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Abstract

Given a density f on Euclidean k-space R* and a starting point z, choose a line L
at random through z and move to a point on L chosen at random from f restricted to
L. This procedure defines a Markov chain—the “hit and run process.” The given density
f is stationary; for almost all starting points z, the distribution of the chain at time n
converges to the stationary distribution as n gets large. This expository paper proves some
of the convergence theorems, and gives examples.

1. Introduction

This paper is largely expository. We explore convergence properties of the “hit and
run” process, as defined below. The mathematical context is (1); heuristics will be dis-
cussed later.

(1) Let f > 0 be a non-negative, real-valued function on R¥, with f(z)dx =1.
RE

If x # 2’ are two points in R¥, let L, be the line through them, and let My, = My, (f)
be the integral of f along L., . Generally, 0 < M, < 0o, but there are exceptions (see
below). If 0 < My, < oo, let ¢, pr be the probability measure on L, whose (linear)
density is f restricted to Ly, and renormalized. The “hit-and-run” kernel Q. (dy) is an
algorithm for choosing y given x:

(i) Choose a point x’ at random on the sphere of radius 1 centered at x.

(ii) If 0 < My, < 00, choose a point at random from ¢, and move to that point.

(iii) Otherwise, stay at x.

A little more notation is needed. If y is a probability and K = K,(A) is a kernel, the
probability pK is defined by the relation pK(A) = [ K, (A) p(dz). If K and L are kernels,
then KL is the kernel (KL), = K,L. Multiplication of kernels is associative. If u, v are
probabilities, then ||u — v|| = supy |u(A) — v(A)|. If x € R¥, then ||z|| is the Euclidean
norm of x. Our objective in this paper is to provide relatively self-contained proofs of the
following three facts:

Theorem 1. Assume (1). Let ¢(dx) = f(x)dz. Then ¢ is stationary under @, that
is, pQ = ¢.

Theorem 2. If f satisfies condition (1), then ||Q% —¢|| — 0 as n — oo, for Lebesgue-
almost all z in RF.

Theorem 3. Suppose f vanishes off some compact set C', and fc f(z)dx =1. Sup-
pose there is a finite constant ¢ with 0 < f < c on C. Then there is a § = 0. € (0,1) such
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that sup,cc ||QF — ¢l < (1 —=6)" foralln =1,2,....

These theorems will be proved in sections 2-4. Under condition (1), convergence can
be arbitrarily slow; examples will be given in section 5. Variations on the hit-and-run
algorithm will be discussed in section 6, which also has a literature review, and explains
the motivation for this line of research.

2. Proof of Theorem 1
Throughout this section, we assume (1). The easy proof of Lemma 1 is omitted.

Lemma 1. M., = M,, for all x # y in R*. Moreover, My, = M,, provided
z —x = a(y — ) for some real number a # 0.

Part of the reasoning for Lemma 3 may be easier to see in the abstract. Let (€2;, ;)
be measurable spaces; Py is a probability on F; and ps is a o-finite measure on Fy; V
is a measurable mapping from Q; to Qs, whose distribution P = P,V =1 happens to be
absolutely continuous with respect to ps, having density g.

Lemma 2. P1{g(V) >0} =1.

Proof. Plainly, g > 0 almost surely with respect to g dus; that is, Po{g > 0} = 1. But
Pi{g(V) >0} = P1V~{g > 0} = Po{g > 0}. QED

The “unit sphere” in R¥ is S, = {v : v € RF and |jv|| = 1}; this is a (k—1)-dimensional
object in k-dimensional space.

Lemma 3. For each z, for ¢-almost all y, M, > 0.

Proof. Without real loss of generality, take x = 0. Let v be a point in the unit
sphere Sy. Let v, = [;°r*71f(rv)dr. Then v, > 0 and [~,dv = 1, as one sees by
changing to polar coordinates: indeed, v — -, is the density of V(y) = y/||y||, where y is
picked at random from f. Thus, yy(,) > 0 for ¢-almost all y, by Lemma 2. Consequently,
0< [,° f(rV(y))dr = My, for ¢-almost all y. QED.

Lemma 4. M,,(f) is a jointly measurable function of z and y.

Proof. If f is continuous and vanishes off a compact set, then z,y — Mgy, (f) is
continuous. The argument can be completed in the usual way, via repeated monotone
passages to the limit. QED

Let Az be the uniform distribution on the unit sphere Si; Ax is normalized to have
total mass 1. Let X; consist of all the z in R* such that My 440 < 00 for Ag-almost all
v € Sg. If A, B are sets, we write A — B for the set of points in A but not in B.

Lemma 5. X; is Borel, R¥ — X; has Lebesgue measure 0, and ¢(X;) = 1.

