THE EXPECTED NUMBER OF ZEROS OF A
RANDOM SYSTEM OF p-ADIC POLYNOMIALS

STEVEN N. EVANS

ABSTRACT. We study the simultaneous zeros of a random family
of d polynomials in d variables over the p-adic numbers. For a
family of natural models, we obtain an explicit constant for the
expected number of zeros that lie in the d-fold Cartesian product
of the p-adic integers. This expected value, which is

-1
(T+p " 4p 2+ +p 9
for the simplest model, is independent of the degree of the polyno-
mials.

1. INTRODUCTION

The distribution of the number of real roots of a random polynomial
appears to have been first studied in [Kac43b, Kac43a, Kac49], where
the main result is that the expected number of roots of a degree n
polynomial with independent standard Gaussian coefficients is asymp-
totically equivalent to %logn for large n. There has since been a huge
amount of work on various aspects of the distribution of the roots of
random polynomials and systems of random polynomials for a wide
range of models with coefficients that are possibly dependent and have
distributions other than Gaussian. It is impossible to survey this work
adequately, but some of the more commonly cited early papers are
[LS68a, LS68b, IM71a, IM71b]. Reviews of the literature can be found
in [BRS86, EK95, EK96, Far98|, and some recent papers that indicate
the level of sophistication that has been achieved in terms of results
and methodology are [SV95, 1297, BR02, Ble99, DPSZ02, SZ03a, SZ04,
SZ03b, Wsc05].
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In this paper we study the roots of random polynomials over a field
other than the real or complex numbers, the field of p-adic numbers for
some prime p. Like the reals, the p-adics arise as a completion of the
rationals with respect to certain metric — see below. They are the pro-
totypical local fields (that is, non-discrete, locally compact topological
fields) and any local field with characteristic zero is a finite algebraic
extension of the p-adic numbers (the local fields with non-zero char-
acteristic are finite algebraic extensions of the p-series field of Laurent
series over the finite field with p elements).

In order to describe our results we need to give a little background.

We begin with defining the p-adic numbers. Fix a positive prime
p. We can write any non-zero rational number r € Q\{0} uniquely as
r = p*(a/b) where a and b are not divisible by p. Set |r| = p~*. If we
set [0] = 0, then the map | - | has the properties:

lz] =0 2 =0,
(1) lzy| = |2yl
lz+y| < l|z|V |yl

The map (z,y) — |x — y| defines a metric on Q, and we denote the
completion of Q in this metric by Q,. The field operations on QQ extend
continuously to make @, a topological field called the p-adic numbers.
The map |-| also extends continuously and the extension has properties
(1). The closed unit ball around 0, Z, := {z € Q, : || < 1}, is the
closure in Q,, of the integers Z, and is thus a ring (this is also apparent
from (1)), called the p-adic integers. As Z, = {x € Q, : |z| < p},
the set Z, is also open. Any other ball around 0 is of the form {z €
Q, : |z| < p7*} = p*Z, for some integer k. Such a ball is the closure
of the rational numbers divisible by p*, and is thus a Z,-sub-module
(this is again also apparent from (1)). In particular, such a ball is an
additive subgroup of Q,. Arbitrary balls are translates (= cosets) of
these closed and open subgroups. In particular, the topology of @, has
a base of closed and open sets, and hence Q, is totally disconnected.
Further, each of these balls is compact, and hence Q, is also locally
compact.
There is a unique Borel measure A on Q, for which

AMzx+A)=AA4), ze€Q,,
MzA) = |z|A(4), z€Q,,
\Z,) = 1.

The measure A is just suitably normalized Haar measure on the additive
group of Q,. The restriction of A to Z, is the weak limit as n — oo
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of the sequence of probability measures that at the n-th stage assigns
mass p~" to each of the points {0, 1,...,p" — 1}.

We have shown in a sequence papers [Eva89, Eva9l, Eva93, Eva95,
Eva0lb, EvaOla, Eva02] that the natural analogues on Q, of the cen-
tered Gaussian measures on R are the normalized restrictions of A to
the compact Z,-sub-modules p*Z, and the point mass at 0. More
generally, the natural counterparts of centered Gaussian measures for
Qg are normalized Haar measures on compact Z,-sub-modules. We
call such probability measures Q,-Gaussian and say that a random
variable distributed according to normalized Haar measure on Zg is
standard Q,-Gaussian. There is a substantial literature on probability
on the p-adics and other local fields. The above papers contain numer-
ous references to this work, much of which concerns Markov processes
taking values in local fields. There are also extensive surveys of the
literature in the books [Khr97, Koc01, KN04].

