka) \/_/

which proves the first part of the proposition.

ks e
exp | —— E[exp (—)\ / dt | b; |a)]
V2rs 2 0
(s ks 1
=  exp (=550) B e (0)7 [ de )]
- exp( 2) exp (~0)” [ driod
< ds k?s 1
= —2) e (= [ drgb)]
[ g o () e (2o [Lama

Setting 4 = A/k*, and using the relation between the functions w, and u, it follows
that

s

— - 1
e 20 g [exp (—55/ dt |bt|a)]

w! (O—I— \/_ V27 0

I
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which is part 2 of the proposition. Part 3 follows from (3.11). O

We also note the following relations between ¢, % !, ©?

Proposition 4.4 The following identities hold
1 ds

D e = [ =20 A1~ 9))
mdt’/(lt)o o N
) (f Vont P (—@)W)(o T (1w (_ﬁ)“‘”)):l

Proof: Thanks to the scaling property, we obtain
1 Lo 1 1
/ ds|By|* 2 ¢7 (/ ds |bs|a) + (1 —¢)° (/ ds m?)
0 0 0

Al = s))

therefore

1 ds
(A) = —_— Oa As la
%o )( ) /0 7T\/(m‘to( )( )‘P( )(

The second equality follows from the identities 2) and 3) in proposition 4.3. O

)\2
Example 6: Exponential functions fi(z) = ?eax

This case has been studied in [46, 47] where other results are stated. We give here
the formulae in the case o = 2, the general case follows easily, using the scaling
property. Let us define

¢ 0
A;—L ::/0 dsexp(2Bs;) LiB.eRy} > Tf ::/0 dul(p,cry}

The associated Sturm-Liouville equation is easily solved, and one has, for a >

0, k>0, > 0:

B2 Ki(Ae?)
E, —(—T,+—A =7 4.1
exp (5T + 5An)] = T (1.15)
k? ]k()\e_“)
E_, (=T +0*A = —

where [, and K}, are modified Bessel functions and

k? A2 (AR (A
Ey [exp —(=7}+ 7141;)] = exp—= (L() — k)

2 2\ Ki(A)
=D CE AT (N
Ey [exp —(? , + ?AU)] = exp —3 (7]];(1)\() ) - k)

This leads to analogous formulae for 3-dimensional Bessel bridge:

o di k*t AZ gt
/0 WO — exp(—T) E(()S) [exp(—?/o ds exp(—ZRs)) ‘Rt = 0])
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is equal to
A1 (A) A1 (A)
—— —k=——" 4k,
Ik(A) Ik(A)
and
o di k*t Aot
; WO — exp(—T) E(()S) [exp (—?/0 ds eXp(ZRS)) ‘Rt = 0])
is equal to
AKjy1 () AK—1(A)
— k= ———F + k.
Ko\ Ke(\) T

It follows, using properties of Bessel functions (see e.g. [47, formule 17]), that
2

A
E[exp(—;Agek)] = 2kI,(AN)Ki ().
We also obtain similar results for symmetric functionals, for example
A2 g,

E[exp(—? ; du exp(2|Bu|))] =

:
OR 5 (N En(V) + &

Throughout this example, the modified Bessel functions play an essential role.
This can be explained in terms of Lamperti’s representation of a geometric Brow-
nian motion as a time-changed Bessel process, that is

exp(B:+vt)=R (/Ot dsexp2(B; + 1/3)) (t>0)

where (R(u),u > 0) is a Bessel process of dimension d = 2(1 + v). In particular,
this shows that formula (4.15) yields, for b= e* > 1

1 T du Ki(Ab)
EP lexp—= (K2 | — + X1 )| = ==
b leXp 2( o BT )] K\

where E£2) denotes expectation with respect to a probability governing (R,,u > 0)
as a Bessel process of dimension 2 started at 6. For 0 < b < 1 there is a similar
formula with [ instead of K.

2
Example 7: f(z) = ?Coth 220

Following Alili’s recent thesis [2], let us denote

¢ ¢
Ht(y) = p.v. / ds coth(vB;) :=lim [ ds coth(vB,)l{p >
0 €—

0Jo

and also

e—0

¢ 1
H{"(u) = lim{/o ds coth(vB;)lp.5a + %5?}
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Using the same notation as in example 4

E [exp (A + k%j)] (4.16)

I A%t
= lir%E [exp (—5/ da (\* coth(va) + k%) Kit)] eXp(—Q— Ine)
€— v

€

As in the previous section, it suffices to solve the associated Sturm-Liouville equa-
tion, which turns out to be

(A% coth(va) + k*)u(x)  on [e,00]
ar+1 on|0,¢

——
< g:
N TN
SR
g
[l

and to compute the value of a. This is done in Alili’s thesis, using the hyper-
geometric functions of the first kind o (see Lebedev [24] chap. 9). Hence, the
quantity in (4.16) equals

/

exp — [\/W—I——(Z’y—l— —(a—p+1)+ (oz—l—ﬂ—l—l)—l—ln(Zl/))]

Y

where o = \/ k2 + X2, 8= \/ — A2 and ~ is Euler’s constant.

It can then be established that

7t| A

14

E(exp(MHg) — k7)) = exp (— coth (

E\/(kz + A2)1/2 — k))

14

Using excursion theory, it follows that for v # 0 the law of

v? {(/01 ds coth(vry))? — 1}

does not depend on v, where (rs,s < 1) is a standard Brownian excursion. This
surprising fact is discussed in Alili[3]. Working at an independent exponential
time, there is the equality

k 1
VE2 4+ )2 cosh (%\/(l@ + )\2)1/2 _ k)

E(exp(iAH)) =

See [3] and other papers in the same monograph for further developments in this
vein.
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