Proof. That X is Borel measurable follows from Lemma 4 and Fubini’s theorem. Let
¢ run through a fixed (k — 1)-dimensional linear subspace £ of R¥, for instance, all vectors
whose kth coordinate vanishes. Let ¢ run through the real line R. For each v € Sy — L,
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there is a constant ¢, such that for any measurable g > 0 on R,

(2) /Rk g(z)dx = ¢, /L /Rg(§ + tv) dtdg.

This is an “oblique” version of Fubini’s theorem; ¢, is the sine of the angle between v and
L: the more familiar version has v 1 £ and ¢, = 1. Let Ly be the set of £ € L with
M¢ e4(f) = oo: this is a Borel set with Lebesgue measure 0, as one sees by using (2)
with f in place of g. Since M, depends only on the line through z and y, the set L,
of z € RF with M, 44, = 0o is the set of lines parallel to v running through points in
Lo. So L, has Lebesgue measure 0 by another application of (2). In other words, for each
v, My 44p < 00 for almost all . By Fubini’s theorem—the ordinary measure-theoretic
one—for almost all z, M, ,4, < oo for almost all v € S;. Lemma 3 shows that for all
T, Ag{Mgyzyy > 0} > 0. Hence, R*¥ — X; is Lebesgue-null, and ¢(X;) = 1 because ¢ is
absolutely continuous. QED

Lemma 6. Let Q. (dy) be the kernel for the hit and run process. Let s3, = 27%/2/, (k/2)
be the “surface area” of the unit sphere Si. And let

y) = 2f(y) dy

QA (d :
sklly — $||k_1Mwy

with the understanding that the right hand side is 0 for y with M,, = 0 or co. (It is
possible that Q2(RF) < 1, even for a set of 2’s of positive Lebesgue measure.)
(a) If 0 < My, < oo for Lebesgue-almost all y, then Q, = Q2.
(b) Otherwise, Q. (dy) = Q°(dy) + p.0s, where p, is the chance of choosing =’ € Sy
with M, = 0 or oo, and J,, is point mass at .

Proof. We follow the convention that 0/0 = 0/occ = 0, and keep z’ € Sj:

001 /
_ / / Alx +ra’ f(x+rx)drda:’+p$6$
Sk

:v ,z+x’

La(y)f(y)
= dy + pz0y.
st Jpe ly— P TMy, 0P

The 1st equality holds by the definition of the hit-and-run process; the 2nd, by the defini-
tion of ¢, . The factor of 2 comes in because r is restricted to the positive half-line, while
¢4,00 covers the whole line. The last equality is obtained by changing from polar to rect-

angular coordinates: dy = r*~1drdz’. Polar coordinates are centered at x, so r = ||y — z||.
QED

2f(y)
k Sklly — x|[F1 My,

Corollary 1. / dy =1— pg.
R



This and Lemma 1 prove Theorem 1. Indeed,

[ 0@t~ [ japia@as [ f(x)Q;z(A) da

y)1a(y)
= =1 da:+/ / dydz
ka @pelal@)det [ [ skny—xnk i, Y

y)la(y)
= 21 da:+/ / dxd
RF f@pelale R¥ JRF Sk”iU—ka lMym Y

= [ f@pa@do+ [ a0 -p,)dy

RE

- ka(y)lA(y)pydy+ - fy)La(y)(1—py)dy
= ka(y)lA(y)dy-

Corollary 2. Let X consist of all the z in RF such that 0 < My z40 < oo for a
set of v € S}, of positive A\j-measure, with S, the unit sphere in R¥, and \;, the uniform
distribution on Sy. Then X is Borel, R¥ — X has Lebesgue measure 0, and ¢(X) = 1. For
every £ € X, Qn = pz0z + (1 — p;)Q), where 0 < p, < 1, 4, is point mass at z, and
Q! = ¢; in particular, Q,(X) = 1. Moreover, ()’ is a kernel.

Remarks.

(i) Lemma 5 cannot be improved to “all .” For instance, let f(x) ~ e~ IZll /|jz[|F=1.
Then My, = oo for all y # 0.
(ii) In case (b) of Lemma 6, there are some z’ € Sy, with fLm, f(y) = oo, and some =z’

with f = 0 almost everywhere on L., . The first sort of ' generate a cone with apex at
x; for y in this cone, M, = oco. This cone has Lebesgue measure 0, for Lebesgue-almost
all z; that is the content of Lemma 5. (A “cone” has a measurable base, but may be quite
irregular in shape.) Likewise, the second sort of ' generate a cone with apex at z; for y
in this cone, M, = 0. This second cone may well have positive Lebesgue measure, but
its ¢-measure is 0 for all x; that is the content of Lemma 3. For a concrete example, take
k = 2; let € R? have coordinates z; and 3. Let f(z) ~ e~ !I#l provided z; > 0 and
xg > 0; otherwise, f(x) =0. If z; < 0 and 23 < 0, then M, = 0 if (y1 —21)(y2 —x2) < 0.

