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Abstract

Wolfe (1982) and Sato (1991) gave two different representations of
a random variable X with a self-decomposable distribution in terms of
processes with independent increments. This paper shows how either
of these representations follows easily from the other, and makes these
representations more explicit when X7 is either a first or last passage
time for a Bessel process.

Keywords self-decomposable distribution, self-similar additive process, in-
dependent increments, generalized Ornstein-Uhlenbeck-process, first and last
passage times, Bessel process, background driving Lévy process.

1 Introduction

The probability distribution of a random variable X; is said to be self-
decomposable, or of class L, if for each v with 0 < w < 1 there is the equality
in distribution

X1 - uX + Xu (1)

for some random variable X, independent of X;. See Sato [27],[28, Ch.
3], for background and references to the work of Lévy and others on self-
decomposable distributions. Here we are primarily interested in real valued
random variables, but this definition, and the following general discussion
and Theorem 1, are also valid for random variables with values in R or a
real separable Banach space. In this paper we discuss the relation between
two different representations of self-decomposable distributions in terms of
processes with independent increments. Following [28], we call a process
X = (Xi)i>0 an additive process if X is stochastically continuous with cadlag
paths, with independent increments and Xy = 0. An additive process X such
that X — Xo £ X}, for every t,h > 0 is a Lévy process.

Wolfe [31] and Jurek-Vervaat [17] showed that the distribution of a ran-
dom variable X7 is self-decomposable if and only if

Xli/ e*dY, , (2)
0

for some Lévy process Y = (Y;,s > 0) with Eflog(1 V |Y;|)] < oo for all s.
The process Y is called the background driving Lévy process (BDLP) of X;.



Here the stochastic integral is understood as a suitable limit as ¢ — oo of
an integral fot defined by integration by parts, as in [17]. Recall that a Lévy
process is a semi-martingale, which allows the integral in (2) to be defined
as a stochastic integral. Later, Sato [27, 28] showed that a distribution is
self-decomposable if and only if for any fixed H > 0 it is the distribution of
X, for some additive process (X, ),>o which is H-self-similar, meaning that
for each ¢ > 0

(Xe)rso = (X, )50 (3)

where £ denotes equality in distribution of processes. In Sato’s book [28,
Sections 16 and 17] these two representations of a self-decomposable distri-
bution are derived by separate analytic arguments. The following result,
proved in Section 2 of this paper, allows either representation to be derived
immediately from the other:

Theorem 1 If (X,),>0 is an H-self-similar additive process then the formu-

las . .
- dX, ©dX,
Yt( )= / and Yt(—l_) = / (4)
e 1

—t TH TH

define two independent and identically distributed Lévy processes (Yt(_))tzo
and (Yt(—l_))tzo from which (X, ),>0 can be recovered by

X, = Jrogir) e ay!™ if0<r<l1 )
r X1 + fologT etHd}/t(-l-) ZfT 2 1.

In particular, the BDLP of Xy is <YS(/;I)> . Conversely, given a BDLP
s>0

(Y,,s > 0) associated with a self-decomposable distribution of X, via (2), a
corresponding H -self-similar additive process can be constructed by (5) from
two independent copies (Yt(_))tzo and (Yt(—l_))tzo of (Yim,t>0).

We note that while a priori the integrals in (4) should be understood as
integrals over [e7%, 1] and [1, ¢'] defined by integration by parts, formula (5)
implies that for every a > 0 the process (Xuu,u > 1) is a semimartingale
relative to its own filtration. So the integrals in (4) can also be understood
in the usual sense of stochastic integration with respect to a semimartingale.

