SNAKES AND SPIDERS: BROWNIAN MOTION ON
R-TREES
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ABSTRACT. We consider diffusion processes on a class of R—trees. The
processes are defined in a manner similar to that of Le Gall’s Brownian
snake. Fach point in the tree has a real-valued “height” or “generation”,
and the height of the diffusion process evolves as a Brownian motion.
When the height process decreases the diffusion retreats back along a
lineage, whereas when the height process increases the diffusion chooses
among branching lineages according to relative weights given by a pos-
sibly infinite measure on the family of lineages. The class of R—trees we
consider can have branch points with countably infinite branching and
lineages along which the branch points have points of accumulation.
We give a rigorous construction of the diffusion process, identify its
Dirichlet form, and obtain a necessary and sufficient condition for it
to be transient. We show that the tail o—field of the diffusion is always
trivial and draw the usual conclusion that bounded space—time harmonic
functions are constant. In the transient case, we identify the Martin
compactification and obtain the corresponding integral representations
of excessive and harmonic functions. Using Ray-Knight methods, we
show that the only entrance laws for the diffusion are the trivial ones
that arise from starting the process inside the state—space. Finally, we
use the Dirichlet form stochastic calculus to obtain a semimartingale
description of the diffusion that involves local time additive functionals

associated with each branch point of the tree.
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1. INTRODUCTION

Consider the the collection T of bounded subsets of R that contain their
supremum. We can think of the elements of 7 as being arrayed in a tree—
like structure in the following way. Using genealogical terminology, h(B) :=
sup B is the real-valued generation to which B € T belongs and B[t :=
(BN] —o0,t]) U{t} € T for t < h(B) is the ancestor of B in generation
t. For A, B € T the generation of the most recent common ancestor of A
and B is 7(A, B) := sup{t < h(A) A h(B) : Ajt = B|t}. That is, 7(A, B) is
the generation at which the lineages of A and B diverge. There is a natural

genealogical distance on T given by
D(A, B) :=[h(A) — 7(A, B)] + [h(B) — 7(4, B)].
Equivalently,
D(A, B) :=sup A+ sup B — 2min{sup A, sup B,inf(AAB)},

where A denotes the symmetric difference.

The metric space (7, D) is essentially the real tree of [DT96, Ter97] (the
latter space has as its points the bounded subsets of R that contain their
infimum and the corresponding metric is such that the map from (7, D)
into this latter space given by A — —A is an isometry). With a slight abuse
of nomenclature, we will refer here to (7, D) as the real tree.

The real tree is an example of an R-tree: that is, a metric space (T,d)
satisfying the following axioms (see [DMT96, DT96, Ter97] for an overview
of the theory R-trees and [Sha91] for a review of the extensive uses of R-trees

in group theory).

Axiom I: For all z,y € T there exists a unique isometric embedding ¢, ,, :

[0,d(z,y)] = T such that ¢, ,(0) = z and ¢, ,(d(z,y)) = y.

Axiom II: For every injective continuous map ¥ : [0,1] — T one has

P([0, 1]) = By (0) (1) ([0, d(¥(0), (1))]).
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For the real tree, ¢4 g(t) is given by A|(h(A) —¢) for 0 <t < h(A) —
7(A, B) and B|(t—h(A)+27(A, B)) for h(A)—7(A, B) <t < h(A)+h(B)-
27(A, B) = D(A, B).

In this paper we study diffusion processes with state—spaces that are R—
trees. We can describe the sort of processes we have in mind very informally
for the case of the real tree as follows.

Consider the collection &4 of subsets B C RU {+o0} such that —oo <
inf B and sup B = 400 € B. For B € & and t € R, extend the notation
introduced above by writing Bt := (BN] — oo,t]) U{t}. We think of £, as
the collection of doubly infinite lineages in the real tree and of B|t as the
individual in the lineage B € &4 in generation ¢.

We can equip £ with a metric such that the balls in this metric are of the
form {B € & : B|t = At} for some A € £ and t € R (see §2). Let u be a
o-finite Borel measure on &4 that assigns finite mass to all such balls. Write
EY for the (closed) support of u and T* for the subset of 7 consisting of
points of the form At for some A € £F and ¢ € R. It is not hard to see that
TH is an R-tree. As we observe in §4, 7" is necessarily separable whereas
T is far from being separable — the removal of a single point disconnects T
into a collection of components, the cardinality of which is that of the power
set of the reals. Therefore T# is a much “tamer” object than 7. However,
T# can still exhibit exotic phenomena such as points at which countably
infinite branching occurs and lineages along which the branch points have
points of accumulation.

We will be interested in the 7T#—valued process X that evolves in the
following manner. The real-valued process H, where H;, = h(X}), evolves
as a standard Brownian motion. For small € > 0 the conditional probability

of the event { X4, € C'} given X, and H is approximately

ply cylHeye € C, y|Hy = Xy}
ply y|H = Xy}
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In particular, if Hyp. < Hy, then Xy, is approximately X;|H¢t.. This evo-
lution is reminiscent of Le Gall’s Brownian snake process (see, for example,
[Le 93, Le 94a, Le 94b, Le 95]), with the difference that the “height” process
H is a Brownian motion here rather than a reflected Brownian motion and
the role of Wiener measure on C'(R, R?) in the snake construction is played
here by p.

There is a large literature on random walks on trees and [Woe94, LP96]
are excellent bibliographical references. In particular, there is a substan-
tial amount of work on the Martin boundary of such walks beginning with
[DM61, Car72, Saw78]. In the spirit of this paper, the Martin boundary of
walks on non-locally finite graphs is dealt with in [CSW93].

The literature on diffusions on tree-like or graph-like structures is more
modest. A general construction of diffusions on graphs using Dirichlet form
methods is given in [Var85]. Diffusions on tree-like objects are studied
in [DJ93, Kre95] using excursion theory ideas, local times of diffusions on
graphs are investigated in [EK95, EK96], and an averaging principle for such
processes is considered in [FW93]. One particular process that has achieved
a substantial amount of attention is the so-called Walsh’s spider, which is
a diffusion on the tree consisting of a finite number of semi-infinte rays
emanating from a single vertex (see [Wal78, BPY89, Tsi97, BEK198]).

The plan of the rest of the paper is as follows. We say some more about
the structure of R—trees in §2 and discuss a certain compactification for
them in §3. We construct the process of interest to us in §4 and identify its
Dirichlet form in §5. We give a necessary and sufficient condition for tran-
sience in §6 and observe that points are always regular for themselves. We
present a class of examples in §7 that illustrate the transience/recurrence
dichotomy. We use the Kolmogorov and Hewitt—Savage zero—one laws in
§8 to show that the tail o—field of the diffusion is always trivial and draw
the usual conclusion that bounded space—time harmonic functions are con-

stant. In §9 we construct a Martin compactification in the transient case
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and obtain corresponding integral representations for the excessive and har-
monic functions. Using Ray—Knight methods, we establish in §10 that the
only entrance laws are the “trivial” ones that arise from starting inside the
state—space. Finally, we apply the Dirichlet form stochastic calculus in §11
to obtain a semimartingale decomposition of the diffusion that involves local
time additive functionals associated with each branch point of the tree. This
“infinitesimal” description of the diffusion’s dynamics further confirms the

informal one given above.