If we equip the space of continuous functions C(Zg,(@p) with the
map f — ||f| := sup{|f(t)| : t € ZZ}, then |- || is a p-adic norm in the
sense that

I/l =0 f=0,
lafll = lallfIl, a€Qy fe€C(Z5Q),
1F+ gl < LAV llgll-

Moreover, C’(Zg,(@p) is a p-adic Banach space in the sense that it is
complete with respect to the metric (f,g) — ||f — g]l.

There is a natural notion of orthogonality on the space C' (Zﬁ, Q). A
collection { fy, f1,...} is orthogonalif || Y ;o ar fill = Vi—o lax||| fx || for
any n and any a; € Q,. At first glance, this looks completely unlike the
notion of orthogonality one is familiar with in real and complex Hilbert
spaces, but it can be seen from [Sch84] that there are actually close
parallels. It is apparent from [Sch84] that the sequence of functions

£\ 100 £\ (1) (t—k+1) N
{t — (})}72, where (;) := === (the Mahler basis) is a very
natural orthonormal basis for C'(Z,,Q,) (that is, it is orthogonal and
each element has unit norm). It is not hard to see that the functions

t t t
(tl,tg,...,td) — (I{jl)(];) (kc(;), ng‘l,k‘g,...,kd<oo,
1 2

are an orthonormal basis for C(Z],Q,).
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Putting all of these ingredients together, we see that a natural model
for a random system of d independent Q,-valued polynomials in d vari-
ables lying in Z, is the system

ld :
E(t17t27"'7 Z@szzk( )(k2>(kd)a 1§2§d7

where the sum is over multi-indices k = (ky, ko, ..., kq), for each i the
constants a;, € Q, are zero for all but finitely many %, and the Q,-
valued random variables are independent and standard Q,-Gaussian
distributed.

To avoid degeneracies, we assume that a;o # 0 and a;., # 0 for
1 < i,5,< d, where ¢; := (1,0,0,...,0), e5 := (0,1,0,...,0), and
so on. By re-scaling, we can assume without loss of generality that
ajo =1 for 1 <1 < d. We will also suppose that a;.; = ac, for some
a.; € Q, that does not depend on i (this includes the case where the
F; are identically distributed) and that for each i we have |a; ;| > |a; |
when k < ¢ in the usual partial order on multi-indices. It follows from
the orthonormality of the products of Mahler basis elements that each
(F1, Fy, ..., Fy) maps Zﬁ into Zﬁ.

Theorem 1.1. Given (x1,2s,...,24) € Zg, the expected number of
points in the set

{(t17t27“‘7td) S Zg) : E(t17t27“‘7td) = Ti, 1 S { S d}
18

(L4p p2t-p ).

[ﬁ ] - <d+1 - [HW@J

We give the proof in Section 3 after some preliminaries in Section 2.
Note that expected value described in the theorem is independent of
the degree of the polynomials F;.

This paper appears to be the first to consider roots of random poly-
nomials over the p-adic field. There has been some work on random
polynomials over finite fields, see [0d092, ABT93, IM96, Pan04, DP04].

2. PRELIMINARIES

Write Ay for the d-fold product measure A®?. Thus )\, is Haar mea-
sure on the additive group of Q¢ normalized so that A\g(Z%) = 1. The
Euclidean analogue of the following result is well-known.

Lemma 2.1. For a Borel set A C Qﬁ and a d x d matriz H, the set
H(A) has Haar measure \g(H(A)) = | det(H)|\g(A).
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Proof. If H is singular, then the range of H is a lower dimensional
subspace of Qg and the result is obvious.

Suppose then that H is invertible. Write GL(d,Z,) for the space
of d x d matrices that have entries in Z, and are invertible with the
inverse also having entries in Z,. By Cramer’s rule, a matrix W is
in GL(d,Z,) if and only if it has entries in Z, and |det(W)| = 1.
Moreover, GL(d, Z,) is the set of linear isometries of Qﬁ equipped with
the metric derived from the norm |(z1,2,...,24)| = Vi, |7:| (see
Section 3 of [Eva02]). From the representation of H in terms of its
elementary divisors, we have

H = Udiag(p™, p*2, ..., p")V,

for integers ki, ..., ks and matrices U,V € GL(d,Z,) (see Theorem
3.1 of [Eva02]). Because |det(U)| = |det(V)] = 1, it follows that
| det(H)| = p-thi-+h)

From the uniqueness of Haar measure, Ay o U and A\; 0 V are both
constant multiples of A\;. Both U and V map the ball Zz bijectively
onto itself. Thus A\gjoU = A\go0V = A\,

Again from the uniqueness of Haar measure, Agodiag(p*t, p*2, ..., p¥e)
is a constant multiple of \;. Now

d
)\d o diag(pklapk27 s 7Pkd)(Z$) = )\d <H pijp>

j=1

d
= H )‘(pkap)
j=1
)

— | det(H)|
= | det(H) [Aa(Z).
O

Write gl(d,Q,) for the space of d x d matrices with entries in Q,.
We say that a function f from an open subset X of Qg into Qg is
continuously differentiable if there exists a continuous function R : X X
X — gl(d,Q,) such that f(z) — f(y) = R(z,y)(x —y). This definition
is a natural generalization of Definition 27.1 of [Sch84] for the case
d=1. Set Jf(z) = R(z, x).