As observed by Lamperti [20], the formulae

X, =1 Zpers Zu = X0 (6)



set up a one-to-one correspondence between H-self-similar processes (X, )0
and stationary processes (Z,)uer. Call (Z,)uer the stationary Lamperti
transform of (X, ),>0. On the other hand, given a Lévy process (Y;)s>0, a
number of authors [1, 2, 3, 12, 15, 28] have studied the associated Ornstein-
Uhlenbeck process driven by (Y:)i>o, with initial state Uy and parameterc € R,
that is the solution of

t
Ut:Uo—I—Yt—c/ U,ds (7)
0

1
U, = et (Uo + / eCSdYS> . (8)
0

If we compare the representation (5) of an H-self-similar additive process in

which is

terms of the Lévy process (Yt(—l_))tzo, we see that for r > 1
logr
rHZlog,, = Jy+ / etHdYt(—I_) (9)
0
so that, with r = €* for u > 0

Z, = el (Zo + / efHdY,f*)) : (10)
0

Together with similar considerations for (Z_,).>0, we deduce the following:

Corollary 2 The stationary Lamperti transform (Z,)uer of an H-self-similar
additive process (X, ),so is such that for the two independent Lévy processes
(Yt(—l_))tzo and (Yt(_))tzo introduced in Theorem 1:

(1) (Zu)uso is the Ornstein-Uhlenbeck process driven by (Yt(—l_))tzo with initial
state Xy and parameter ¢ = H;

(ii) (Z_u)uzo is the Ornstein-Uhlenbeck process driven by (_Yt(_))tzo with
initial state Xy and parameter c = —H ;

Provided the integrals involved are well defined, Theorem 1 and Corol-
lary 2 could even be generalized to an H-self-similar process (X,) without
the assumption of independent increments, to construct Ornstein-Uhlenbeck
processes (/Z,) and (Z_,) associated with two processes with stationary in-

crements (Yt(—l_)) and (Yt(_)) derived from (X,) via (4).
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It is well known that if (X,),5¢ is an H-self-similar Lévy process, then
necessarily H > 1/2. The process (X, ),>0, with Xy := 0, is then commonly
known as a strictly a-stable Lévy process for o« = 1/H € (0,2]. The processes
(Y75(+))t20 and (Yt(_))tzo introduced in Theorem 1 are then just two indepen-
dent copies of (X, ),>o. Corollary 2 then reduces to Breiman’s [8] well known
construction via (6) of an Ornstein-Uhlenbeck process driven by a copy of
(X,)r>0, as indicated by Sato [28, E 18.17] and Bertoin [4, VIIL.5 Exercise
4]. For some applications to the windings of a stable Lévy process in two
dimensions, see Bertoin-Werner [5].

Our formulation of Theorem 1 was suggested by consideration of the self-
similar additive processs derived from the first and last passage times of a
Bessel process (R;,t > 0) with positive real dimension § = 2(1 + v) > 0,
started at Rg = 0. See [7, 11, 14, 18, 25] for background. It is well known
[21] that a Bessel process is 2-self-similar and hence that the first and last
passage times

T, =inf{t : Ry =7}, and A, =sup{t : R, =r} (11)

define processes (7}),>0 and (A,),>0 which are 2-self-similar. Sato [28, Ex-
ample 16.4] discusses the last passage process (A,) as an example of a 2-self-
similar additive process, for integer dimensions § with 6 > 3. If —1 < v <0,
that is 0 < § < 2, the Bessel process is recurrent, which implies A, = oo
a.s.. So we consider the last passage process only in the transient case v > 0;
then 0 < A, < oo a.s. because R; — 0o a.s. as t — oo. Due to the strong
Markov property of (R;) at time T,, and the last exit decomposition of ( R)
at time A,, each of the processes (7,) and (A,) has independent increments.
In Section 3.2 we recall some known descriptions of the laws of T, and A,,
and deduce corresponding descriptions of their BDLP’s from (2).