Notation 1.1. Given a metric space U, we write C'(U), B(U), bC(U),
bB(U), pC(U), and pB(U) for, respectively, the continuous, Borel, bounded
continuous, bounded Borel, positive continuous, and positive Borel functions

on U.

2. MORE ABOUT R—TREES

We refer the reader to [DT96, DMT96, Ter97] for background on R-trees
and proofs of the facts that we outline below.
We will only consider R-trees (T, d) that also satisfy the following addi-

tional axioms which are satisfied by the real tree.

Axiom III: The metric space (T, d) is complete.

Axiom IV: For each € T there is at least one isometric embedding

6 :R — T with z € §(R).

An end of T is an equivalence class of isometric embeddings from R into
T, where we regard two such embeddings ¢ and 1 as being equivalent if
there exist a € R and € Ry such that a4+ 5 > 0 and ¢(t) = ¢ (t + «) for
all t > . Write E for the set of ends of T.

By Axiom IV, E has at least 2 points. Fix a distinguished element § of
E. For each z € T there is a unique isometric embedding s, : Ry — T

such that x,(0) = z and &, is a representative of the equivalence class of
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. Similarly, For each £ € E; := E\{j} there is at least one isometric
embedding # : R — T such that ¢ — 6(t), t > 0, is a representative of
the equivalence class of & and ¢ — 0(—t), t > 0, is a representative of the
equivalence class of {. Denote the collection of all such embeddings by O¢.
If §,60" € O, then there exists v € R such that 6(t) = 8'(t + ) for all t € R.
It is thus possible to select an embedding §; € O for each { € Ey in such
a way that for any pair &, € E; there exists ¢y (depending on &, () such
that 0 (t) = 0¢(¢) for all t < to (and 6¢(Jtg, oo]) N B¢ (Jtg, 00) = 0. Extend 6,
to R*:=RU{+oo} by setting §¢(—o0) := { and ¢ (+00) :=&.

The ends of the real tree can be identified with the collection consisting
of the empty set and the elements of £;. If we choose | to be the empty set
so that &4 plays the role of E,, then we can define the isometric embedding
64 for A € £ by 04(t) := (AN] — 00, t]) U {t} = At in the notation of the
Introduction.

The map (£,&) — ¢ (t) from R xE, (resp. R*x E; ) into T (resp. TUE)
is surjective. Moreover, if n € TUE is in 8¢ (R*) N6 (R*) for £, € Ey4, then
Ogl(n) = 051(77). Denote this common value by h(n), the height of 5. In
particular, h(}) := —oo and h(§) = +oo for £ € E;. For the real tree with
corresponding isometric embeddings defined as above, h(B) is just sup B,
with the usual convention that sup () := —oo (in accord with the notation of
the Introduction).

Define a partial order < on T UE by declaring that n < p if there exists
—00 < 5 <t <400 and £ € Ey such that n = ¢(s) and p = §¢(t). For
the real tree, this partial order is the usual inclusion partial order. Each
pair i, p € T UE has a well-defined greatest common lower bound n A p in
this partial order, with n Ap € T unless n =p € E,, n=1or p=1. For
xz,y € T we have

d(x,y) = h(x) + h(y) — 2h(x A y)

= [h(z) = h(z A y)l+ [h(y) — h(z Ay)].

(2.1)
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Therefore, h(z) = d(z,y) — h(y) + 2h(z Ay) < d(z,y)+ h(y) and, similarly,
h(y) < d(z,y) + h(y), so that

(2.2) [h(z) = h(y)] < d(z,y),

with equality if 2,y € T are comparable in the partial order (thatis,if z <y
ory < z).

If z,2" € T are such that h(z Ay) = h(a’ Ay) for all y € T, then, by
(2.1), d(z,2") = [h(z) — h(z A2")] 4+ [h(2') — h(z A 2')] = [h(z) — h(z A 2)]+
[h(z") — h(2" A2')] = 0, so that 2 = 2’. Slight elaborations of this argument
show that if n, " € TUE are such that h(nAy) = k(' Ay) for all y in some
dense subset of T, then n=17'.

For z,2',z € T we have that if h(z A z) < h(z" A z), then 2 A2’ =2 Az
and a similar conclusion holds with the roles of z and 2’ reversed; whereas
if h(z Az)=h(a'Az), then e Az=2a"Az<a Az’ Using (2.1) and (2.2)

and checking the various cases one finds that
(2.3) |h(z Az) —h(z"Az)| <d(xAza' Az) <d(z, ).

Forn € TUE and t € R* with ¢t < h(n), let n|t denote the unique
p € TUE with p < nand h(p) = t. Equivalently, if 7 = 6¢(u) for some
v € R* and £ € E4, then n|t = 6¢(t) for t < u. For the real tree, this
definition coincides with the one given in the Introduction.

The metric space (E4,d), where §(£,¢) = exp(—h(€ A ()), is complete.
Moreover, the metric § is actually an ultrametric; that is, 6(¢,¢) < 8(&, )V

5(777C) for all €7C7 ne E+'

3. A COMPACTIFICATION

Suppose in this section that (E4,d) is separable. For t € R consider the

set

(3.1) T, :={z€T:h(z)=t}={t: £ € Es}
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of points in T that have height ¢. For each 2 € T; the set {( € Ey :
(|t = 2} is a ball in E; of diameter at most 27" and two such balls are
disjoint. The separability of E is thus equivalent to each of the sets T,
being countable. In particular, separability of E; implies that T is also
separable, with countable dense set {{|t: & € EL, t € Q}, say.

We can, via a standard Stone-Cech-like procedure, embed T U E in a
compact metric space in such a way that for each y € T U E the map
x — h(z A y) has a continuous extension to the compactification (as an
extended real-valued function).

More specifically, let T be a countable dense subset of T. Let 7 be
a strictly increasing, continuous function that maps R onto 0, 1[. Define
an injective map II from T into the compact, metrisable space [0,1]7 by
I(z) := (7 (h(z A y))yer. Identify T with II(T) and write T for the closure
of T(=II(T)) in [0,1]%. In other words, a sequence (z,)neny C T converges
to a point in T if h(x, A y) converges (possibly to —co) for all y € T, and
two such sequences (2,,)nen and (2],)nern converge to the same point if and
only if lim,, h(z, Ay) =lim, h(a), Ay) for all y € T

We can identify distinct points in T U E with distinct points in T. If
(2n)neny C T and € € Ey are such that for all £ € R we have |t < z,, for all
sufficiently large n, then lim, h(z, Ay) = h(§ A y) for all y € T. We leave
the identification of } to the reader.

In fact, we have T = T U E. To see this, suppose that (z,),eny C T
converges to o, € T. Put hy = supyeTlimn h(z, Ay). Assume for the
moment that h., € R. We will show that z., € T with h(2s) = heo. For
all k£ € N we can find yx € T such that

I =
a5



SNAKES AND SPIDERS 9
Observe that

d(yr, ye) < limsup (d(ym o Ayi) + d(@n A Yk, 20 A Yr)
+ d(xn A Ye, y())

= tim sup ([A(s) = hn A ye)] + bl A gi) = B A )]

L(L 1y, 2
k¢ A

Therefore, (yx)rew is a d-Cauchy sequence and, by Axiom III, this sequence
converges to Y., € T. Moreover, by (2.2) and (2.3), lim, h(z, A yoo) =
h(Yoo) = heo.

