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Abstract

Branching measure—valued diffusion models are investigated that can be regarded as pairs
of historical Brownian motions modified by a competitive interaction mechanism under which
individuals from each population have their longevity or fertility adversely affected by collisions
with individuals from the other population. For 3 or fewer spatial dimensions, such processes are
constructed using a new fixed—point technique as the unique solution of a strong equation driven
by another pair of more explicitly constructible measure—valued diffusions. This existence and
uniqueness is used to establish well-posedness of the related martingale problem and hence the
strong Markov property for solutions. Previous work of the authors has shown that in 4 or more
dimensions models with the analogous definition do not exist.

The definition of the model and its study require a thorough understanding of random measures
called collision local times. These gauge the extent to which two measure—valued processes or
an R%valued process and a measure—valued process “collide” as time evolves. This study and
the substantial amount of related historical stochastic calculus that is developed are germane to
several other problems beyond the scope of the paper. Moreover, new results are obtained on the
branching particle systems imbedded in historical processes and on the existence and regularity of
superprocesses with immigration, and these are also of independent interest.
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1 Introduction

1.1 Background

Consider populations of two different species which migrate, reproduce and compete for the same
resources. As a result, when one individual gets close to one or more individuals of the other species its
life expectancy decreases or its ability to successfully reproduce is diminished. Continuous space point
processes have recently been used by mathematical biologists to model such competing species (see
[3], [4] and [28]). One goal of this work was to demonstrate the importance of incorporating realistic
spatial structure into population biology models (in contrast to the classical approach that seeks to
model total population size directly and usually involves implicit “stirring” assumptions).

Although the biologists are dealing with organisms of a given size and finite interaction range, from
a mathematical perspective it is natural to consider a scaling limit in which the interaction becomes
purely local and the total population becomes large. In the regime of critical or near critical branching
the scaling limit without the inter—species competition is a superprocess (super-Brownian motion if the
migration is given by a random walk), and so when competition is present one may expect a scaling
limit that is a pair of locally interacting super-Brownian motions. The purpose of this paper is to
continue the analysis of such models that was begun in [20].

Super—Brownian models in which the mortality or fertility of individuals is subject to local effects
are relatively easy to construct and analyse in one dimension. This is for two reasons. Firstly, one—
dimensional super—Brownian motion takes values in the set of measures which are absolutely continuous
with respect to Lebesgue measure, and so describing the extent to which two populations collide is
easy. Secondly, the interacting model solves a martingale problem that looks like the one for a pair of
independent super—Brownian motions except for the addition of tame “drift” terms. The law of such
a process can therefore be constructed by using Dawson’s Girsanov theorem (see [5]) to produce an
absolutely continuous change in the law of a pair of independent super—Brownian motions (see Section
2 of [20]).

Neither of these features is present in higher dimensions: super—Brownian motion takes Lebesgue—
singular values and the model we wish to construct has a law that is not absolutely continuous with
respect to that of a pair of independent super-Brownian motions (see Theorem 3.11 of [20]). A
substantial body of new techniques is therefore needed.

Before moving on to some mathematical preliminaries and the precise definition of the processes that
we will study, we mention that there has been considerable recent interest in interacting superprocesses
where the interactions affect features of the process other than individual life-times or reproductive
efficiencies. For example, [30], [31], [1] and [26] consider models of a single super-Brownian population
in which the spatial motion of each individual is affected by the behaviour of the whole population

(see, also, [8]). Models for two populations in which the branching rate is subject to local interactions



are studied in [10].

1.2 Historical Brownian motion

We begin with some general notation and the definition of historical Brownian motion. The process of
interest to us can be thought of as a pair of “competing” historical Brownian motions.

Write C' for the space C(R4,R%) of continuous functions from R, into RY. Given ¢ € CZ(R" R)
(= functions on R™¥ with bounded partial derivatives of order 2 or less) and 0 < #; < ...t,, let

Y= 1/3(t1, .., tn)(1) 1 € — R be given by 1/;(3/) =Y(y(t1), ..., y(tn)). Put g(t) = (y(tAtr), ..., y(tAL,))

and

d _
- 1
vt y) =5 Z_; kz_: Z_: {t <tegr Ategr Yrayieari(9(t))
(here ¢ap, 1 <@, < nd, are the second order partial derivatives of ¢.)

Set

Ds = {¥(t1,... . 4,): 0<t1 < ... <t,, n €N, ¥ € CR(R")}U {1},
where C22(IR"%) is the space of €™ functions with compact support. Set y'(-) = y(- At) for y € C, put

Dl = {¢ : R-l— xC—=R: ¢(tay) = ¢1(t)¢2(yt)a ¢1 € Cl(R-I-)a ¢2 S DS}a

and let Dgr denote the linear span of Dy. For ¢ € Dy with ¢(¢,y) = ¢1(¢)d2(y") (where ¢1, ¢o are as

above) define

A6(5,9) = G1(5)62(5") + 61(5)5 92(5,3), (11)

and extend A linearly to Dgr. Set S° = {(¢,y) € Ry x C' : y' = y}. We identify ¢ € Dgr and A¢ with
their restrictions to 5°.

Given a measurable space (X, .A4), let Mp(X) denote the space of finite measures on X. The nota-
tion bA (respectively, bpA) denotes the set of bounded (respectively, bounded positive) A-measurable
functions. We will often use the functional notation p(f) to denote [ fdp for p € Mp(X). When ¥ is
separable metric space and A is the corresponding Borel o—field (which we will denote by B(X)), we
will equip Mp(X) with the topology of weak convergence.

Put Mp(C) = {pe Mp(C) :y' =y, u—a.e. y}fort > 0. Write Qg[r, oo[ for the space of contin-
uous, Mp(C')-valued paths, h, on [, 00[ such that hy € Mp(C)* for all t > 7. Let (Q, F, (Fi)i>-,P) be
a filtered probability space with the filtration (F;);>, right—continuous and the o—field F universally
complete. Suppose that 7 € Ry and p € Mp(C)7. We say that I is a historical Brownian motion



n (Q,F, (Fi)isr, ) started at (1, ) if (Hy)i>7 is a (Fy)i>,—predictable processes with sample paths
almost surely in Qg[7, cof such that for all ¢ € Dg

My(¢) = Hi(¢ /H s, t>T

is a continuous (F;);>,—martingale for which M;(¢) = 0 and

t_//as

By Theorem 1.3 of [31] this martingale problem uniquely determines the law of H, Q7* on Qg[r, ool
A simple application of It6’s lemma shows that for ¢ € Dgr,

M(6) = Hi(én) — p(6r) — / H,(Ady)ds, 1>

is a continuous (F;);>-—martingale for which M;(¢) =0,

o= t [ st as

(Use the fact that ¢2(y) = ¢2(y'), Hy-a.a. y, Vi > 7, as., Voo € Ds.)
Let Qx[r, 00[= C([r, 00[, Mp(R?)) and define , : Qy[r, co[— Qx[r, o0 by putting

0= [ 6 ().