(iii) If z is a Lebesgue point of {f > 0}, then M, > 0 for Lebesgue-almost all y. In
particular, ¢{p, = 0} = 1.

(iv) For z € X, @, is reversible relative to ¢.

(v) In proving Theorem 2, we will show that ||QT — ¢|| — 0 for all z € X. If on the
other hand z ¢ X, the hit-and-run process stagnates at .

3. Proof of Theorem 3

We begin with a result of Doeblin’s, stated a bit more abstractly than is needed for
Theorem 3. Let (X, B) be a measurable space. Let ;(A) be a kernel. That is, A — Q. (A)

4



is a probability on B while x — @, (A) is B-measurable. Let ¢ be an auxiliary probability
on (X, B), and € a positive real number. We assume that for all A € B and all z € X,

(3) Qu(A) > ep(A).

Theorem 4. Assume (3).
(a) There is a unique stationary probability .

(b) 1> ep.
(c) [|QF —pl| < (1 —¢)™ for all x € X.

Proof. If «, 3 are probabilities on (X, B), and 0 < f < 1 is a measurable function,
then

[Jfda = [fdB] < la =Bl < 1;
these inequalities will be used below. Let R, = (Qz — €p)/(1 — €), which is also a kernel.

Step 1. If o and 3 are two probabilities on B, then

le@™ = Q™| < (1 — &)™ [la = B|.

Indeed,
n __ n—1
a@Q™ = /x/ny Q. (dy)a(dx)
= | [ tetaatin) + 1o [ [ @i Raldpats)
= Q"' 4+ (1 — e)aRQ" .
Therefore,

le@™ - Q" = (1 - ¢)llaRQ" ™" — BRQ" |
— (1 _ 6)2”0[}%26271—2 _ ﬂRZQn_2||

(1 —€)"|aR™ — BR"|
< (1 =e)"la =2l

Step 2. If a is any probability on B, then {Q™ : n =1,2,...} is a Cauchy sequence of
probabilities. Indeed, by Step 1,

[aQ" — aQ" ™[] = [laQ™ — (aQ™)Q"|| < (1 — &)™,

Step 3. If o is any probability on B, then aQQ™ converges to a limiting probability u as
n — 00; convergence is at a geometric rate, and the limit does not depend on «. Indeed,
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Q™ — a@™ ™| < (1 o)™

Let m — oo, so Q™™™ — pu:

Q" — pl| < (1 —€)™.
In principle, p could depend on «, but that possibility is eliminated by Step 1.

Step 4. p is stationary. Indeed,
p—pQ = lim (pQ" — pQQ™) = lim pQ" — lim pQ"+" = 0.

Step 5. p is unique, by Step 1.

Step 6. It remains only to prove claim (b). Now
p=pQ = plep + R) > ep.

This completes the proof of Theorem 4, and Theorem 3 follows. Indeed, M,, is
positive for ¢-almost all y; it and ||z — y|| are bounded above. Theorem 4 applies, with ¢
a small multiple of ¢: see Lemma 6.

4. More on Doeblin’s theory

References on Doeblin’s theory of Markov chains include Doob (1953) and Orey (1971).
This theory does not seem to be so accessible, even today; we will prove here the results we
need, taking advantage of special features which permit a simplification of the argument.
We begin by extending Theorem 4, replacing (3) by a “local” condition. Again, (X, B) is a
measurable space; QQ,(A) is a kernel; ¢ is an auxiliary probability on B; and € > 0. Now,
C' is a fixed set in B, with ¢(C) > 0. The local condition is that

(4) Qu(A) > ep(A) for z € C.

Suppose further that, from any starting positions, a pair of independent chains will hit C'
almost surely at the same time. More specifically, if X and Y are independent Markov
chains moving according to ), with Xg = x and Yy = y, we assume the coupling condition

(5) Prob{X, € C and Y,, € C for some n =1,2,...} =1, for any x and y.

Condition (4) is weaker than (3), because nothing is assumed for x ¢ C. As written,
the condition is to hold for all A, whether or not A C C. That is of course immaterial,
because ¢ can be restricted to C' and then renormalized. The set C is like “C-sets” in
the literature; compare p. 7 in Orey (1971). Condition (5) is a strong type of recurrence
condition.



Theorem 5. Let o and (3 be two starting probabilities on (X, B). The local Doeblin
and coupling conditions (4-5) imply |[aQ™ — Q™| — 0 as n — oco.