We claim that yo, = 240; that is, lim, h(z, A 2) = h(ys A 2) forall z € T
To see this, fix z € T and € > 0. If n is sufficiently large, then

(3.2) h(z, N z) < h(yoo) + €
and
(3.3) h(yoo) = € < h(2n Ayos) < h(yoo)-

If (Yoo A 2) < h(yso) — €, then (3.3) implies that y., A 2 =2, A z. On the
other hand, if (Yoo A 2) > h(yso) — €, then (3.3) implies that
(3.4) h(zn N z) > h(yoo) — €
and so, by (3.2) and (3.3),
(Yoo A 2) = T2, 2)]
(3-5) < [AYoo) = ((yeo) = O]V [(A(Yoo) 4 €) = (A(Yoo) — €]
= 2e.

We leave the analogous arguments for ho, = 400 (in which case 2, € Ey)
and h., = —oo (in which case 2., = T) to the reader.
We just seen that the construction of T does not depend on T (more

precisely, any two such compactifications are homeomorphic). Moreover,
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a sequence (z,)peny C T UE converges to a limit in T U E if an only if
lim, h(z, A y) exists for all y € T, and two convergent sequences (z,)nen
and (z!)nen converge to the same limit if and only if lim, h(z, A y) =

lim, k(2] Ay) for all y € T.
4. CONSTRUCTION OF THE PROCESS

Suppose that p is a o-finite Borel measure on E such that 0 < p(B) < oo
for every ball B in the metric §. In particular, the support of pu is all of E;.

Remark 4.1. We note that the existence of such a measure p is a more
restrictive assumption on T than it might first appear. Let i be a finite
measure on E that is equivalent to . Recall from (3.1) that Ty, ¢t € R,
is the set of points in T with height {. As we remarked in §3, the set
{C € E4 : (|t = x} is a ball in E; for each 2 € T; and two such balls are
disjoint. Because the p measure of each such ball is non—zero, the set Ty
is necessarily countable and hence, by observations made in §3, both the

complete metric spaces T and E, are separable, and hence Lusin.

For # € T and real numbers b < ¢ with b < h(z), define a probability
measure p(z,b,¢;-) on T by

Ay MEE B Efc € A, {]b= b}
(b, e A) = p{€ € Ex : &|b=z|b} '

Let (B¢, P*) be a standard (real-valued) Brownian motion. Write m; :=

infocs<¢ Bs. Recall that the pair (m, B;) has joint density
‘ 2¢—2b+a (C—2b—|—(1)2
Gqt(b,c) = \/;Texp (—T , b<ane,
under P” (see, for example, Corollary 30 in Chapter 1 of [Fre83]).
Theorem 4.2. There is a Markov semigroup (P;);>o on T defined by
P f(z) == P [1(z, my, By; f)]-

Furthermore, there is a strong Markov process (X, P*) on T with continuous

sample paths and semigroup (Py)¢>o.



SNAKES AND SPIDERS 11

Proof. The proof of the semigroup property of (F;);>¢ is immediate from the
Markov property of Brownian motion and the readily checked observation

that for z,2' € T, b < ¢, b < h(z), and b’ < ¢ A ¢ we have
/,u(av’7 o, s A) p(x, b, e;da’y = p(z, b AV, 5 A).

By Kolmogorov’s extension theorem, there is a Markov process (X, P¥)
on T with semigroup (Pt)tZO- In order to show that a version of X can be
chosen with continuous sample paths, it suffices because (T,d) is complete
and separable to check Kolmogorov’s continuity criterion. Because of the
Markov property of X, it further suffices to observe for @ > 0 that, by
definition of (F)¢>0,

P [d(z, X¢)“]
[f ) + h(§]By) — 2h(x A (§]B))]"1{{|my = $|mt}ﬂ(d5)]
p{€ € Ey : &fmy = xmy}

[f ) + By — 2my]*1{{|m; = $|mt}ﬂ(d5)]
i€ € By 2 &|my = z|my}

< CPM@) [|h(x) — me|* + |my — By|*]

S C/toz/Q

for some constants C', C’ that depend on « but not on = € T.

The claim that X is strong Markov will follow if we can show that P maps
bC'(T) into itself (see, for example, §§111.8, 111.9 of [RW94], — it is assumed
there that the underlying space is locally compact and the semigroup maps
the space of continuous functions that vanish at infinity into itself, but this
stronger assumption is only needed to establish the existence of a process

with cadlag sample paths and plays no réle in the proof of the strong Markov
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property). By definition, for f € bB(T) and ¢t > 0

M e [ (Ele) L b = @]bY p(de)
Fife) = /—oo p o p{EEEL £[b=z[b}

_ _ 2
X\/?c 2b—|—h(ac)exp C(e= 204 b))
i t3/2 2t

for t > 0. The right-hand side can be written as ffooo ffooo Fy (b, c) dedb for
a certain function Fy ;. Recall from (2.2) that |h(z)—h(2)| < d(z,2"). Also,
if b < h(z), then 2'|b = 2|b for 2’ such that d(z,2’) < h(z) — b. Therefore,

limyryg Fp (b, ¢) = Fpg(b, ) except possibly at b = h(z). Moreover, if
sup, | f(z)] < C, then |Fy (b, c)| < CFy (b, c). Because

lim / / Fiy(b,c)dedb= lim 1= 1_/ / Fy »(b,c) dcdb,
=z =z —o0 J—c0

a standard generalisation of the dominated convergence theorem (see, for
example, Proposition 18 in Chapter 11 of [Roy68]) shows that if f € bB(T),
then P, f € bC(T) for t > 0. O

5. SYMMETRY AND THE DIRICHLET FORM

Write A for Lebesgue measure on R. Consider the measure v that is
obtained by pushing forward the measure p @ A on E; x R with the map
(&, a) — £la. Note that for 2 € T with h(z) = A* and € > 0 we have

v{y € T:d(z,y) <
<u{y e Tiyl(h"— o) = al(h" = O, " = < h(y) < h™+ ¢}
< 2u{€ € By 1 €|(h* - ©) = al(h* — 0)}.
That is, v assigns finite mass to balls in T and, in particular, is Radon.
We begin by showing that each operator P, t > 0, can be continuously

extended from bB(T)NL?(T,v) to L*(T,v) and that the resulting semigroup

is a strongly continuous, self-adjoint, Markovian semigroup on L%(T,v).
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Observe that if f € bB(T), then

ne )1{€[b = z|b}
/E+ / / u{f e B, b = afp) re b e) dbdeplds)
_ NG 1 {a]b = y|b}
_/I‘f(y) /_oo p{€ € By : £[b = z|b}

) \/gh@) SIOEE (_<h<w>+f;<ty> — 20) ) dbv(dy)

/f /oo u{5€E+:1€|b=w|b}

. \/gh(x) +t§/(zy) =2 (_ (h(z) + ’”;(tw — 2b) ) db v (dy)

for t > 0. Consequently, Pif(z) = [ppe(z,y)f(y)v(dy) for the jointly

continuous, everywhere positive transition density

h(zAy) 1
Pz, y) = el —
(5.1) /—oo p{€ € Eq 1 £|b=x|b}

2 h(z)+ h(y) — 2b (h(z) + h(y) — 2b)*
X \/; t3/2y exp (— Qty ) db.