If m(A) = plyy € A) and H is as above then X = | (H) is a super-Brownian motion on
(Q,F,(Fi)i>-,P) starting at m at time 7 with law on Qx[r, o[ that we will write as ™. This

follows from the martingale problem characterisation of super-Brownian motion (see Ch. 6 of [5]).

1.3 Collision local times

In order describe how the martingale problem for a pair of independent historical Brownian motions
has to be modified in order to reflect decreased longevity/fertility due to local collisions, we need to
define an object that measures such collisions. Suppose that (K})DT and (Kf)pT are two predictable,
Mg (C)—valued processes on (2, F,(F)¢>-,P) such that almost surely K' has paths in Qpg[r, oof for
i =1,2. For ¢ > 0 define a continuous, Mp(C)-valued process (L{(K*, K?));>, by setting

LE(KY, K2)( / J{ ] twsto) = waton) K20 b o) 82 ) s,

where p.(x) = (2m¢)~ 42 exp(—|z|?/2¢) for x € RY.



We say that K' and K? have a field—field collision local time or FFCLT (Ly(K', K?))y», if
(Ly(K*, K?%))>, is an (Fy)¢>,—predictable, Mp(C')—-valued process with sample paths almost surely in
Qp[r, oof such that

lilrthE(Kl, K?)(¢) = L(K*, K?)(¢)

in probability for all £ > 7 and all bounded continuous functions ¢ on C'.

If (L¢y(K*', K?));>, exists, then it is unique up to evanescent sets. Almost surely for all 7 < s < ¢
and all A € C we have Ly(K*, K?)(A) < Ly(K*', K?)(A), and so there is an almost surely unique Borel
random measure on |7, 00[xC' that we will denote as L(K*', K?) such that L(K! K?)(]s, ] x A) =
Li(KY, K?)(A) — Ly(K', K*)(A). Adjoin an isolated point A to Mp(C) to form M%(C') The same
notation as above will be used for M%(C’)fvalued processes, with A treated as the 0 measure for

purposes of integration.

Remark 1.1 Define continuous Mp(R%)—valued processes (th)fZT and (Wtz)tZT by setting W =
, (K?). The continuous Mp(IR%)~valued process (L (W', W?));>, defined by

LW W) = [ [ etute) LK) dy)

is the collision local time of W' and W? defined and studied in [2] and [20]. Note that L,(W?!, W?) =
L(W?2, W1 (see Section 1 of [2]), but it is certainly not the case that L;(K?', K?) = Ly(K? K!) in
general. Note also that we perhaps should write L(K*, W?) for L(K!, K?), as this object only depends
on K? through W?2.

A substantial portion of this paper is devoted to investigating the properties of FFCLT’s (see
Section 3). One of the advances over what was accomplished in [2] and [20] (and the key to the rest of
the paper) is the demonstration that, loosely speaking, when (K*!, K?) are, in a suitable sense, “sub-—
populations” of a pair of independent historical Brownian motions with d < 3, then L(K!, W?)(dt)
can be written as [ £(y, W?)(dt) K}(dy), where {(y, W?) is a measure called the path-field collision
local time (PFCLT) that lives on the set of times ¢ such that y(¢) is in the support of W2. In essence,
if y is chosen according to Wiener measure, then £(y, W?) is the inhomogeneous additive functional
with Revuz measure W72 at time ¢. Our main tools for studying PFCLT’s is a Tanaka—type formula for
{(y, W?) in the case when y is chosen according to Wiener measure and W? is a suitable sub-population
of an independent super—-Brownian motion. This material is of independent interest, as FFCLT’s and
PFCLT’s can be expected to occur in any model that modifies historical or super Brownian motions
by local interactions. On example is catalytic super—Brownian motion for which branching can only
occur in the presence of a catalyst that is itself a evolving as an ordinary super-Brownian motion (see,

for example, [6], [7], [17] and [23]).



1.4 Smooth measures

The last ingredient we need before describing our interacting historical processes model is a suitable
state—space and path—space for the model. As one might imagine, if the initial disposition of the two
populations is not sufficiently “dispersed”, then the killing mechanism we wish to introduce may be so
intense that the process undergoes some sort of initial catastrophe rather than evolving continuously
away from its starting state. On the other hand, we can’t be too restrictive in our class of initial
measures, because in order to have a reasonable strong Markov property we need the process to take
values in this class at all times.

Let Mps(RY) C Mp(R?) be the set of measures, p, such that fol ri=dsup, p(B(z,r))dr < oo,
where B(z,r) is the closed ball of radius r centred at = € R% Write Mpg(C)*' for the subset of
M (C)! consisting of measures p with the property that pu(y(t) € -) € Mpg(R?), that is

1
[t sup ity Jote) = ol < < o,
0 zeRd
Following the pattern of notation used in Appendix A set
Se = {(t, 1) € By x Mp(C) : p € Mps(C)'},
S={(t,put, 1?) €Ry x Mp(C) x Mp(C) : pi € Mps(C)', i =1,2}

and
QU = fw € O, MA(O)) : acle) < oo, fols) = =}
where
ac =inf{t :w(t) £ A} and e = inf{t > ac : (t,w(t)) & S} (inf @ = o),

and we use the notation C(R;, M%(C)) for the subset of the space D(R;, M2(C)) of cadlag M2 (C)-
valued functions consisting of functions h such that A ¢ {h(t—), h(t)} implies h(t—) = h(t) for all
t>0.

Let F. be the trace of the universally measurable subsets of (R, M2 (C)) on Qf

1.5 Competing species martingale problem

Here then is a martingale problem for two interacting historical processes for whom inter—species
collisions are unfavourable. Let (Q,ﬁ, (ﬁt)tZT,ﬁD) be a filtered probability space with the filtration
(ﬁt)tZT right—continuous and the o-field F universally complete. Suppose that ry, 79,7 € R4 and
pt p? € Mp(C)7. Suppressing dependence on (r1,72), we say that the pair (f]l,ﬁz) satisfies the
martingale problem ]\/473;1(7', ptp?) if:

(i) (Hf)tzo as sample paths almost surely in Q., i = 1,2,



(ii) f]; =AVi<ras,i=12
(iit) (H{)i>r is (Fy)es,—predictable, i = 1,2,
(iv) L(Hl, Hz) and L(f]z, Hl) exist,

(v) for all ¢1,¢2 € Dg

MHp1) = H} (é1) — p (1) / X ¢1 d5—7°1/ /¢1 oY HY)(ds,dy), t > T,
and
MH(¢a) = HE(¢2) — 1*(¢2) / H( ¢2 d5—7°2/ /¢2 H? HY)(ds,dy), t > T,

are continuous (ﬁ )i>-—martingales for which Ml(q/) ) =0,

N (60): = / t / bily) Hi(dy) ds, Wi > 7 as.

and (M'(¢1), M%(¢2)) =0

A simple application of 1t6’s lemma shows that if (f]l, f]z) satisfies ]\/473;1(7', pt,p?) and ¢q, 62 €
DST, then

M (1) = HH(61(1)) — i (62(7) — / (A (s)) ds — / / o1(5,y) LUHY, H?)(ds, dy), ¢ > 7,

and
ME(62) = HE(6a(1)) — p(6(7)) — / I2(Ags(5)) ds — 7 / / bo(s,y) LUHZ, HY)(ds, dy), ¢ > 7,

are continuous (ﬁ )i>-—martingales for which Ml(q/) ) =0,

)e —/ /</> s,y)* Hi(dy) ds
and (M*(¢1), M*(¢s)) = 0

Remark 1.2 Suppose that the pair (Hl Hz) solves the martingale problem ]\/473;1(7', pt p?) and Xi=
, (HZ) Set v = X!