Proof. We construct two independent chains X,, and Y,, starting from « and [ re-
spectively. Let 7y be the first time that both chains hit C. We can redefine X and Y so
that with probability e their next move is from the ¢ in (4), hence the redefined processes
agree from 7; + 1 forwards; with the remaining probability 1 — € the processes continue
to move independently. Now by strong Markov there will be another time at which both
chains are simultaneously in C', and so forth. In short, given any § > 0, we can construct
chains X2 and Y,° which start from « and 3 respectively, such that

Prob{X? =Y for all sufficiently large n} > 1 — 4.
Hence
lim inf,,_,o Prob{X? =Y’} >1-4,
which completes the proof. QED

Remark. Theorem 5 applies to nonstationary processes, for instance, the random
walk on the integers.

To use Theorem 5, it is necessary to verify the conditions. The hit-and-run kernel has
two features which make verification relatively easy:

(6a) a stationary probability ¢ is given;
(6b) for all z, Qg = pgds + (1 — pz)QL, where 0 < p, <1, J, is point mass at z, and

[A— v

n =
(For the hit-and-run kernel, the second condition holds after deleting a null set of z’s.)

To exploit the stationarity, we use the following lemma, which is well known in ergodic

theory. Let (£2,3; P) be a probability triple, and let T" be a measure-preserving transfor-
mation: that is, T is a measurable mapping of € into itself, and PT—! = P. If F € T, let
7F be the time of the first return to F: that is, 7m(w) is the least n = 1,2, ... if any with
T™(w) € F, and 7p(w) = oo if none.

Lemma 7. If P(F) > 0 then P{7p < oo |F}=1.

Proof. Let Fo = F — (T"'FUT"2F U---). Starting from Fy C F, the process never
returns to F. Suppose by way of contradiction that P{Fy} > 0. Now Fy, T~ 'Fy,... are
pairwise disjoint sets with the same positive probability, which is impossible. QED

Remark. Suppose P(F) > 0. Let Pr = P{e|F }. Define Tr almost surely on F' as
Tr =T7F. Then TF is measure-preserving relative to Pp.

The kernel @ is “p-irreducible” if, for all z in X and all A € B with ¢(A) > 0, there
is a positive probability that a chain starting from z at time 0 hits A in positive time: in
other words, p(A) > 0 implies V,(A4) > 0, where

(7) Va(A) =) Qi(x, A).
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Generally, irreducibility is much weaker than recurrence. However, condition (6)—which
implies irreducibility and stationarity—is enough to get recurrence, in the form of the
coupling condition (5).

Lemma 8. Suppose the kernel @) on (X, B) satisfies (6). Suppose F' € B and ¢(F) >
0. For any x € X, a chain starting from x and moving according to () visits F' i.o. a.s.

Proof. Let F be the set of z such that a chain starting from z and moving according
to Q is almost sure to hit F infinitely often. We begin by showing that ¢(F) = 1.
Now Q. (F) > 0 for all z € X by (6b), because ¢(F) > 0. Thus, X = |J,, Fm, where
Fp ={z:Qz(F) > 1/m}. Therefore, it suffices to prove that Q,{hit F'i.0.} = 1 for
¢-almost all z € F,.

In view of Lemma 7, for ¢-almost all z € F,, a chain that starts from z and moves
according to () will return to F},, i.o. a.s. On each return, the chain has chance at least
1/m to hit F', and the conditional form of the Borel-Cantelli lemma completes the proof
that ¢(F) = 1. (Of course, some of the F,, may be empty or ¢-null; for such F,, the
argument is vacuous.)

Now N =X — Fis ¢-null; there seems to remain the possibility that N is non-empty.
However, condition (6b) shows that N is actually empty. Indeed, starting from z, the
process is almost sure to move eventually, and when it moves, it almost surely moves to
some y € F: from there it will almost surely visit F' infinitely often. QED

For reasons that will be clear in a moment, we need to consider the chain at times
0,2,4,....

Lemma 9. Suppose the kernel Q on (X, B) satisfies (6). Then @7 satisfies the cou-
pling condition (5), for any positive integer j, and any set C' of positive ¢-measure.

Proof. To begin with, Q7 satisfies (6), so we might as well take j = 1. Now define
R =(Q x Q as a kernel on (X x X, B x B):

Rwy(D) = (Qw X Qy)(D)

for any product-measurable set D. It is easy to see that R satisfies (6), the stationary
probability being ¢ x ¢. Lemma 7—with F' = C' x C—completes the proof. QED

The next project is to construct a C-set as in (4). That may not be possible for @
itself, but is possible for Q2. (This wrinkle necessitates the k in the previous lemma.) We
adapt the argument from Orey (1971). For the measure-theoretic preliminaries, let (X;, B;)
be measurable spaces, and let 1; be a probability measure on (X;,B;). The setting for
Lemma 10 is the product space (X1 X Xo, By X Ba, 1 X 1hs); the leading special case,
of course, is Lebesgue measure on the unit square. If A C X; x X3, then A,, is the
vertical section of A through x, namely, {y : y € X3 and (x,y) € A}. Likewise, A,, is the
horizontal section through y. We use € for the generic small positive number, and N for
the generic large positive number.