Moreover, because u{é& € Ei : £|b = z|b} = p{€ € Ey : £]b = y|b} when

b < h(xz Ay) (equivalently, when z|b = y|b), we have p,(z,y) = p:(y, ).
Therefore there exists a self-adjoint, Markovian semigroup on L*(T,v) that
coincides with (P,);>0 on bB(T) N L*(T,v) (cf. §1.4 of [FOT94]). With the
usual abuse of notation, we also denote this semigroup by (F)¢>o.

Because v is Radon, bC'(T)NL' (T, v) is dense in L?(T, v). It is immediate
from the definition of (F;);>g that lim,o Pif(2z) = f(z) for all f € bC(T)
and 2 € T. Therefore, by Lemma 1.4.3 of [FOT94], the semigroup (F;)>0
is strongly continuous on L?(T,v).

We now proceed to identify the Dirichlet form corresponding to (F;);>o.
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Definition 5.1. Let A denote the class of functions f € bC(T) such that
there exists g € B(T) with the property that

b
(52)  FEB) — f(€la) = / g(€lu) du, € € By, —00 < a < b< oo,

Note for £ € E; that if A € B(T) with A C [a, b], where —o0 < @ < b < o0,
then

j{C € By 1 (b= EbY A(A) < v{€lu:u e A)

< p{C € By s Cla = €la} A(A).
Therefore, the function ¢ in (5.2) is unique up to v-null sets, and (with the

usual convention of using function notation to denote equivalence classes of

functions) we denote g by V f.

Definition 5.2. Write D for the class of functions f € AN L?(T,v) such
that Vf € L*(T,v).

Remark 5.3. By the observations made in Definition 5.1, the integral
fabg(ﬂu) du is well-defined for any ¢ € E; and g € L?(T,v).

Theorem 5.4. The Dirichlet form & corresponding to the strongly contin-
uous, self-adjoint, Markovian semigroup (P,);>0 on L*(T,v) has domain D

and is given by
1
(53 (9= 5 [ VH@Tol)vido), g €.

Proof. A virtual reprise of the argument in Example 1.2.2 of [FOT94] shows
that the form &’ given by the right-hand side of (5.3) is a Dirichlet form.
Let (G4)a>0 denote the resolvent corresponding to (F);>¢: thatis, G f =
Jo T et P fdt for f € L*(T,v). In order to show that & = &', it suffices to
show that G (L*(T,v)) C P and &,(G. f,g) := £'(Gaf, 9)+al(f 9) = (f.9)
for f € L?*(T,v) and g € D, where we write (-, -) for the L?(T,v) inner prod-
uct (cf. the proof of Theorem 1.3.1 in [FOT94]) By a simple approximation
argument, it further suffices to check that G, (bB(T) N L?*(T,v)) C D and

E(Guf.g) = (f.g) for [ € BB(T) N L*(T,v) and g € D
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Observe that
/ e by (b, ) dt = 2exp (—\/ 2a(c — 2b+ a)) ,b<aAe,
0

(see Equations 3.71.13 and 6.23.15 of [Wat44]). Therefore, for f € bB(T) N
L?(T,v) we have

hz) poo
(5.4) Gof(z) = 2/ / p(z, b, f)e_\/z_a(c_%"'h(x)) dedb.
—o0 b

Thus, G f € A with

o0

V(G =2 [ () eV g

—V2aG, f(2).
In order to show that G, f € D is remains to show that the first term on
the righ-hand side of (5.5) is in L?(T, v). By the Cauchy-Schwarz inequality
and recalling the definition of Ty from (3.1),

2
/ [ / u(x,h@),c;f)e-m(c-h@))dc] v(da)
T h(z)

/ / Jo, F(Ele)1{Ela=obulde) _ oy T
p{€:&la=a}

(5.5)

X u{frflazw}da

1 oo fE 1{€|a = x},u(df) —VZa(c—a)
Szm/_%;a/a [ u{f.aa—x} ] e

x pi{€:€la=2}da

L e Jo, Pl (Ela=ebulde) -
Szm/_oo XT: / e fa=a) e

Xu{frflazw}da
i 1], ]

/ (€l dentie) = /f2 oo,
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as required.

From (5.5) we have for ¢ € D that

&'Gaf )

(5.6) / /E+ [/ (€la, a,c; £)e™V2D de| Vg(Ela) u(dg) da
- 5\/%/ Gof(2)Vg(la), p(d€) da.
-

Consider the first term on the right-hand side of (5.6). Note that it can

be written as
/ / fE+ 1{5|a_$}ﬂ(df)e VZa(c—a) de
oo . p{§ €la ==}

(5.7) x Vg(a)p{€ : €la = 2} da

L[ st st

Substitute (5.7) into (5.6), integrate by parts, and use (5.5) to get that

§'(Gaf ) /E/ F(€la)g(€la) dapu(da)

—m// [ e d] g(€la) da p(de)

W%// [ utelaases eV e gtela) dautae

o /E + /  Guf(€la)g(€la) da ().

z€T,

Argue as in (5.7) to see that the second and third terms on the right-hand

side cancel and so

ENGafr9) = (f,9)— a(Gaf,g),

as required. O

Remark 5.5. We wish to apply to X the theory of symmetric processes and
their associated Dirichlet forms developed in [FOT94]. Because T is not

generally locally compact, we cannot do so directly. Rather, we have to
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proceed via the embedding results outlined in §7.3 of [FOT94]. We quickly
check the relevant conditions for these results to apply.

As usual, set & := & + (+,-) with domain D. We begin by showing
that conditions (C.1) — (C.3) in §7.3 of [FOT94] hold. That is, there is a
countably generated subalgebra C C bC'(T)ND such that C is £&;-dense in D,
C separates points of T, and for each z € T there exists f € C with f(z) > 0.
Let Co be a countable subset of bC'(T) N L?(T,v) that separates points of
T and is such that for every z € T there exists f € Co with f(z) > 0. Let
C be the algebra generated by the countable collection |, G»Co, where the
union is over the positive rationals. It is clear that C is £1-dense in D. We
observed in the proof of Theorem 4.2 that P; : bC'(T) — bC(T) for all t > 0
and limyo P f(z) = f(z) for all f € bC'(T). Thus, G, : bC(T) — bC(T)
for all @ > 0 and lim,_, oG, f(z) = f(z) for all f € bC(T). Therefore, C
separates points of T and for every & € T there exists f € C with f(z) > 0.

It remains to check that the tightness condition (7.3.2) of [FOT94] holds.
That is, for all € > 0 there exists a compact set K such that Cap(T\K) < €
where Cap denotes the capacity associated with £;. However, it follows from
the sample path continuity of X and Theorem IV.1.15 of [MR92] that, in
the terminology of that result, the process X is v-tight. Conditions IV.3.1
(i) — (iil) of [MR92] then hold by Theorem 1V.5.1 of [MR92], and this suffices
by Theorem I11.2.11 of [MR92] to establish condition (7.3.2) of [FOT94].

6. RECURRENCE, TRANSIENCE, AND REGULARITY OF POINTS

The Green operator GG associated with the semigroup (Pt)tZO is defined
by Gf(x) :== [, Pif(z)dt = sup,soGaf(x) for f € pB(T). In the ter-
minology of [FOT94], we say that X is transient is Gf < oo, v-a.e., for
any [ € L}|_(T,I/)7 whereas X is recurrent if Gf € {0,000}, v-a.e., for any
feLL(T,v).