T

so that v* = [o(y( (dy). Then for all bounded, continuous functions

f1, fo with bounded, continuous ﬁrst and second order partial derivatives we have

13
24 = XM — v () = [ UG R ds =X X)), 2 7



and

; . oA o

2 = X2 = V(o) = [ XHG s = raLe( X% X (1) 4 2 7
are continuous (}A"t)tZTfmartingales for which Z;(fz) =0 and

(2. 2 = b5 [ X5,

Denote this latter martingale problem as ]\/473)((7',1/1,1/2). Thus ]\/473)((7',1/1,1/2) is the “two—way
killing” martingale problem discussed in [20]. There it was shown that solutions exist if and only if

d < 3, and so throughout this work we will always assume

d <3.

Roughly speaking, the two populations don’t collide enough in higher dimensions to give a non-trivial
interaction — even though a non-trivial FFCLT exists for two independent super Brownian motions

when d < 5 (see [2]).

Remark 1.3 For d < 3 the description of solutions (Hl,Hz) to ]\ﬁH(T,ul,uz) developed in this

paper can be summarised (very loosely) as follows:
e There is a pair (H!, H?) of independent historical Brownian motions such that lfff < H} for all t.

If we “choose a path y € C according to H!”, then y is a Brownian path stopped at .

e Any such path is either absent from the support of f]; or present with the same infinitesimal mass

(a little more precisely, the Radon—Nikodym derivative of Hf against H! is {0, 1}-valued).

The paths y in the support of H! that are also in the support of f]; are the ones that have survived

being killed off according to the random measure 7;£(y, X7) (where j = 3 — ).

The non-existence of solutions in d = 4,5 is thus related to the fact that a Brownian motion and
an independent super Brownian motion don’t collide for d > 4 and that the natural sequence of
approximate PFCLT’s fails to converge (rather than converges to 0). It is worth noting that non-
existence of solutions for d = 4,5 holds not only for the models considered in this paper, but can also
be established for models with other local interactions, such as the one obtained by modifying the
above intuitive description so that particles are killed as soon as they encounter the other population
(that is, by setting r; = oo). This will be discussed in a forthcoming paper with Martin Barlow.

JE—

Our major result concerning M Py (7, pu', p?) is the following.



Theorem 1.4 Let r1,79 > 0 and (1,p', p*) € S.

(a) There is a solution (f[l,ﬁz) of ]\ﬁH(T,ul,uz).

(b) There is a law Prehe on (Q x Q. FL x FL) which is the law of any solution of]\/4\PH(T,p1,p2).
Moreover, for any A € FL x FL the map (7, pt, p?) — ]@T’“l’“Q(A) is Borel measurable from S to .
(¢) Let H= (f]l,ﬁz) be a solution Of]g\PH(T,/,Ll,/,Lz) on (Q,]}, (ﬁt)tZT,ﬁD) and let T'> 7 be an a.s.
finate (}A"t)tZTfstopping time. Then

B [o(Hry) | Fr () = /¢>(w/(~ + (@) BT I (@), for Pog.e. w € Q
for any bounded, measurable function ¢ on C(Ry, Mp(C) x Mp(C)).

Remark 1.5 If r; = 0 or r9 = 0, then one may easily adapt the methods of [20] (Section 4) to see

that ]\/473;1(7', pt, pu?) is well-posed, and so we will always assume ry, 7y > 0.

1.6 Approximating systems

Remark 1.3 and the way we make it precise in the course of this paper provides a strong justification
for our claim that ]\ﬁH(T,ul,uz) and ]\/473)((7', vl v?) realistically capture certain features of two
evolving populations subject to purely local inter-species competition. However, additional support for
this assertion and a firmer connection with more biologically realistic models would be established if
we could show that models satisfying ]\/473)((7', vl v?) arise as high—density limits of discrete branching
particle systems that incorporate mutually disadvantageous encounters between two populations. One
such class of models 1s given by the following family of two—type, long-range contact processes.
Consider two types of particles that occupy sites on the rescaled integer lattice N_%MJ:,lZd, where
N, My € IN. Several particles of one type can occcupy a site, but particles of different types cannot co-
exist at a site. At rate N, a particle of either type at site x € N_%MK,lZd either dies (with probability

%) or (also with probability %) it selects a site at random from the set of sites

{ye NTIMGZ: |y — 2] <VENT3, 1< i< d)

and produces an offspring there if no particle of the other type is already occupying the site. Define a
pair of cadlag Mg (R9)—valued processes (XN’l,XN’Z) by

j(thi(A) = N~ #(particles of type i in A).

Increasing My lessens the rate at which attempted births fail because of inter—species collisions.
Heuristic calculations show that if d < 3, My is taken as v/6r—@ N7~ % with » > 0 fixed and Xé\’,i —
as N — oo, 1=1,2, then (XN’l,XN’Z) converges in distribution to a solution of ]\/473)((0, vl v?) with
r1 = ro = r. If My grows slower than this critical rate, then we expect that the limit exists and solves

a martingale problem in which L(Xi,Xj)(dt, dz) is replaced by a more singular measure living on the

10



times and places of “collisions”. In the extreme case when My = 1 for all N, we expect the limit to be
the model discussed above in which collisions of particles with the other population are immediately
fatal. On the other hand, if My grows faster than the critical rate, then we expect the interaction to
disappear and the limit to be just a pair of independent super—Brownian motions.

Moreover, just as super—Brownian motion is “universal” in that many superficially different se-
quences of branching particle systems converge to it, we expect that a large class of models that
incorporate near—critical branching, spatial motion converging to Brownian motion and some form of
inter—species comptetition will converge in the high—density limit to a solution of ]\/473)((7', vl v?). We
leave the investigation of such questions to future work.

There are also other simple, not-so—singular, measure-valued diffusion models that converge to
solutions of ]\/473)((7', vl v?)and ]\/473;1(7', pt, u?). For example, let ]\/473;(7', vl v?)and ]\/473;(7', pt,p?)
denote the analogously defined martingale problems with the field-field collision local times L(-, -)
replaced by the approximations L¢(-,-). Dawson’s Girsanov theorem shows that ]\/473;(7',1/1,1/2) is
well-posed for v!,v? € Mp(R?) (see Theorem 2.3 (b) in [20]). We now set 7 = 0 and identify
Mps(RY) with Mpg(C)°. Let Q’E’l"’2 denote the law on Qx x Qx (where Qx = Qx][0,00[) of the
solution to ]\/473;(0,1/1,1/2). The same Girsanov argument shows that the law, ﬁb’e’l’”2 on Qf x Qp
(where Qp = Qg[0, oo[), of any solution to ]\/473;(0,1/1,1/2) is unique. If v!, v2 € Mpg(R9), then
{Qv"" . ¢ €]0,1]} is tight and any subsequential weak limit satisfies ]\/473)((0, vl v?) (see Theorem 3.6
of [20]). Theorem 1.4 allows us to strengthen this conclusion. We let (H*, H?) denote the coordinate

maps on g x Qp in the following result, which will be proved at the end of Section 7.