Lemma 10. Let g be a non-negative, measurable function on X; x Xy, with
[ gdiprdipsy <e.
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Then
br{wa e Xy and [ole,y)a(dy) > Ve < Ve
Proof. Let U(z) = [g(x,y) 12(dy); consider U as a random variable on the probability
triple (X1, B1,%1). By Fubini’s theorem, E(U) = [gdi1dip,. This is at most € by the

conditions of the lemma, so the chance that U > Ne is at most 1/N by Markov’s inequality.
Put N =1/\/e to complete the proof. QED

Corollary 3. If A € By x By and (’le X ’l,bz)(A) <, then

Pi{z:x € Xy and 1h2(Az.) > Vel < Ve
Proof. Use Lemma 10, with g =14. QED

Corollary 4. If B € By x By and (¢1 X 12)(B) > 1 — ¢, then

pi{x:x € Xy and o(Bg.) >1— e} >1— /e
Proof. Set A =X; x Xo — B. Then (1)1 X 1)3)(A) < €. By Corollary 3,

P1{x:x € X1 and a(Az) > Ve } < Ve
so that

Y1{z: 2 € X1 and Pa(Az,) < Ve}>1— e
But ¢2(Agz.) < Ve iff ¥2(B,.) > 1 — /€, which completes the proof. QED

Our next topic is lower bounds on transition densities. Recall that (X, B) is a measur-
able space; let v is a probability on B. Let p(x,y) be a non-negative measurable function
on X x X, with [p(z,y)4(dy) = 1. Then p is a transition density with corresponding
kernel P(z,dy) = p(z,y) 1 (dy). If p and ¢ are transition densities, so is

(% 9)(z,y) = /p<x,u>q<u,y>w<du>.

Now p*™ can be defined in the obvious way. Even if p is positive everywhere, p > § may
include no positive rectangle—see Example 1 below. However, the two-step density does
admit such rectangles; that is the content of the next result.

Proposition 1. Suppose p is a transition density and p(x,y) > 0 for all z,y. For
any 0 with 0 < 0 < 1, there are measurable sets G§, Hs and a positive real number 6" such
that ¢(Gs) > 1 -0, ¢(Hs) > 1 — 6, and p*%(z,y) > ' > 0 for all z € G5 and y € Hy.

Proof. Without loss, we take 0 < 6 < 1/3. There is a finite positive N so large that
[pAN dip? > 1 — 4. (As usual, for non-negative a and b, a A b is the smaller of the two.)
Let G be the set of x € X with [p(z,u) AN ¢(du) > 1 —§. Lemma 10 may be applied
to p — pAN, to see that ¢(G) > 1 — 0. Let € be a small positive number, to be chosen
later, and define ¢ = 1 — ¢?{p > €}; thus ¢ | 0 as ¢ | 0. Let H be the set of y in X
for which ¥ {p(s,y) > €} > 1 —/¢’. Then ¢)(H) > 1 — /¢, by Corollary 4 applied to the
set B of pairs (x,y) in X? with p(z,y) > € horizontal and vertical directions have been
interchanged.



Fix r € G and y € H. Now
P (z,y) = /xp@:, Wp(u, y) ¥ (du)
> e / p(, u) (du)
{p(u,y)>e€}
= plar, u) AN 3 (du)
{p(u,y)>e€}

= /pm,u)ANw(du) CNg{u:pluy) <)

:1—5—N@b{u:p(u,y) <e}

>6:1—5—N\/6_’];

>

[

the second-to-last line holds because z € (G, and the last line holds because y € H. We now
choose € so small that ¢ < §% and Nv/¢/ < 1/3. That completes the proof of Proposition 1.
QED

Corollary 5. If the kernel () satisfies (6), then Q? satisfies the local Doeblin condi-
tion (4).

Proof. Use Proposition 1 on the transition density of the kernel Q’,, with ¢ in place
of 1. Let C = GsN F,, where F, = {x : p, < 1 — ¢} and € is chosen so that ¢(F.) > 1 —4.
let ¢ be ¢ retracted to Hs and renormalized to have mass 1. QED

Remark. The C-set may be chosen to have ¢-measure arbitrarily close to 1; the
auxiliary measure ¢ may be chosen to be arbitrarily close to ¢.