As we observed in §5, X has symmetric transition densities p;(z,y) with

respect to v such that p;(z,y) > 0 for all 2,y € T. Consequently, in the
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terminology of [FOT94], X is irreducible. Therefore, by Lemma 1.6.4 of
[FOT94], X is either transient or recurrent, and if X is recurrent, then
G f = oo forany f € LY (T,v) that is not v-a.e. 0.

Taking limits as o | 0 in (5.4), we see that

Gf(z) = /T o, 9) F () v(dy),

where

h(zAy) 1
sey=2 [ ey

(6.1) .
(zAy) 1
= db.
2/_00 pi€  €Jb = ylb}

Note that the integrals

¢ 1
(6.2) /Oou{f:ﬂb:qb}db,aeR7C€E+7

are either simultaneously finite or infinite. The following is now obvious.

Theorem 6.1. If the integrals in (6.2) are finite (resp. infinite), then
g(z,y) < oo (resp. g(x,y) = o0) for all x,y € T and X is transient (resp.

recurrent).

Remark 6.2. For B € B(T) write op := inf{t > 0 : X; € B}. We note
from Theorem 4.6.6 and Problem 4.6.3 of [FOT94] that if P*{op < oo} > 0
for some z € T, then P"{op < oo} > 0 for all « € T. Moreover, if X is
recurrent, then P?{op < oo} > 0 for some & € T implies that P*{VN €
N, 3 >N:X,eB}=1forall z€T.

Given y € T, write o, for oy, Set C' = {2z € T : y < z}. Pick 2 <y with
x # y. By definition of (F});>0, P*{X; € C'} > 0 for all ¢ > 0. In particular,
P*{oc < oo} > 0. It follows from Axioms I and II that if v : Ry — T is any
continuous map with {z, 2} C v(Ry) for some z € C, then y € v(Ry) also.
Therefore, by the sample path continuity of X, P*{o, < oo} > 0 for this
particular choice of 2. However, Remark 6.2 then gives that P*{c, < oo} > 0



SNAKES AND SPIDERS 19

for all € T. By Theorem 4.1.3 of [FOT94] we have that points are regular
for themselves. That is, P*{o, =0} =1 for all z € T.

7. EXAMPLES

In this section we exhibit a parametric family of R—trees (T, d) with mea-
sures ;1 on the corresponding collection of ends E, such that associated
process X is either recurrent or transient depending on the parameter val-
ues.

Fix a prime number p and constants r_, r. > 1. Let Q denote the rational
numbers. Define an equivalence relation ~ on @ x R as follows. Given
a,b € Q with a # b write a — b = p¥(*Y)(m/n) for some v(a,b), m,n € Z
with m and n not divisible by p. For v(a,b) > 0 put w(a,b) = Zyi%’b) rfl_,
and for v(a, b) < 0 put w(a,b) := 1—2;:(5(1’6) r'. Set w(a,a) == +oc. Given
(a,s),(b,t) € Q x R declare that (a,s) ~ (b,¢) if and only if s =t < w(a,b).
Note that

(7.1) v(a,c) > v(a,b) Av(b,c)
so that
(7.2) w(a,c) > w(a,b) ANw(b,c)

and ~ is certainly transitive (reflexivity and symmetry are obvious).

Let T denote the collection of equivalence classes for this equivalence
relation. Define a partial order < on T as follows. Suppose that z,y € T
are equivalence classes with representatives (a, s) and (b,t). Say that z <y
if and only if s < w(a,b) At. It follows from (7.2) that < is indeed a
partial order. A pair z,y € T with representatives (a,s) and (b,?) has
a unique greatest common lower bound z A y in this order given by the
equivalence class of (a,s At Aw(a,b)), which is also the equivalence class of
(b,s At Aw(a,b)).

For € T with representative (a, s), put h(z) := s. Define a metric d on

T by setting d(z,y) := h(z) + h(y) — 2h(z A y). We leave it to the reader
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to check that (T,d) is an R-tree satisfying Axioms | — IV, and that the
definitions of @ < y, z Ay and h(z) fit into the general framework of §2,
with the set E4 corresponding to Q X R—valued paths s — (a(s),s) such
that s < w(a(s),a(t)) At.

Note that there is a natural Abelian group structure on E : if £ and ¢
correspond to paths s — (a(s),s) and s — (b(s), s), then define £ 4+ ¢ to
correspond to the path s — (a(s) + b(s),s). We mention in passing that
there is a bi—continuous group isomorphism between E. and the additive
group of the p-adic integers Q,. (This map is, however, not an isometry if
E; is equipped with the § metric and Q, is equipped with the usual p-adic
metric.)

Define a Borel measure p on E4 as follows. Write ... <w_; <wg=1<
wy; < wp < ... for the possible values of w(-,-). That is, wy = Zf:o rfl_ if
k> 0, whereas w, = 1 — Zi_:ko r* if k < 0. By construction, closed balls in
E. all have diameters of the form 27 for some k € Z and such a ball is
the disjoint union of p balls of diameter 27"s+1. We can therefore uniquely
define yu by requiring that each closed ball of diameter 27" has mass p~*.
The measure p is nothing but the (unique up to constants) Haar measure
on the locally compact Abelian group E..

Applying Theorem 6.1, we see that X will be transient if and only if
S op Frk < oo, thatis, if and only if r_ < p. As one might have expected,
transience and recurrence are unaffected by the value of r: Theorem 6.1
shows that transience and recurrence are features of the structure of T

“near” §, whereas r; only dictates the structure of the T “near” points of

E..

8. TRIVIALITY OF THE TAIL 0—FIELD

Theorem 8.1. For all x € T the tail o—field (\,5o0{X¢ : t > s} is P~

trivial (that is, consists of sets with P*—measure 0 or 1).
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Proof. Fix « € T. By the continuity of the sample paths of X, o,, =
inf{t > 0: h(X;) = a}. Because h(X) is a Brownian motion, this stopping
time is P%-a.s. finite. Put To := 0 and Ty := 04 (p(2)-p) for £ =1,2,... By
the strong Markov property we get that P*{T; < Ty < --- < 0o} = 1. Set
Xi(t) = X((Ty+1t) ANTyy1) for k=0,1,... Note that the tail o-field in the
statement of the result can also be written as (), 0{(T%, X¢) : £ > k}.

By the strong Markov property, the pairs ((Th41 — Tk, Xi))72, are inde-
pendent. Moreover, by the spatial homogeneity of Brownian motion, the

random variables (Tp41 —T%)72, are identically distributed. The result now

follows from Lemma 8.2 below. O

Lemma 8.2. Let ((Y,,, Z,,))nen be a sequence of independent R X U-valued
random variables, where (U,U) is a measurable space. Suppose further that
that the random variables Y,, n € N, have a common distribution. Put
W, :=Y1+...4Y,. Then the tail o—field (, _, c{(Wy, Z,) : n > m} is

trivial.

Proof. Consider a real-valued random variable V' that is measurable with
respect to the tail o—field in the statement. For each m € N we have by
conditioning on o{W,, : n > m} and using Kolmogorov’s zero—one law that
thereis a o{W,, : n > m}-measurable random variable V! such that V] =V
almost surely. Consequently, there is a random variable V/ measurable with
repect to (| °_, o{W, : n > m} such that V' = V almost surely, and the

proof is completed by an application of the Hewitt—Savage zero—one law. [J

Definition 8.3. A function f € B(T x Ry) (resp. f € B(T)) is said to
be space-time harmonic (resp. harmonic) if 0 < f < oo and P f(-,t) =
f(,s+1t) (resp. Psf = f) forall s,t > 0.