In Section 3.1 we derive an alternative representation of the BDLP’s as-
sociated with the distributions of T} and A;. This involves the increasing
process (L, t > 0) of local time of the Bessel process R at level 1, that is

1
L= nm2i/ Ry — 1] < €)ds (12)

where the limit exists and defines a continuous increasing process almost
surely [25, VI]. Let (7, ¢ > 0) denote the inverse local time process

o= inf{t : L; > (}.
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It is known [23, (9.s1)] that

1 if —1<v<0 (le. 0<6<2)
Poc<oo={ e it E0 ety 1)

Theorem 3 Let Ty, Ay and 7, be defined as above in terms of the Bessel
process (R)>o of index v > —1. Let (YST)SZO denote the BDLP of Ty, and for
v >0 let (Y})s>0 denote the BDLP of Ay, each of which can be constructed
as in Theorem 1 from the path of (T,,0 < r < 1) or of (A,,0 <r <1), as
the case may be. Then for each ¢ > 0 and v > —1 there is the equality in

distribution of Lévy processes

(YST)ogsgz L ((/ (R < 1)dt>
T 0< <t

while for each { >0 and v > 0

(VM ogoze = ((/ (R, > 1)dt>
0 0<s<t

According to an instance of Williams’ time reversal theorem [30, 29, 23],
for v > 0 the process (Ra,—+,0 <t < Ay) is a Bessel process of index —v
started at 1 and stopped when it first hits 0. This allows Theorems 1 and 3
to be combined as follows:

T < oo) (14)

T < oo) . (15)

Corollary 4 For a recurrent Bessel process R of index v € (—1,0) there are
the following two equalities in distribution of Lévy processes:

K . (" dT,
(/ (R < 1)dt,£20> 4 (/ L 0> 0) (16)
T1 B_Z u
T¢ 1 df\u
(/ 1(Rt>1)dt,£20> - (/ > ,520> (17)
0 e—t U

where Ay is the last passage time at u for the transient Bessel process R
of index —v € (0,1). Consequently, there is the identity in distribution of
additive processes

Ty R R
(/ G_LSdS,g 2 0) i <T1 — Te—z/2 + Al — Ae—z/2,£ 2 0> (18)

T

where on the right side it is assumed that the processes (1,) and (Ar) are
independent.



2 Proof of Theorem 1

It is obvious that the processes (Yt(_))tzo and (Y75(+))t20 are independent, and

that each of these processes has independent increments. So to show that
d

(Yt(_))tzo is a Lévy process, it just remains to check that Yt(_h) — Yt(_) = Yh(_)

for t,h > 0. But

—t

e 1 1
(-) (-) _ dX, _ dU(Xe—t,U) d dX, (o)
Yo — Y —/e H—/e_hw— ot =

—(t+h) U —-h U

where the equality in distribution appeals to the self-similarity (3) of X.

The corresponding result for (Yt(—l_)) can be obtained by repetition of the
same calculation, or by writing

e _/1 d(=X1/0)
()

v—H

and appealing to the previous case with X, replaced by —X;,,. Since both

(Yt(—l_)) and (Yt(_)) have independent increments, to show they are identi-
cally distributed it suffices to show that they have the same one-dimensional
distributions. But for each fixed ¢

VdX, [T dy X, a7 dX,
N N ) L

by another application of the self-similarity of X. To obtain (5), write e.g.

by X =
Y(—):_ y<Ve
D=

/ eTHiy (- = — / dy X = X;.
0 0

This is (5) for r = 1 and the general case of (5) is obtained by a similar

so that

calculation. Finally, the converse assertion is easily checked.

3 Application to Bessel Processes

It is known [16, Proposition 3] and easily verified that if (Y;,s > 0) is an
increasing Lévy process (subordinator) with Ellog(1V Y;)] < oo for all s and
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and

X, 2 / e=*dY,
0

then the distribution of X; determines that of Y, for each s > 0 by the
formula

Elexp(—AY;)] = exp (5)\%11& E[exp(—)\Xl)]> : (19)