Corollary 6. If the kernel @) satisfies (6), then ||Q} — ¢|| — 0 as n — oo, for all
z € X.

Proof. This is immediate from Corollary 5 and Theorem 5; even and odd n can be
considered separately. QED.

Proof of Theorem 2

We can restrict £ € R* to the X of Corollary 2. The probability ¢ on X is stationary
by Theorem 1, and condition (6) holds by Corollary 2. Corollary 6 completes the proof.

Example 1. Let X = [0,1] and let B be the o-field of Borel sets in X. Let ¢
be Lebesgue measure on B. There is a positive measurable function f on X? with the
following property. If (i) 6 > 0, (ii) A and B are Borel sets, and (iii) A x B C {f > d} up
to a p2-null set, then p(A) x ¢(B) = 0.

Construction. Let R consist of the rationals in the open interval (0, 2). Let = be
the point (x1,23) in X%, The basic idea is to set f(z) = 1 unless 21 + 2o € R, otherwise
f(xz) = 0. Then f > 0 includes no measurable rectangle of positive measure. However,
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f(z) = 0 for some x, and f > 1/2 includes the whole unit square—up to a null set. To
remove these blemishes, we redefine f, as follows. Order R as rq, 7o, .... Fix a sequence of
small positive numbers ¢; such that 3, ¢; < 1/10. Let V; consist of all z = (21, 22) € X?
such that r; —€; < x1 + 2 < 15 + €;.

Define f, inductively: fo(z) =1 for all z; fr11(z) = fn(z) except on V,, 41, where
fny1(x) = fo(x)/2. Of course, f,(z) is non-negative, and non-decreasing with n. Let
foo(x) = limy, f,,(x). Plainly, foo(z) > 0 unless z € V; for infinitely many ¢; this set of =
has Lebesgue measure 0. Let f = f, where foo > 0, and f = 1 where f,, = 0. To verify
the claimed properties of f, write x for convolution. Let A and B be Borel sets of positive
measure. Then g = 14 x 1p is a continuous, non-negative, and non-vanishing function on
(0, 2). In particular, g > 0 on (r; — €;,7; + €;) for infinitely many i. Consequently, there
must be infinitely many ¢ for which p?{(A4 x B)NV;} > 0. Further details are omitted.

For the hit-and-run kernel in R?, the density of Q. (dy) with respect to ¢(dy) is
const. /||y — z||My,.

There is an issue as to whether {(z,y) : € R%,y € R%, ||y — ||M,, < N < oo} includes
a “rectangle” A x B, where A and B are planar Borel sets of positive Lebesgue measure.
The construction in Example 1 can be modified to show that this is not necessarily so. Let
A be Lebesgue measure on the Borel subsets of [0, 1].

Example 2. There is a positive measurable function f on [0, 1] which has [fdA? =
1, and which has the following property. If A and B are any two Borel subsets of [0, 1]?
with A(4) > 0 and A(B) > 0, and N is any finite positive number, then

A{(z,y) 12 € Aand y € B and M,,(f) > N} > 0.

Construction. Let R consist of all pairs of points with rational coordinates on the
perimeter of [0, 1]%; each point in a pair is to be on a different edge of the unit square.
Order R as rq,7s,...; each r; consists of a pair of points. Fix a sequence of small positive
numbers ¢; such that ), ie; < oo. Let L; be the line through r;, and let V; be the set of
points in the unit square within a distance ¢; of L;, measured perpendicular to L;. Define
the continuous function f; on [0,1]? as follows: f;(z) = i if x is on L;; fi(z) = 0 if z is
outside V;; and f; is linearly interpolated in between, along the line perpendicular to L;.
Let f =), fi, normalized so that [f(z)dz = 1. We will refer to the V; as “tubes.”

Let A and B be Borel sets in [0, 1]2. Suppose for now that their symmetric difference
has positive Lebesgue measure. Let a be a Lebesgue point of A” = A — B; let b be a
Lebesgue point of B = B — A. Make sure that a,b are interior points of the unit square.
Fix a positive number § < ||a — b||/8. Find an open disk D, around a, of radius less than
§, such that A2(D, N A") > .99A%(A’). Likewise for Dy, with b € B’. Make sure that D,
and Dy, are wholly within the unit square.

Let p be the smaller of the two radii (of D, and Dy). There will be infinitely many
n such that €, < p/16, while L,, passes within p/16 of a and of b. Take any such n. The
tube V,, runs through D,; however, at least 1/4 of the area of D, lies above the tube.
There must therefore be a set of x, of positive Lebesgue measure, with z € D, N A’, and
x above the tube. Likewise, there must be a set of y, of positive Lebesgue measure, with
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y € Dy N B', and y below the tube. In particular, the line L., cuts through the tube
Vp, on a line segment of length at least ||a — b|| — 20 > 6J. Consequently, f > n/2 on a
segment of L, of length at least 39, and M, > nd. Now ¢ > 0 is fixed, while n is free; for
sufficiently large n, nd > N, which completes the argument under the assumption that the
symmetric difference between the two sets has positive Lebesgue measure. Essentially the
same argument goes through if A coincides with B, provided the set has positive Lebesgue
measure: just take two different Lebesgue points a,b in A.