Remark 8.4. There does not seem to be a generally agreed upon convention
for the use of the term “harmonic”. It is often used for the analogous

definition without the requirement that the function is non—negative, and
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P, f(z) = P*[f(X,)] is sometimes replaced by P*[f(X )] for suitable stopping

times 7. Also, the terms invariant and regular are sometimes used.

The following is a standard consequence of the triviality of the tail o—field

and irreducibility of the process, but we include a proof for completeness.

Corollary 8.5. There are no non—constant bounded space—time harmonic
functions (and hence, a fortiori, no non-constant bounded harmonic func-

tions).

Proof. Suppose that f is a bounded space-time harmonic function. For
each 2 € T and s > 0 the process (f(Xy, s +t));>0 is a bounded P*-
martingale. Therefore lim_o f(X¢, s + t) exists P%a.s. and f(z,s) =
Polim¢ oo f(Xe, s4+1)] = limiyeo f( Xy, s+1), PP-a.s., by the triviality of the
tail. By the Markov property and the fact that X has everywhere positive
transition densities with respect to v we get that f(s,z) = f(¢,y) for v-a.e.

y for each t > s, and it is clear from this that f is a constant. O

Remark 8.6. The conclusion of Corollary 8.5 for harmonic functions has the
following alternative probabilistic proof. By the arguments in the proof of
Theorem 8.1 we have that if n € Z is such that n < h(z), then P*{o,), <
Opl(n-1) < Og|(n-2) <+ < oo} = 1. Suppose that f is a bounded harmonic
function. Then f(z) = P*[limiseo f(X¢)] = limgeo f(z|(—k)). Now note
for each pair z,y € T that z|(—k) = y|(—Fk) for k € N sufficiently large.

9. MARTIN COMPACTIFICATION AND EXCESSIVE FUNCTIONS

Suppose in this section that X is transient. Recall that f € B(T) is
excessive for (Py)s>o if 0 < f < oo, Pif < f, and lim; o P f = f pointwise.
Recall the definition of harmonic function from §8. In this section we will

obtain and integral representation for the excessive and harmonic functions.
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Fix 29 € T and define k : T x T — R, the corresponding Martin kernel,

bony) = S0 _ JPON e < gfb = ylo} " db
U glmey) RN re gl = ylb} -t db

M e b= b} db
S e b = wolb} 1 db

Note the k is continuous in both arguments and

P"{o, < 0o}

0 <PHow <oo} <h(ny) = g —— 5
Yy

<P*{o, < o0}t < cc.

We can follow the standard approach to constructing a Martin com-
pactification when there are well-behaved potential kernel densities (e.g.
[KW65, Mey70]). That is, we choose a countable, dense subset 7' C T and
compactify T using the sort of Stone—Cech-like procedure described in §3 to
obtain a metrisable compactification T such that a sequence (Yn)newy C T
converges if and only if lim,, k(z,y,) exists for all # € T'. Recall the com-

pactification T of §3.

Proposition 9.1. The compact metric spaces T and TM are homeomor-

phic, so that TM can be identified with T U E. If we define

JREND e glb = nlb) " db
k(xv 77) = h(zoAn) ] _ B y
SR p{€ b = n|b} =t db

and k(z, 1) =1, then k(z,-) is continuous on T UE. Moreover,

zeT,neTUE,,

sup sup k(z,n) < oo
reBneTUE

for all balls B C T.

Proof. The rest of the proof will be almost immediate once we show for a
sequence (¥, )nen C T that lim, k(xz,y,) exists for all # € T"if and only if
lim, h(z A y,) exists (in the extended sense) for all 2 € T
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It is clear that if lim, h(z A y,) exists for all @ € T, then lim, k(z, y,,)
exists for all z € T'.

Suppose, on the other hand, that lim, k(z,y,) exists for all € T but
lim, h(z' A y,) does not exist for some 2’ € T'. Then we can find ¢ > 0 and
a < h(2') — ¢ such that 2" := 2'|a € T, liminf, h(z' Ay,) < a — ¢, and
limsup, h(z' A y,) > a+ €. This implies that for any N € N there exists
p,q > N such that h(z” Ay,) = h(z' Ayy) and h(z" ANy,) =a < a+¢€/2 <
h(z" A y,). We thus obtain the contradiction

. . 3 yn) . ($/7 yn)
hmnlnf B o) = hmnlnf o o) =1,
while
k(@' yn) 9@, yn)
hmnsup k(2" yn) - hmnsup g(z", yn)

P e glb = a'|by "t db

a fjoou{gf|b:x’|b}—ldb > 1.

O

The following theorem essentially follows from results in [Mey70], with
most of the work that is particular to our setting being the argument that
the points of E4 are, in the terminology of [Mey70], minimal. Unfortu-
nately, the standing assumption in [Mey70] is that the state—space is locally
compact. The requirement for this hypothesis can be circumvented using
the special features of our process, but checking this requires a fairly close
reading of much of [Mey70]. Later, more probabilistic or measure—theoretic,
approaches to the Martin boundary such as [Dyn72, GM73, Gar76, Jeu78] do
not require local compactness, but are rather less concrete and less pleasant

to compute with. We therefore sketch the relevant arguments.

Definition 9.2. An excessive function f is said to be a potential if
limyeo Pof = 0. (The term purely excessive function is also sometimes

used.)



SNAKES AND SPIDERS 25

Theorem 9.3. If u is an excessive function, then there is a unique finite
measure v on T = T UE such that w(z) = [5 gk(z,n)v(dn), v € T.

Furthermore, w is harmonic (resp. a potential) if and only if v(T) = 0

(resp. v(E)=10).

Proof. From Theorem IX.T64 in [Mey66] there exists a sequence (f,)nen
of non-negative functions such that G'fi(z) < Gfa(z) < ... < Gof(z) 1
uw(z) as n — oo for all # € T. Define a measure v, by v,(dy) :=

9(x0,y) fn(y) v(dy), so that G f,(2) = [ k(2,y) ¥a(dy). Note that v,(T) =
G fr(zo) < u(zg) < co. We can think of (v,)nen as a sequence of finite mea-
sures on the compact space T with bounded total mass. Therefore, there
exists a subsequence (n¢)¢en such that v = lim,~,, exists in the topology of
weak convergence of finite measures on T. By Proposition 9.1, each of the

functions k(z,-) is bounded and continuous, and so
| ke sn =tim [ k) td)
TuE TuE
= lim/ k(z,y) vn,(dy)
tJr
= li?q Gfn,(2) = u(z).

Write k,, for the excessive function k(-,7),n € TUE. Each of the functions
ky, y € T, is clearly a potential. A direct calculation using (5.4), which we
omit, shows that if £ € E, then oG, ks = k¢ for all &« > 0, and this implies
that k¢ is harmonic.

This completes the proof of the theorem except for the uniqueness claim.
From Proposition 9.1, all excessive functions are bounded on balls and hence
v—integrable on balls. We can therefore equip the cone of excessive functions

with the metrisable L1

1o (T, v) topology. Consider the convex set of excessive

functions u such that u(zg) = 1. Any measure appearing in the represen-
tation of such a function wu is necessarily a probability measure. Given a
sequence (uy,)nen of such functions, we can, by the weak compactness argu-

ment described above, find a subsequence (u,,)sen that converges bounded
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pointwise, and hence also in L], (T,v), to some limit u. Therefore the ex-
cessive functions are a cone over a compact metrisable base. Moreover, this
cone is a lattice in the associated intrinsic (that is, strong) order (see §XV.4
of [Mey67]).