3.1 Proof of Theorem 3

By the general theory of one-dimensional diffusions [14, 4.6], [7, 11.10] [26,
V.50], for r > 0 the distribution of the first passage time T, of the Bessel
process (R;)¢>o started at By = 0 is determined by the Laplace transform
By = L (20)
©a(r)
where ®,4 is the unique increasing solution ® of the differential equation
G® = A®, with G the infinitesimal generator of the Bessel diffusion, and @
subject to appropriate boundary conditions. Ciesielski-Taylor [9] and Kent
[18] found the expression of ®,4 in terms of Bessel functions which can be
read from (20) and the table in the next section. But this formula is not
needed for the present argument. All that is required here is the immediate
consequence of the 2-self-similarity of (7),>0 and (20) that

(1) = ¢(V22r) (21)
for some differentiable function ¢. For (YST)SZO the BDLP of T}, we obtain
from (19) the formula

E [exp(—)\YsT)] = exp {—5)\%10g qb(\/ﬁ)} : (22)

On the other hand, we also know from the theory of one-dimensional diffu-
sions [14, 6.2],[23, (9.8)], [24], that the process on the right side of (14) is a
Lévy process with, for 0 < s </,

E [exp (—)\/T 1(R; < 1)dt>

2 dr

] <3d
Tp <o0| =exp | —=——

Wﬂr))
— (V2N )
(23)



But since

d qb(\/_r)_ r
A log 6(V20r) = o Lvanr ) %N_r)dr S(V2Ar)

the right hand sides of (22) and (23) are identical, and the conclusion (14)
follows. The proof of (15) for v > 0 is quite similar. The Laplace transform
of A, was found by Getoor [11], as indicated in the table of the next section,
while that of f (R < 1)dt given 74 < oo for 0 < s </ can be read from
[23, (9.87)] or [7, 6. 4 4.1]. See [24] for further discussion.

3.2 Explicit formulae

Recall that the Lévy measure vx of an infinitely divisible non-negative ran-
dom variable X associated with a subordinator with no drift component is
determined by the formula

Blexp(—3X)] = exp | [ (1= puxlan)]
0

for all A > 0, or again by

d <

log Flexp(—=AX)] = re vy (dx).

Cdh o
Hence from (19), if X; = fo e=*dY; for (Y;,s > 0) a subordinator without
drift, the Lévy measures of X; and Y; are related by

rvx, (de) = vy, [x,00) dx . (24)

For a detailed case study, see Knight [19, p. 593]. In particular, for the
random variables Xy = T7 and X; = A; defined by the first and last passage
times of a Bessel process, we find from the sources cited in the previous proof
that the distributions and Lévy measures of X; and the associated BDLP’s
are as presented in the following table. Here we employ the usual Bessel
functions [,, K, J, and Y, as in [13, 18, 23], and the auxiliary functions

1  dt
boesle) = o [ TtV E
0
N, (e) = S exp(—j2,0)
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where (j,.,n = 1,2,---) is the increasing sequence of the positive zeros of
the Bessel function of the first kind .J,. The formulae involving k,_; and %,
can be read from Ismail [13]. See also [10, p. 1055].

X; 1) {exp <—%2X1>} 1) {exp <—%2Y1ﬂ zvx, (de)/dx | vy, (dy)/dy
v | s e (F ) | s | )
(VA>1 0) |, (QV) ) Kule) | ex (‘%) kooi(e) | =k (y)

In the particular case v = 1/2 (that is for a 3-dimensional Bessel process),
the results simplify as indicated in the next table. In this case the process
(A,,r > 0) has stationary increments, and is a stable subordinator of index
1/2, due to the close connection between the 3-dimensional Bessel process and
one-dimensional Brownian motion [22]. See also [6] for further developments
related to the distribution of 7, in this case.
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X; 1) {exp <—%2X1>} 1) {exp <—%2Y1ﬂ zvx, (dx)/dx vy, (dy)/dy
T1 « 1 - —n2n2z/2 n27r —n2n2y/2
(v =1/2) sinh o xp ( ylacotha 1)> ; ‘ 2
A _ _ 1 1
1 e~ e af2
(v=1/2) V2re 2y /2Ty
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