Theorem 1.6 Assume v',v? € Mps(RY).
(a) Q’E’l"’2 converges weakly to @0’”1’”2((, (HY,, (H*) €-) on Qx x Qx asc | 0.

(b) ﬁb’e’l’”2 converges weakly to PO on Qp x Qp as € 1 0.

1.7 Overview of the paper

Our overall strategy for proving Theorem 1.4 is to make rigorous sense of the intuition laid out in
Remark 1.3.

In Sections 2 and 3 we establish the existence and basic properties of path—field collision local times
and field—field collision local times via Tanaka—like semimartingale decompositions. This involves some
work on energies and potentials of super-Brownian motion, as one might expect from our picture of
the path—field collision local time as an inhomogeneous additive functional of Brownian motion with
super-Brownian motion as the Revuz measure.

The most naive idea for making sense of the notion that “a path in the support of H! that is also in
the support of f]; is one that has survived being killing according to a multiple of its path—field collision
local time against X7 = | (fﬂ) (j = 3 —1)” is to somehow equip each path y in the support of H!
with the points of a Poisson process on [7, oo with intensity r;4(y, X]) and then to kill off paths that

11



receive one or more points. Of course, there 1s something a little circular in this, because it appears
we already need to have (f]l, f]z) in order to define such Poisson processes.

We proceed a little more obliquely by, loosely speaking, constructing a pair of independent historical
Brownian motions (H!, H?) in which each path y in the support of H! is equipped with a number of
R, x [0,1]-valued marks. Conditional on (H*', H?), the marks are laid down according to a Poisson
process with intensity r;¢(y, H) @ m, where j = 3 — i and m is Lebesgue measure on [0, 1]. Moreover,
the marks inherit the branching structure of (H*, H?). For example, if y; in the support of Hfl and
Yo in the support of Hti2 are such that that yj = y; for some s < ?; Aty and the two paths diverge
after time s, then the corresponding marks coincide up to time s but are laid down independently
(conditional on (H*', H?)) thereafter. We call this pair of historical Brownian motions with added
marks the driving process. With the aid of the driving process, we can define (Hl, Hz) as the pair such
that if we kill a path y in the support of H! at the first time that y has an attached mark (u,z) for
which the Radon-Nikodym derivative (d¢(y, Xj)/dﬁ(y, X7))(u) is greater than z, then we recover f];
We call this implicit definition of (f]l, f]z) the strong equation. We establish pathwise existence and
uniqueness of solutions to the strong equation in Section 5 using a fixed—point argument, and show
that the unique solution satisfies ]\/473;1(7', ptp?).

The key to proving uniqueness of solutions to ]\/473;1(7', pt, u?) (that is, Theorem 1.4(b)) is then to
show that given any solution such solution (Hl, Hz) we can, with extra randomness, build a driving
process such that the (Hl, Hz) is the solution of the strong equation with respect to the driving process.
This is carried out in two stages in Sections 6 and 7. Part of the argument depends on working with
processes such as (Hf’e)tzﬂ_e, where Hf’e(qb) = [¢(y'=¢) Hi(dy). The random measure Hti’6 Is atomic,
the corresponding set—valued process of supports is a branching particle system and H%¢ converges to
H¢ as € | 0. Several results of this sort are in [9], but we need to obtain a number of stronger and
more general results. The advantage of working with such approximating, embedded particle systems
is that attaching the necessary marks to paths in order to reconstruct the driving processes (or, rather,
their approximating particle systems) is reduced to a fairly straightforward exercise involving a finite
number of branching paths.

In Section 8 we observe that, as expected, this uniqueness translates into the strong Markov property
Theorem 1.4(c), and this in turn gives the existence of strong Markov solutions to ]\/473)((7', vl v?).

We remark that throughout the paper we are continually dealing with processes of the form Gy(¢;),
where (7 is a process such as historical Brownian motion that takes values in the space of finite measures
on some space of paths and ¢, is defined as the result of performing some sort of Lebesgue or stochastic
integration along a path (possibly with a random integrand). We develop a number of new stochastic
calculus tools to obtain the the semimartingale decompositions of such processes. This sort of historical
stochastic calculus has proven to be useful in a number of other contexts such as superprocesses with
spatial interations in [30] and [31], nonlinear superprocesses with McKean—Vlasov-like mean field

interactions in [29], and explicit stochastic integral representations of functionals of superprocesses in
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[21]. Also, in Sections 4 and 6 we require new results on the existence and regularity of superprocesses
with immigration for quite general spatial motions. These results are presented in Appendix A.

Unfortunately, we are unable to show uniqueness of solutions for ]\/473)((7', vl v?). This has been
accomplished recently by Leonid Mytnik [27] using a novel and complex duality argument.

The methods developed in this work have proved useful in other settings. For example, they also
apply to a related model in which the masses of particles are reduced by inter—species collisions. Rather
than state the martingale problem for this model, we go straight to the corresponding strong equation.
Here the “driving process” is just a pair (H', H?) of independent historical Brownian motions and the

strong equation 1is
1i(6) = [ o) exp(-ritely, 19)) Hi(dy)

for e = 1,2 and j = 3 — ¢. This model will be investigated in a forthcoming paper with Martin Barlow,
where 1t will be shown that a fixed—point technique similar to the one used here suffices to establish
existence and uniqueness of solutions. Because of their utility in other contexts, we emphasise the tools
for dealing with strong equations and the historical stochastic calculus associated with collision local

times as an important feature of this work.

Acknowledgement. It is a great pleasure to thank Martin Barlow for a number of valuable contri-

butions to this work.

2 Brownian collision local times

Let (Mt)tzr denote the universal completion of the canonical right—continuous filtration on Qx [r, co[,
where 7 > 0 is fixed. Write (C¢);»>, for the canonical filtration on C([r,c0[, RY). Put Qx[r, o0[=
C([r, 00[, RY) x Qx[r, co[ and My =Cox My, t> 7.

For € > 0, define a continuous (/\;lt)tzofpredictable process on QX[T, oo[ by

o= [ [ o) - emtinyas, 12+

Dependence on 7 will usually be suppressed. Note that the expression for Ejyt(y, v) still makes sense
whenever v : [, 00[— Mpg(R%) is such that s +— v,(A) is Borel measurable for all A € B(R9) and

SUD ;< <4 Vs(1) < 00, Vi > 0. We will use this generality on occasion in the next section.