Uniqueness will now follow from the standard Choquet uniqueness theo-
rem (see, for example, Theorem XI1.T29 of [Mey66]) provided we can show
for all n € TUE that if k, = [k, v(dy’) for some finite measure v, then =y
is necessarily the point mass at 7.

Consider first the case of representing k¢ for some £ € E;. Forz € T
and a > h(z A §)

ke(z) > Plke(Xoy, )]

~ g(z,&la) ;
= Y€ ga) ¢S

D) e (b = (€la)[b) " db
M ¢l = (Ela)[b) L b
JEE ¢ ¢ = €gbytdb
JHEND ¢ ¢lo = €yt db
M ¢l = €JbY b
S ndC b = €lby—Tdb
LS =gyt
JPEN) ¢ b = €[bY="db
= ke ().

Thus ke(2) = P*[ke (X, )] for all @ sufficiently large. On the other hand, a

similar argument shows for ¢’ € E;\{¢} that
k() 2 Plke (Xoy, )]

and

JEED ¢ b = ¢lp) b
o ¢ Clo = ¢Jby " db

Polke (Xog)] = ker(2),
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for sufficiently large @, where the right—-hand side converges to 0 as a —
0. Similarly, limg_ s IP’l’[kT(nga)] = 0. This clearly shows that if ks =
Jg kerv(d€'), then 4 cannot assign any mass to E\{{}. Uniqueness for the
representation of %k is handled similarly.

Uniqueness for the representation of £,, y € T, is an immediate conse-

quence of the principle of masses (see Proposition 1.1 of [GG8&3]). O

Remark 9.4. Theorem 9.3 can be used as follows to give an analytic proof (in
the transient case) of the conclusion of Corollary 8.5 that bounded harmonic
functions are necessarily constant.

First extend the definition of the Green kernel ¢ to T U E by setting

h(n~p)
g(n, p) == 2/ p{¢ : ¢Jb=n|b} " db

— 00

h(nAp)
=2 [ =)

—00
By Theorem 9.3, non—constant bounded harmonic functions exist if and
only if there is a non—trivial finite measure v concentrated on E such that

(9.2) sup/E k(x,¢) v (d¢) < oc.

z€eT
Note that for any ball B C E4 of the form B = {¢ € E4 : (|h(2*) = 2*}
for h(z*) > h(xzg) we have g(xo,() = ¢g(x0,2*). Thus, by possibly replacing
the measure v in (9.2) by its trace on a ball, we have that non-constant
bounded harmonic functions exist if and only if there is a probability measure
(that we also denote by v) concentrated on a ball B C E; such that

(9.3) sup /B 0(,) 7 (dC) < oo

ze€T

Observe that ¢(£t, ¢) increases monotonically to ¢(&,¢) as ¢ — oo and so,

by monotone convergence, (9.3) holds if and only if

(9.4) sup [ (6,0 71d0) < .

EEEL
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It is further clear that if (9.4) holds, then

(9.5) / / (£,0) 7(d€) 7(dC) <

Suppose that (9.5) holds. For b € R write T}, for the subset of T con-
sisting of @ € Ty such that y{{ € B : b = 2} > 0. In other words, T} is
the collection of points of the form 7|b for some 7 in the closed support of
v. Note that ZI’GTZ pin )b =z} < u(B) if 27" is at most the diameter
of B. Applying Jensen’s inequality, we obtain the contradiction

/B /B 9(6,€) 7(d€) 7(dC)
N 1{£|b = ¢|b}
_2/ //Bu{nrnlbzflb}ﬂd@’y(dodb
_ vin : n|b = &[b}
B / /Bu{nrnlbzﬁlb}ﬂdadb

1 mlb = €[b} -
22 f /Bv{n.mb— goy O]

P Monzalb=ay o
_2/ _gT:m{n nlb = }7{0'77'()_} a

10. ENTRANCE LAWS

Recall that a probability entrance law for the semigroup (F);>o is a family
(7¢)1>0 of probability measures on T such that v,P, = v,4, for all s,¢ > 0.
Given such a probability entrance law, we can construct on some probability
space (2, F,P) a continuous process that, with a slight abuse of notation, we
denote X = (X))o such that X, has law v, and X is a time-homogeneous
Markov process with transition semigroup (F);>o.

In this section we show that the only probability entrance laws are the

trivial ones.

Theorem 10.1. If (V)0 is a probability entrance law for (P)¢>o, then
ve = voF%, t > 0, for some probability measure vo on T.
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Proof. Construct a Ray—Knight compactification (TR,,O)7 say, as in §17 of
[Sha88]. Write (]5,5),520 and (G4 )a>o0 for the corresponding extended semi-
group and resolvent.

Construct X with one-dimensional distributions (v;);>¢ and semigroup
(P¢)¢>0 as described above. By Theorem 40.4 of [Sha88], limjo X; exists
in the Ray topology, and if vy denotes the law of this limit, then yoP; is
concentrated on T for all ¢ > 0 and 7; is the restriction of voP; to T.
We therefore need to establish that vg is concentrated on T. Moreover, it
suffices to consider the case when vq is a point mass at some zy € T, so
that lim; o Xy = 2o in the Ray topology. Note by Theorem 4.10 of [Sha88]
that the germ o-field Foy := (), 0{X;: 0 < ¢ < ¢} is trivial under P in this
case.

By construction of (F;);>0, the family obtained by pushing forward each
~¢ by the map h is an entrance law for standard Brownian motion on R.
Because Brownian motion is a Feller—-Dynkin process, the only entrance
laws for it are the trivial ones (pQ¢);>0, Where (Q;);>0 is the semigroup
of Brownian motion and p is a probability measure on R. Thus, by the
triviality Foy, there is a constant hg € R such that lim; o h(Xy) = hg, P-a.s.

As usual, regard functions on T as functions on T by extending them
to be 0 on TF\T. For every f € bB(T) we have by Theorem 40.4 of [Sha88]
that lim o Gy f(Xy) = lim g Gaf(Xt) = Gaf(x)

From (5.4),
Gof@) = | gali )1l vidy),
where
M) exp(—v/2a(h(x) + h(y) — 2b))
o) 9a(®:9) = 2/_00 eh=ab)
) _y /h(x/\y) exp(—\/%(h(x) + h(y) — 2())) db
o p{€  €lb = ylb} '

It follows straightforwardly that lim;jo h(X¢ A y) exists for all y € T, P-

a.s., and so, by the discussion in §3 and the triviality of Fy4, there exists
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n € TUE such that h(n) < hg and lim; o h(X:Ay) = h(nAy), P-as. Note, in
particular, that we actually have n € T U {t} because h(n) < co. Moreover,

we conclude that
| et dt = Gafao)
0

_ M09 exp(—v/2a(ho + h(y) — 20))
- /T [/_oo p{€ : €lb = ylb} ) )

for all f € bB(T).

We cannot have have n = 1, because this would imply that v, is the null
measure for all ¢ > 0. If n € T and hy = h(n), then we have v, = §, F;.

We therefore need only rule out the possibility that n € T but h(n) < hg.