The next result is along the lines of the Euclidean implicit function
theorem. It follows from Lemma 2.1 and arguments similar to those
which establish the analogous results for d = 1 in Proposition 27.3,
Lemma 27.4, and Theorem 27.5 of [Sch84].
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Lemma 2.2. Suppose for some open subset X of Qﬁ that f : X — Qg
1s continuously differentiable.

(i) If Jf(zo) is invertible for some xq € X, then, for all suffi-
ciently small balls B containing xq, the function f restricted
to B is a bijection onto its image, f(B) = Jf(xo)(B), and
| det(J f(x))| = | det(J f(x0))| for x € B. In particular,

Aa(f(B)) = [ det(J f(x0))| Aa(B).

(ii) If J f(xg) is singular for some xy € X, then, for all sufficiently
small balls B containing xo, A\g(f(B)) = o(Aa(B)).

The following result is an analogue of a particular instance of Fed-
erer’s co-area formula. The special case of this result for d = 1 and
an injective function is the substitution formula in Appendix A.7 of
[Sch&4].

Proposition 2.3. Suppose for some open subset X of Qg that f -
X — Qz 1s continuously differentiable. Then, for any non-negative
Borel function g : Qg — Qg,

[ 9o s et Mtda) = [ o) #570) Mta).

Proof. 1t suffices to consider the case when ¢ is the indicator function
of a ball C'. Write ¢ for the diameter of C'. Put

S :={r e X :Jf(x) is singular}

and
I:={x € X : Jf(x) is invertible}.
From Lemma 2.2(ii), A¢(f(S)) = 0, so that

M({yeQl: [ y)NS#0}) =0

and

| 96 #7 )0 5) ) =0

- / g0 f(x)] det(J£(x))| Mald).

From Lemma 2.2(iii), we can cover the open set I with a count-
able collection of balls By such that f restricted to By is a bijection
onto its image, f(B) = Jf(xo)(B) for some zq € B, |det(Jf(z))| =
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| det(J f(xg))| for all @ € By, A\a(f(Bg)) = |det(Jf(x0))|Aa(Bg), and
diam f(By) < 6, so that g is constant on f(By). Hence

| 50 #0701 B At

[ sty
f(By)
:/B g0 F(z)|det(J ()| Aa(dz)
Summing over k gives
| 90 #7 )0 ) M) = [ g0 ) det( )]t

and the result follows. O

3. PROOF OF THEOREM 1.1

For x € Z, write N(z) for the number of points in the set
{(t1,ta, ... ta) € ZL: Fy(ty, ta, ... tg) = x5, 1 < i < d}).

Since Z; o — (x1, xa, . .., x4) has the same distribution as Z, , it follows
that E[N(-)] is constant. Also, by an extension of the argument for
d = 1 in Theorem 9.3 of [Eva89] (see also Theorem 8.2 of [Eva0lb)),
the stochastic processes F; are stationary.

Thus, by Proposition 2.3,

BV(@)] = | EIN@) o)

P

=E N(z) )\d(dx)]

—E| [ |det(JF(®))] /\d(dt)]

d
_ZP

_ /Z B[] det(JE(5)[] Ad(d)
= E[| det(JF(0))]].

Now
(JF(0))ij = ae; Zie,
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and so

d
det(JF(0)) = [H aej] det (Zie,) 1ci jea-

j=1
From Theorem 4.1 in [Eva02], we find, putting

=1 —-p HA—p 2 (1-ph),

that
[ d 7T
B[l det(JE(O))) = [T lac,1| D p"P{ldet (Zic,) oyl ="}
Lj=1 1 h=0
M d 7T o~ 111
_oplgllgyn—1

— aej p _—

_]1_[1’ ’_ g I I1g—q

The result then follows from a consequence of the g-binomial theorem,
see Corollary 10.2.2 of [AAR99].

Remark 3.1. (i) Results about level sets of Euclidean processes are
often obtained using the Kac-Rice formula. As shown in [AWO05], re-
sult like the Kac-Rice formula are a consequence of Federer’s co-area
formula (see also [ATO06] for an extensive discussion of this topic). It
would be possible to derive a p-adic analogue of the Kac-Rice formula
from Proposition 2.3 and use it to prove Theorem 1.1. However, the
homogeneity in “space” of (Fy, Fy,. .., Fy) makes this unnecessary.

(ii) Because (F, Fy,. .., Fy) is stationary, its level sets are all station-
ary point processes on Zg with intensity the multiple of \; given in
Theorem 1.1.
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