Notation 2.1 Let C4 be the set of nondecreasing continuous functions, f(¢), on R4 such that f(0) = 0.
If g € Cy, let

M (RY = {1 € Mp(RY) / 1= sup p(B(a, 1) dr < gle), Ve € [0.1])

13



Recall from Section 1 that Mg (IR9) is the set of measures, j, such that fol ri=dsup, u(B(z,r))dr < co.
Finally let

€
i) = sw [ e = gy ds
T'>7eeRIJO

and
Qxg[r, o0[={v € Qx[r, oo[: lilr(rjlg(y, ¢)=0and vy =0 for ¢ sufficiently large}.

Let W = (T, By) be a space—time Brownian motion, that is, a diffusion with state-space R, x R% and

laws

QW WeA) =P ({y:(s+-u()) €A},

for A a Borel subset of C(R;, Ry xR9), s > 0 and z € R% where P¥ is Wiener measure starting at z.
Let B(t) = Bo(t —T(0)), t > T(0), be Brownian motion starting at  at time s.

The following result is an easy consequence of Theorem 4.1 and Proposition 4.7 of [20] and their

proofs.

Theorem 2.2 (a) For each path v in Qxglr,00[, there is a (Ci),~.—predictable map Et(y,y) on
[7, 00[xC ([T, 00[, RY) such that EH_.(y, v) € Cy, Q7%-a.s., for each x in RY and

A 2
lim sup Q™° [sup 4(B,v) —Et(B,V)‘ ] =0. (2.1)

€l0 gpeRra t>7
(b) For each g € Cy there is Borel subset, Q% ¢[r,00[, of Qxg[r,00[, a sequence ¢, | 0, and an
(/\;lt)tZTfpredictable process L(y,v)on Qx|[r, oo satisfying:
(i) UgECT Q%S[T,OO[I Qxg|r, o0 and PT’“(Qg(S[T,m[) =1, Vme M%S(}Rd).

(i1) If v € Q% ¢[r, 00, then (;(B,v) = l@(B,I/), YVt > 71, Q7%-a.5., Ve € R? and so (2.1) holds with ¢
wmn place off.
(i11) Let (Bi)i>7 be a Brownian motion on (Q, F,F;,P') starting with law p at time 7, and let 7 <
T < 0o be an (Fy),>,—stopping time. Then for all v in Q% 47, oo,
lim [P/ sup |£§(BT, v) — (BT v) |2
€l0 7<t<T, t< o0

=0

and

lim sup |£f"(BT, v)— (BT, 1/)| =0 P-a.s.
=0 < T, t< 00

14



(i) For all (t,y,v), l(y,v) = L(y', V'), where v = vs for s <t and vl =0 otherwise.

Proof. Part (a) is immediate from the results cited above.
For (b), one easily can use these arguments to define an increasing sequence of Borel subsets
{Q%5[r, 00[: n € I} such that Q% ¢[r, c0[= U, Qs[r, oof satisfies (i), and a decreasing sequence of

positive numbers €, | 0 such that

sup {QT’x [sup |£f(y, v)— £y, 1/)|2] c0<eb<e,zelR? pe Qg(’g[r,oo[} < 27"
t>T

(2.2)
(An explicit definition of Q%/'¢[r, oo[ is given below.) Now set
lim, oo 5" (y,v), if the limit exists,
by, v) = (v v) ) (2.3)
0, otherwise.

Property (ii) is then clear. We need only comment on the extension to stopped Brownian motions in
(iii). Note that

(BT v)y=1¢(B,v) and (BT, v)=6(B,v) forall 1<t<T, t<oo as.

Hence the general case follows at once from the T' = oo case which is obvious from (2.2).

Remark 2.3 In fact one may take
Q% g7, 00[= {1/ € Qxg[r,oo: glv,e) < N (61/4 + g(cel/4)) , Ye € ]0,1], and some N in N}

for some appropriate universal constant ¢ and
Q% [r, 00[= {1/ € Qxslr, o0 : / vs(l)ds < K,, g(v,e) < Kn(el/4 + g(661/4)), Ve € [0, 1]}

for a suitable sequence {K,}. Note that v* € Q% ¢[r, 00, ¥? € Qx[r, 00 and v? < v! imply v? €
Q% g7, 00[. In practice we will work with a fixed g and hence a fixed version of ¢;(y, v) given by (2.3).
It will, however, be convenient on occasion to use a subsequence of {e,} in (2.3) to define another

version of &(y,v).

We now want to extend £;(y, v) to the case when v = X is random. This extension in non-trivial.
It is not hard to see that if X = (H), H is a historical Brownian motion and y “is chosen according
to H1” (see the definition of Campbell measure in the next section), then y will be a Brownian motion

but ££(y, X') will not converge in any reasonable manner.
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Notation 2.4 Put hy(z) = % 7 e~/ 2p (x) ds where p,(z) = (2m5)~ Y% exp{—|2|?/2s}, with a > 0
ifd<2anda>0 1fd: 3. Set hg(z) =1 —|—log+(1/|x|) if d =2 and ho(z) = 1if d = 1. We abuse the
notation and write ho(x) = ho(|2]) at times. Then we of course have:

ho(x) = clz|™', d=3

cr(a)(L+logt (1/|2])) < ha(2) < ea(@)(1 +logt(1/]z]), d=2, (2.4)
ho(z) <ela), d=1.

Definition 2.5 Fix a filtered probability space (Q,F, (F;),s,,P’). Given an (F;);>-—stopping time
7 < T < oo, an R%valued process (By)i>r = (B}, ..., B} )i>- is an (Fy)y>,—Brownian motion stopped

at T if (Bf — Bi)tZT is a continuous (F;);>,—martingale for each i and

(B, B, = 6;(t NT —7) Vi, j, t>71, as.

Here, and elsewhere, (M, N), = (M — M., N — N;),.

The following Tanaka—type representation is the main result of this section.

Theorem 2.6 Let (Xy)i>r and (Ai)i>; be right—continuous, (Fy)i>-—adapted, M (R%)-valued pro-
cesses on (S, F, (Fi)q

t>7 ) Assume A has non-decreasing paths a.s. and A, = 0. Let (By)i>r be a
(d-dimensional) (Fy)i>r—Brownian motion stopped at T'. Assume

v
\]

(i) For all ¢ € CL(RY), the process My(¢) = Xt(qb) - f X ( ) ds — Ay(¢), t
is a continuous (Fi)i>,—martingale such that f Xs(¢?)ds and (M ((;S),Bf)t = 0,
1<53<d, t>71, as.

(ii)) B, has law m and X, = pt a.s., where g € Mp(R?) with f [f ho(x — y)u(dd;)]z m(dy) < oo.