In this case we have
/ e_at'yt(f) dt = exp (—\/ 2a(hg — h(n))) / e_at(SnPt(f) dit
0 0

and so, by comparison of Laplace transforms, v; = fg 0, Pi_s k(ds), where K
is a certain stable— distribution. In particular, v; has total mass £([0,1]) <

1 and is not a probability distribution. O

11. LOCAL TIMES AND SEMIMARTINGALE DECOMPOSITIONS

Our aim in this section is to give a semimartingale decomposition for
the process He(t) := h(X¢ AE), t > 0, for & € E4. From the intuitive
description of X in the Introduction, we expect H; to remain constant over
time intervals when X; is not in the ray Re := {2z € T : 2 < ¢}. During time
intervals when Xy is in R¢ we expect Hy to evolve as a standard Brownian
motion except at branch points of T where it receives negative “kicks” from
a local time additive functional in the same manner that skew Brownian
motion receives kicks at 0, with the magnitude of the kicks related to how
much p—mass is being lost to the rays that are branching off from R¢. To
make this description precise, we first need to introduce appropriate local

time processes.
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We showed in §6 that P*{o, < oo} for any z,y € T. By Theorems 4.2.1
and 2.2.3 of [FOT94], the point mass §, at any y € T belongs to the set of
measures Sgg. (See (2.2.10) of [FOT94] for a definition of Spg. Another way
of seeing that 6, is in Sgg is just to observe that sup, g,(z,y) < oo for all
a > 0.) By Theorem 5.1.6 of [FOT94] there exists for each y € T a strict
sense positive continuous additive functional LY with Revuz measure 6,. As

usual, we call LY the local time at y.

Definition 11.1. Given £ € E,, write m¢ for the Radon measure on T
that is supported on the ray R¢ and for each ¢ € R assigns mass p{¢ € E; :
Cla=¢|a} to the set {£]b:b > a} = {a € Re : h(x) > a}.

Remark 11.2. Note that mg is a discrete measure that is concentrated on
the countable set of points of the form & A ¢ for some ¢ € E;\{¢} (that is,

on the points where other rays branch from Ry).

Theorem 11.3. For each & € E; and x € T the process H¢ has a semi-

martingale decomposition

1
He(t) = He(0) + Me(t) = 5 [ 170 metd), 10,
R
under P, where My is a continuous, square—integrable martingale with qua-
dratic variation
¢

)i = [ X < ds e >0

Moreover, the martingales Mg and Mg for £,&' € E4 have covariation
¢
(Me Mo = [ 1X(5) £ €AY s, t 20,
0

Proof. For £ € E4, z € T, and A € N, set hg(z) = h(z A ) and h?(x) =
(—A)V (h(z NE) N A).

It is clear that h? is in the domain D of the Dirichlet form &, with
Vh?(w) =1{&|(—A) < x < ¢|A}. Given f € D, it follows from the product
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rule that

2L = S0 = [ FHEl(-4) < 2 < A} vlao).

In the terminology of §3.2 of [FOT94], the energy measure corresponding to
h? is I/gA(d$) = 1{{[(—-A) < x <&A}v(de). A similar calculation shows
that the joint energy measure corresponding to a pair of functions h? and h?,/
is 1[{€](—A) < @ < €A} N{E1(—A) < & < €AY v(de) = (2 A ) (de)
in the usual lattice structure on measures.

An integration by parts establishes that for any f € D we have

£d )= 5 | sy,

where

mi =mf — p{C: (= A) = E[(—A) }og—ay + 1{C : (JA = | A} 4
with
mi(dz) == 1{¢|(-A) < & < ¢JA}me(da).

Now I/gA is the Revuz measure of the strict sense positive continuous
o . ¢ "

additive functional [j1{{|(—4) < X(s) < &]A}ds and I/gA A I/gA, is the
Revuz measure of the strict sense positive continuous additive functional
JEAMEN(=4) < X(5) < €ATOE](~A) < X (5) < €] A'}] ds. A straightfor-
ward calculation shows that sup, [ ¢,(z,y) m?(dy) < 00, and so m? € Soo
is the Revuz measure of the strict sense positive continuous additive func-
tional fRﬁ LY(t) m?(dy) (because the integral is just a sum, we do not need
to address the measurability of y — LY(t)).

Put HgA(t) = h? (X (t)),t > 0. Theorem 5.2.5 of [FOT94] applies to give
that

HA W) = HAO) + MA0) 5 [ 170w, 0> 0
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under P* for each & € T, where MgA is a continuous, square—integrable

martingale with quadratic variation
N t
M = [ 1) < X (o) < €lay ds.
0

Moreover, the martingales MgA and Mg}/ for £,¢" € E4 have covariation

2, M (1)
- / 1[{€](=A) < X(s) < ] A} n{€'](—A") < X(s) < €']4] ds.
In particular,
(ME — M2
(11.1) ;
- / L[{El(~B) < X(s) < €| BIE(-A) < X(s) < €[A)] ds

for A < B.

For each ¢ > 0 we have that HgA(s) = H¢(s) and fRﬁ LY(s) m?(dy) =
fRﬁ LY(s) me(dy) forall 0 < s <t when A > sup{|He¢(s)|: 0 < s < t}, P™a.s.
Therefore there exists a continuous process Mg such that MgA(s) = M¢(s)
for all 0 < s < ¢ when A > sup{|He¢(s)| : 0 < s < t}, P™a.s. It follows
from (11.1) that lim e P¥[supp< < |M£A(s) — M¢(s)|*] = 0. By standard
arguments, the processes Mg are continuous, square-integrable martingales

with the stated quadratic variation and covariation properties. O

Remark 11.4. There is more that can be said about the process H¢. For
instance, given z € T and £ € E; with « € Rs and ¢ > h(z), we can
explicitly calculate the Laplace transform of inf{t > 0: H¢(t) = a} = o¢|,
under P*. We have

Prlexp(—aog),)] = ga(2,&la) / ga(Ela, Ela),
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where g, is given explicitly by (10.1). When X is transient, the distribution
of o¢|, has an atom at oo and we have
p{ sup Helo) 2 af = P{og, < o0} = glas€la) /aféla.glo).
0<t <00
By the strong Markov property, the cadlag process (O'£|a)a2h(l,) has indepen-
dent (although, of course, non-stationary) increments under PP*, with the
usual appropriate definition of this notion for non—decreasing R U {+o0}—

valued processes.

Remark 11.5. The stochastic calculus can be used to further analyse X.
As a typical example, when X is transient consider the harmonic functions
ke = k(,§), &€ € Ey, introduced in §9 and the corresponding harmonic
transformed laws ]P”,g‘57 x € T. That is, ]P”,g‘57 x € T, is the collection of laws
of a Markov process X¢ such that Pi’ﬁ[f(Xf)] = ke (2) 1P ke (Xy) £ (X)),
f € bB(T). Recall that (h(X;))s>0 is a standard Brownian motion under
P*. Arguing as in the proof of Theorem 11.3 and using Girsanov’s theorem,

we have under ]P”,g‘f that
h(X{) = h(X§) + Wi+ Dy,

where W is a standard Brownian motion and

v ex<a)/ [/ZX) s o eyt K

In other words, when Xf is not on the ray R¢ the height process h(Xf)

evolves as a standard Brownian motion, but when Xf is on the ray Ry
the height experiences an added positive drift. We leave the details to the

reader.
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