Remarks.
(i) The function f is lower semi-continuous.

(ii) We can make >, ¢; small. Then the unit square less the tubes—[0,1]% —J, V;—is
large. And {M,, > N} wholly includes no tube. The “tube-crossing” argument in the
proof is needed to overcome this difficulty.

5. The Saturn Construction

For simplicity, take k = 2. We are going to construct a density f for which Theorem 2
holds, but convergence will be arbitrarily slow. Let A4,, : n =1,2,... be annuli centered at
the origin; A,, has inner radius r,, which is large, outer radius r,, + w,, where w,, is small,
and mass f,, spread uniformly over the area. The p,, decrease to 0 slowly, but > p, = 1.
There is radial symmetry around 0. We are going to take r, = 10™, say, and show that
Qz(Antj) <2/107 for all n,j =1,2,..., and all z € A,,.

Consider an auxiliary random walk with IID increments X;, where P{X; = j} = 2/107
for j =1,2,... and P{X;} = 0 with the remaining probability. We can couple the Saturn
process and the auxiliary walk so that if Saturn moves forward, so does the walk: the
coupling has to be done in time; results in space follow. The Saturn process will always
be closer to 0 than the walk. (We view the Saturn process as being on the index set of the
rings, which is permissible by radial symmetry; the walk and the process start from the
same place, i.e., if the Saturn process starts in ring A,,,, the walk start at ng.)

Of course, F(X;) = Y52, 3272, 2/107 = 20/81. The auxiliary walk therefore moves
forward at rate 20/81: in other words, for any finite constant C' > 20/81, there is a positive,
finite D and p with 0 < p < 1 such that

P{X1+X2+---+Xn>0n}<Dp".

The variation distance between ()7 and the stationary distribution is bounded above by

oo
Dp"+ Y i
1=Cn

The displayed sum tends to 0 with arbitrary slowness.
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Some geometric preliminaries

Fix r large and w small. Consider the annulus bounded by an inner circle of diameter
r and an outer circle of diameter r 4 w; these circles have a common center at the origin of
coordinates. Consider a line which cuts the annulus; we are interested in the length of the
cut. A moment’s reflection shows that we may assume the line to be above the horizontal
axis and parallel to it; let s be the height of the line above the horizontal axis. Let ¢(s)
denote the length cut off on the annulus by the line. By Pythagoras’ theorem,

—2<\/r+w— \r —52) for 0<s<r.

Clearly, ¢' is positive and increasing, so ¢ is convex increasing; alas, ¢'(r) = oo. If
r < s <r+w, then ¢(s) = 2,/(r +w)? — s2; further details are omitted. In particular,
we have the followmg result

Lemma 11. ¢ is convex increasing as s increases from 0 to r; then ¢ is convex
decreasing.

Let 79 < r/10, and let wy be another small, positive number. Consider the small
annulus bounded by circles of radius r¢ and rg + wy. Suppose a line cuts the small annulus
and the big annulus. How long is the cut on big annulus?

Lemma 12. The length of the cut is at least 2w and at most 2.02w, provided wy
and w are smaller than certain small positive constants.

Proof. This follows from Lemma 11. The lower bound is immediate on putting s = 0.
For the upper bound, put s = rg + wg. Let

(w) = V/(r +2)? = (ro + wo)? = /1% = (1o + wo)2.
Plainly, 1(0) = 0. For 0 < z < w and w small,

0 r+x
—Y(z) = < 1.01,
0 @ V(1 +2)? = (ro + wo)?

because limsup )’ (z) < 1/v.99 as x,wp — 0. In particular, if wy, w are small and z < w,
then ¢ (x) < 1.01z.

Some estimates

We need the following estimates, uniform inn = 1,2, ...; € is a small positive number,
which does not depend on n; we will require € < 1/10. It is understood that we may choose
w,, small.

(a) The area of A,, is bounded between 277, w,, and (1+€)27r,w, provided w,, < 2er,,.
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(b) Then the density f,, on A, is bounded between p,, /[(14+€)27r, w, | and p, /(27 w,,).

(c) Draw a line through any point in A,. The length cut off on A,; is bounded
between 2wy, ; and 2.02w,4; for j = 1,2,.... This follows from Lemma 12 above.