Then there is an a.s. continuous, non-decreasing, square—integrable (F;)i>,—predictable process,
4(B, X), which satisfies
sup  |05(B,X) — (B, X)|==0 ase |0, Yu>r, (2.5)
T<t<unT

and

/ha(x—Bt)Xt(dx) /h (x — B, )p(dx)

+a// (x — Bs)X,(dx) ds—// A(ds, dx)
// (x — Bs)M (ds, dz) /(/Vh (x—B (dx)).st(%)

—4L(B,X), Vr<t<T, as.
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Each of the terms, Ty, in (2.6) satisfies P’ [sup,<;cunr [Tt?] < 00, the fourth and fifth terms on the
right are continuous martingales, all the terms on the right are a.s. continuous except perhaps the third

term which will also be a.s. continuous if A¢(R?) is.

Remark 2.7 (a) The martingales M;(¢) in hypothesis (i) extend to a family of continuous local
martingales, M(¢) = f: [ #(s,w, )M (ds,dx), where ¢ is P(F;) x B(R?) measurable (P(F;) is the
predictable o-field on [7, 0o[x ) and (M (¢)), = f: [ é(s,w,2)? X (dz)ds < 0o, Vt > 7, as. (see Ch. 2
of [32] and Section 2 of [30]). This extension is used in the Tanaka Formula (2.6).

(b) The construction in Section 5 of [2] will allow us to construct a super-Brownian motion (X} );>-
such that X2 =y and X? > Xy, V¢ > 7, as. If M is the orthogonal martingale measure associated

with X, then this construction also gives
(M%), By =0, Yt>1,1<j<d, as., Vo CL(RY. (2.7)

(¢) Theorem 2.6 remains valid if the condition on (M (¢)) in hypothesis (i) is weakened to (M(¢)), <
'yf: Xs(¢?)ds ¥t > 1 as. and all ¢ in C2(RY) for some v > 0. We must, however, now assume the
existence of X° as in (b) and satisfying (2.7). The proof is virtually the same. This extension has
proved useful in the two-type model discussed at the end of Section 1 in which inter—species collisions

reduce the masses of the colliding particles.

In this work we will usually assume p € Mpg(R?) and so the following result shows that hypothesis
(ii) will hold.

Corollary 2.8 If p € Mypg(RY), then hypothesis (ii) of Theorem 2.6 is valid for any law m. In
particular, the conclusion of Theorem 2.6 will hold whenever hypothesis (i) of that result does.

Proof. Let vy([0,7]) = u(B(y,7)). Integration by parts shows that if y € R then
[ e = autor = [ ot an
0
1
< [ ho(rwy (dr) + ha(Du(?)
0

< 2h0(1)u(Rd) + /1 crl_dyy([O, r])dr
= o) < o0

because of the hypothesis on p. The result follows.
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Proof of Theorem 2.6 By adding an independent Brownian motion to B after time 7" to obtain
a Brownian motion B (not stopped at T!) and setting (B, X) = EMT(B, y), one easily derives the
general case from the T'= oo case. Hence we may set 7' = oo in what follows.

Choose g € C2(R9) such that 1{|z| < 1} < g(z) < 1{|z| < 2} and let g, () = g(x/n). Consider
hypothesis (i) with ¢ = g,, and use X; < X} (see Remark 2.7(b)) and dominated convergence to see

that each of the terms in (i), except perhaps A;(g,) converges in L! as n — co. We therefore deduce

Au(gn) 2 A4(1), (i) holds for ¢ = 1 and
PA(1)] < 00, Wt> . (2.8)

Let ¢(z,y) = ¢1(x)pa(y) for ¢; € C(RY). Write Aé for the 2d-dimensional Laplacian and
62415 € R? denotes the partial gradient with respect to the last d variables. Then hypothesis (i), Ito’s

Lemma and integration by parts give that

/qS(x,Bt)Xt(dx) :/q/)(x,BT)u(dx)—I—/:/%qb(x,Bs)Xs(dx) ds
—/Tt/(b(x,Bs)A(ds,dr)—l—/:/(/>(x,Bs)M(ds,dx) (2.9)
+/: (/ ﬁsz(x,Bs)Xs(dx)) -dB,, Vt>r, as.

This remains valid for ¢ in the algebra A of linear combinations of the above form. Now let ¢ €
C%(R?9). By making minor modifications in the last part of the proof of Proposition 5.1.1 of [18]one
finds there are {¢,,} in A such that ¢,, — ¢ and A¢, — A¢ uniformly as n — co. Each of the terms in
(2.9) with ¢ = ¢,, converges in L' to the corresponding term with ¢ (use X < X again, and also (2.8)
to handle the integrals with respect to A) except perhaps the last. To analyze this term first note that
the stochastic integral representation property of super-Brownian motion (Theorem 1.1 of [20]) and

ordinary Brownian motion, and (2.7) show that X° and B are independent. If Ux = inf{¢t : X7 (1) > K}
and ¥, = ¢ — ¢p, then for K > p(1)

2

ds]

< KP [/:/Wmn(x,Bs)fXg(dx) ds] (2.10)

t
- KP [/ Wz%(f}s)fds] ,

where B is a 2d-dimensional Brownian motion starting at time 7 with law g ® m under P. Using It6’s

]P)/

/Ttl{s < UK}‘/%W(%BS)XS(CM)

Lemma we see that the right side of (2.10) equals

% 2
KP (1/;”(&)—1/;”(37)—/ %¢H(Bs)ds) —0 as n—o0.
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We now may let n — oo in (2.9) (with ¢ = ¢,,) to see that (2.9) holds for all ¢ in C%(R9) (the result

is valid for all ¢ > 7 by right—continuity). By a truncation argument, as in the derivation of (2.8), one
readily sees that (2.9) holds for ¢ in CZ(R?9) (that is, for ¢ bounded with bounded continuous partial

Let R, be the a-resolvent for 2d—dimensional Brownian motion, set p.(x, y) = pe(x —y) and define
1 ~ —as/2 ael2
e ps(x —y)dse :

‘ (2.11)

derivatives of order 2 or less). The bound X < XY easily shows that each of the stochastic integrals
2

are L? martingales.

[}
ozpe(xa y) = / 6_MP2t+e(l‘ - y)dt
0

he(x,y) = R

Then h, € C’g(RZd) satisfies %ﬁe = ah, — p.. Therefore (2.9) gives
(2.12)

/he(x,Bt)Xt(dx):/he(x,BT)p(dx)—i—a/:/he(x,Bs) (dx)ds
—/Tt/he(x,Bs)A(ds,dx)—l—/:/he(x,Bs)M(ds,dx)

13
+/ /62/35(93,35))(8(@).@8_E;(B,X).

We now derive (2.6) and the existence of £;(B, X) by establishing the convergence of each of the terms
(2.13)

in (2.12), except perhaps for the last. Equation (2.11) shows that
e‘ae/zﬁe(l‘, Y) Tholz—y) as €|0 and hz,y) < cha(z —y)
Monotone convergence shows that the left side of (2.12) and the first three terms on the right side

converge to the corresponding integrals with h,(x — y) in place of h.(x,y). The limit of the first term
in the right is even finite by hypothesis (ii). Before dealing with the finiteness of the other terms,

consider the two martingale terms in (2.12).