(d) Fix z € A,. Without loss of generality, put = on the horizontal axis. Draw a
backward-sloping line through x, making acute angle o with the horizontal axis; thus,
0 < a < 7/2. The length cut off on A, is at least 2w, unless cos o < wy,/(r, + wy). The
latter o are “bad”; the “good” « have cosa > w, /(7 + wy). The worst z in the present
regard is on the outer boundary of A,: see Lemma 11. (Then you consider the isosceles
triangle with one long edge being the radius from 0 to x; the base of the triangle is the
chord whose length is to be computed.)

(e) The chance of picking a bad « is at most w,, /r,. Indeed, the construction starts at
a point x in A,,, on the horizontal axis, and chooses a backward sloping angle o at random
between 0 and 7/2. Of course, cosa = sin(m/2 — a); so the chance of picking a bad « is
the chance that sina < w,, /(r, +wy). But sina > 2a/7, so the chance of getting a bad «
is bounded above by w,, /(r, + w,) < wy,/r,. (This only does quadrant #2; however, #3
follows by symmetry—and the other two quadrants follow because lines are bidirectional.)

(f) Recall that My, is the integral of f along the line through = and y. Fix z € A4,
and y € A, 4;: later, we will choose an angle o defining a line through x, and move to a
random y on that line. For the good «,

fin

My, > 2 > .
Ty — wnfn - (]_—'-6)71'7"”

For the bad «,
Hn+1

M., > 2 >

Fix z € A, and j = 1,2,.... We compute Q,(A,) by picking an angle o € (0,7/2)
and then a point along the corresponding line; let L, ,; be the length cut off by the line
on A, ;, and write My, for My, the latter being constant for y on the a-line through z:

(A ) =2 ntjlantj g
Q ( +J) 7_[_/0 Mma «

_2 / otilanti ;o\ 2 / atilanti 5
T J{good a} Mz T J{bad a} Mz

< 1.01(1 + e)wr_n + 1_01(1 + 6) wnT;+1 Un+j Tn
Hn Tn+tj n Mn+1 Tn4j

T
<2

Tn—i—j '
The last inequality holds provided

LOT(1+ ) (1+ 220 ) <o,

n
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by assumption, i, is monotone decreasing with n, so e.g. fin4;/pn < 1.

Details for bounding the integral over the bad «a are omitted; details for the good «
follow below.

2 n
—/ da < 2 by (e).
T J{good a} T'n

1 (14 e)mry,
<
M.Ta /’Ln

by (f).

Hn+j
fnri < ————— Dby (b).
" M Wn (b)

La,n+j < 202wn+3 by (C)

6. Literature Review

Extending results in Smith (1984), Bélisle, Romeijn and Smith (1993) show conver-
gence for a density on a compact set; the density is positive everywhere, bounded above,
and continuous a.e. No rates are established. A fairly general probability on the unit sphere
Sk is used to choose the direction in which to move; our arguments may handle this case.
Athreya, Doss and Sethuraman (1996) show convergence and slow convergence for other
algorithms; Athreya and Ney (1978) formulate the “local Doeblin condition” in their defi-
nition (2.2), and derive convergence from the renewal theorem. Bélisle (1998) shows slow
convergence for the Gibbs sampler. Eaton (1992) proves convergence theorems using re-
versibility; also see Smith (1984). Lamperti (1960) gives martingale recurrence conditions.
The most accessible reference on Doeblin’s general theory is perhaps Orey (1973); other
references are Asmussen (1987), Doob (1953), Lindvall (1992), Meyn and Tweedie (1993),
and Revuz (1984); Cohn (1993) gives an overview of the history. Doeblin (1940) and
Harris (1956) should be mentioned.

The hit-and-run construction, as we have defined it, is feasible for choosing a point
uniformly in a high-dimensional bounded, convex set. Otherwise, a Metropolis step could
be taken along Lg,; the arguments would be about the same, because condition (6) would
still hold. The Gibbs sampler may also be covered by our argument, although the proofs
of Lemmas 89 would need to be reworked: @, L ¢, but in many circumstances Q* has
a large component that is equivalent to ¢. In Diaconis and Freedman (1997), we consider
more general versions of Doeblin’s theory. Elsewhere, we hope to give a more abstract
definition of the hit and run process, with additional examples.

If f has compact support but is unbounded, it is natural to ask whether there a rate
of convergence. Bélisle (1998a) answers this in the negative. The idea is the following. In
the unit square, put a sequence of points along the 45-degree line, converging to (1,1). Put
a disk around each point, with radius converging very rapidly to 0. Given any sequence
pn > 0 with Y p, =1, spread mass p,, uniformly on the nth disk. From disk n, the angle
subtended by disk n + 1 is minute, so, it takes a long time to get from disk n to disk n + 1.
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