Lemma 2.9 For eacht > T,

lim P’/
el0

|:/Tt / (Bﬁ(xaBs) - hoz($ - Bs))ZXs(dl‘) ds| =0
z # B;} (by (2.13)). This set is of

Proof. The integrand converges pointwise to zero on {(s, )
(2.14)

full measure with respect to P/[X?(dr)]ds (recall the independence of X° and B) and hence also
P[Xs(dz)] ds. Therefore the result will follow from the bound in (2.13) and dominated convergence

once we show
t
P’ [/ /ha(x — Bs)ng(dx) ds| < oo
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Note that if

w12, d=3,
f(w) =< 1+logt(1/u), d=2,
1 =1

bl bl

then

< C/ / 1{u < v}e™ W@ Hp, ()™ Y2 dvdu
o Jo
< c(a)/ Flu)e™ ¥ pay () du.
0

The expression in (2.14) is therefore bounded by

/ / fu)e> ////pZu Y)Ps—r (T — Yo)ps—r(y — yo)dzdy p(dzo)m(dyo) du ds
o [[] / 0 g0 = ) e ] ().

A simple change of variables shows the term in square brackets is bounded by

(o, 1) / / w) due™ pay(xg — yo) dv
(v=(t— T))+

< (e, t)ho(zo — yo).

Now (2.14) follows from the above and hypothesis (ii) of Theorem 2.6 (in fact, a weaker L! condition
suffices here).

d

Lemma 2.10 Let (Bt)tzo be a d-dimenstonal Brownian motion starting at © under P*. For 6 > 0
there are constants ¢y = ¢1(0,d) such that for all z,y,y' € RY and t > 0 the following hold.

(a) P[|B, —y|~%] <1 (Jy—z|~¥ At=0/2) for 0 < 0 < d.

(b) P [log® (1/(B. = y))] < ext™"/2.

(¢) P7 (1B, = yl=* A=*2)(1By — /| A=) < er (Jy— 2l AE=72) (I — 2] =* AL=012).

Proof. We may assume z = 0 and set P = PY.
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(a) A simple scaling argument reduces the proof to the ¢ = 1 case. Then

PlIBy -y "] = 0 / 1= P[|By — y| < r]dr
0

<e [/ 1 {'%' V1< r} r‘l_edr—l—/ 1 {r < %' v 1} Pl W 3 d gy
0 0

< e[l AL+ eI Lyl
< c(|y|_€ Al).
(b) This is immediate from (a).
(¢) Again it suffices to consider ¢t = 1. Then
P[(|Bi =y A1)(IB1 = /|7 A D)]

= 92/ / r_e_lr’_e_lPﬂBl —yl < |B1—y| <} drdr’
1 S

(o) (o) !
< C/ / 7“_9_17°/_€_1 1 M < r, |y | < 7“/
- J1 N 2 - 2 -

/
+1 {M s r/} I8y {u < Wl r/} oIy /8,

2 2 2 2
!
+1 {|2i| > 7, |2—| > r’} (e_lyl 8pd p eIVl /Sr/d) drdr’

< c[(|y|_€ ALY AL + (19177 A DT 4 ([y1=0 A D)y Pl T8

(o] oQ !
+exp(—(|y|2\/|y’|2)/8)/ / (rd\/r’d)r_e_lr’_e_ll {r< |2i|,7°< |y2—|} drdr’]
11

<c (= ADY 17 A D) + exp{=(ly” V ¥/ ") /8) ||y |]
<yl A0 AL).

Lemma 2.11 For each t > 1,

LimP’
el0

/Tt (/ |Vohe(z, By) + Vho(x — Bs)le(dx))z ds] —0.

Proof. Note that

62715(1‘, y) = — / e‘as/zﬁps(x — y)ds el

€

N | —

—

— —Vho(e—y) as €] 0 if z#£y.
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An elementary calculation (use |ﬁps(1‘)| = |z|s7ps(x)), now shows that
|62715(x, y)| <cle—y|'7¢ Va,y €RYe€]0,1] and some ¢ > 0.

Using dominated convergence, as in the proof of Lemma 2.9, we see that it suffices to show that for

d=2ord=3
P’ l/t (/ | — Bs|1—dX§(dx))2 ds] < oo. (2.15)

If, as above, P* is Wiener measure starting at « at time 0 and P¥ = [ P"v(dz), then (see, for

example, (A.15) with L = 0)

( J1e- y|1-dx,?<dx>)2

¢ /|y—x|1_d/\ )=z, / /|y B, P72 A (s — 1 — ) 7 4dPH dr

= p* [|BS_T - y|1_d]2 —1—/ ) p# [PBT“BS_T_T — y|1_d]2] dr
0

(2.16)

where Lemma 2.10 is used in the last inequality.
Use this to write (2.15) as I + I where (set {g =t — 7 and recall X° and B are independent)

I = /Ot” // ™ [(|Bs - x|1—d/\5(1_d)/2) (|Bs _ x/|1—d/\5(1—d)/2)] j(de) p(da’) ds

and

// [/ / [1Brts + w0 = wol* 7 A (s = )" 1] drds] m(dyo) p(dwo).

el a=3
flw) = {1 Flog* (1/lul), d=2,

then a change of variables (u = s — r,v = s + r) shows the integral in square brackets in 7T equals

/Rd{/ / po (w0 = (9o — 20)) (Juof” v u)' = du o

+ /:fu /02“) ' py (W= (Yo — 0)) (|w|2 Y u)l_ddu dv} dw
< C(to)/w/o Dpv(w — (yo — x0)) [|w|4_2d—|— f(w)] dv dw.
c(t) /0 " proma [, )] do.
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If d = 3, then Lemma 2.10(a) bounds the above by

2to
c(to)/ |zg — yo|_2 AvTlde < (o) (1 +1log™ (2t0/|x0 — y0|2)) .
0

If d = 2, then a similar argument using Lemma 2.10(b) bounds the above by ¢(tg). The energy condition
i1s now more than enough to show that /7 < co.

Turning to I, we may use Lemma 2.10(c) to bound it by

2 /[ [/ (1= 21V V5) ™y = 21 v5)' ™ ds| 1l = 21 < ly = o' () () ).

Consider only d = 3 as d = 2 is even easier. In this case the above equals

o) [ [2lar =i+ 21 =10t (22 1tla = o1 < 107 = sy )
<ett) [ W=t = 1 = Sport £

|z —y| < |2’ = yl} m(dy) p(de) p(de’)

Scw»/[/th—MMWMﬂzmww

which is finite by hypothesis (ii) of Theorem 2.6. This shows I is finite and hence proves (2.15) and

completes the proof.

d

Lemma 2.12 (a) lim, o P’ [f: U |ﬁe(x,Bs) — ho(z — Bs)| Xs(dab)]2 ds] =0,Vt>r.
(b) lime o P’ [fj [ bz, By) = ha(z — By)|A(ds, dx)2] =0,V > 7.
(¢) lim o P’ [SUPrgtgu |f ﬁe(x, Bi) — ho(x — Bt)Xt(da:)|2] =0, Vu>r.

Proof. (a) As in the proof of Lemma 2.9 (see (2.14)), it suffices to prove

[// (x — B Xo(dx)d5]<oo

This is immediate from (2.4) and (2.15) (the case d = 1 being trivial).
(b) The decomposition (2.12) shows that

// (2. B)A(ds,dz) < [ (e, B) dHa// (¢, B)X, (dr) ds
//3( Bs)M (ds, dz) + //vz (z, Bs)X;(dz) - dBs
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Lemmas 2.9, 2.11, part (a) and hypothesis (ii) of Theorem 2.6 (and (2.13)) show that the right side of
the above converges in L? to the corresponding expression with h,(x — By ) in place of h(x, B;). Use
(2.13) and Fatou’s Lemma to see that P’ [f: [ hal(x — B;)A(ds, dl‘)z] < oo. This shows that A(ds, dx)
does not charge {(s,x) : B; = #} a.s. and therefore (by (2.13))

hl%lile(l‘, Bs) — ho(z — B;) =0, A(ds,dz) —ae., P'—as.

(Implicit in the above is d > 1, but this last assertion is trivial if d = 1.) The result now follows from
(2.13), the above square—integrability and dominated convergence.

(¢) Argue as in the proof of Lemma 5.6(b) of [2] (see the last displayed equation in the proof) to see
that for u > 7 fixed

lim sup /ha(x — B)1{|x — B;| < 6} X (dx) =0, as. (2.17)
5lOT§t§u
We have
iug /ﬁe(x, By) — ho(z — By) X, (dz)| < ( iug Xt(l)) sup{|he(z,y) — holz —y)| : |2 —y| > 6}
T<t<u r<t<u

+e il;g /ha(x — B)1(|x — By| < &) X7 (dx) (by (2.13)).

Use (2.17) and the uniform convergence of he(x,y) to ho(x —y) on {(z,y) : |t —y| > 6} as € | 0 (see
Lemma 5.3 of [2]) to see that the left side of the above approaches 0 a.s. as € | 0. If we could show

P’ [Tiggu/ha(x - Bt)Xt(dx)z] < o0, (2.18)

then the result would follow from the above, (2.13) and dominated convergence. To prove (2.18) use
(2.12) to see that

Tiggu/he(x,Bt)Xt(dx) < /he(x,BT)u(da:)—i—a/:/he(x,Bs)Xs(dx) ds
/Tt/he(x,Bs)M(dsdx)

The right side converges in L? to the corresponding expression with h,(x — By ) in place of h(x, By)

13
+ / /62/35(x,35)xs(dx).d35 .

+ sup
T<t<u

by hypothesis (ii) of Theorem 2.6, part (a), Lemmas 2.9 and 2.11, and Doob’s maximal L? inequality.
An elementary argument using Fatou’s Lemma now gives (2.18) and completes the proof.

d

Proof of Theorem 2.6 (continued) Return now to (2.12). Lemmas 2.9, 2.11, 2.12 and hypothesis
(ii) of Theorem 2.6 (with (2.13)) show that if 7Y denotes the left side of (2.12) or any of the first 5
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terms on the right side and 7} is the corresponding term with h,(z — y) in place of h(z,y) (the initial

condition is independent of ¢), then for any w > 7, SUp, <« |75 — Tt|L—2>0 as ¢ | 0. Therefore there is
an a.s. continuous, non—decreasing, square—integrable (]_-"t)_tZTfpredictable process ((;(B, X))i>- such
that (2.5) and (2.6) hold with 7' = co. If A;(R9) is a.s. continuous then so is f: fﬁe(x, Bs)A(ds, dx)
and hence the same is true of f: [ ha(x — B,)A(ds, dz) by Lemma 2.12(b). The remaining assertions
in the Theorem are now obvious.

d

Remark 2.13 There is some possible confusion over the notation £;(y, v) in Theorem 2.2(b) and the
notation &(B, X )(w) in Theorem 2.6. We claim that given a process X and a time T as in Theorem
2.6 we may construct £;(y, v) as in Theorem 2.2 (and more specifically (2.3)) so that

4L(B, X)(w) = l(y,v) |(yyy):(3,(w)yx,(w)), Vr <t <T, P-as. (2.19)
Given {e,} as in (2.3) we may (by (2.5)) choose a subsequence {¢,, } such that
0(B, X) = Jim 6" (B,X), ¥r<t<T, P-as.

Now replace {e,} with {e,, } in (2.3) to define &(y, v) so that (2.19) holds. Clearly this argument can
accommodate countably many {X, } in (2.19).

3 Historical collision local times

3.1 Path-field collision local times

Let (Q,H,(H¢)i>-,P) be a filtered probability space such that (H;);>, is right—continuous and the
o—field ‘H is universally complete. Let (H', H?) be a pair of independent historical Brownian mo-
tions starting at (7, u') and (7, u?), respectively, defined on (Q,H, (H:)¢>-,P) and with corresponding

martingale measures (M1, M?).

Definition 3.1 Write M(H', H?) for the collection of pairs of predictable, M p(C')—valued processes
(G', G?) with values in Qg[r, oo such that there are nondecreasing, predictable, Mg (C)-valued pro-
cesses (A!, A%), null at 7, and with sample paths almost surely in Qg[r,oo[ such that: G¢ < Hi,
i=1,2, for all t > 7, and for all ¢*, ¢ € Dgr we have that

NHo") = Gi(e}) — /G (Agp? ds—//qS (s,y) Al(ds, dy)

and

NZ (%) = GZ(¢?) — /G (Ap? ds—/ /q/) (s,y) A%(ds, dy)
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are continuous (Ht)tZTfmartingales null at 7 for which

Vi( t—//qs ? G (dy)d
and (Ni(g7), N9 (1)) = (M(67), N¥(67)) = 0 for i # j.

Let C denote the Borel o-field on €' and, as in Section 2, write (Ct)tzo for the canonical filtra-
tion. Using the extension procedure in Section 2 of [32], we can construct orthogonal martingale
measures N° (defined on appropriate (C; x H:)i>-—predictable integrands) that have the following
properties. If ¥° is (C; x Hy)¢»-—predictable and f:f'yi(s,y)z Gi(dy)ds < oo for all t > 7, P-as.
(respectively, ]P)[f:f'yi(s,y)z Gi(dy)ds] < oo for all + > 1), then f:f'yi(s,y) dN'(s,y) is a con-
tinuous local martingale (respectively, a continuous square - integrable martingale). We have that
NE(8Y) f ¢'(s,y) dNi(ds,dy). Moreover, f [ 7 (s,y)dN*(s,y)) f [44(s,y)? Gi(dy)ds and
fT f’y 5,y)dN*(s,y ,fT f’y 5,y)dN?(s,y)) = 0. The analogous extensions of course also hold for
M and ([, [ 4/ (s.5) AN (s.9). [ [ (s, dM (s, ) = 0 for i # J.

For the rest of this section we will assume that (H', H?) is a pair of independent historical Brownian
motions starting at (7, ut) and (7, p?), respectively, with pt € Mpg(C)7, i = 1,2, and (G*,G?) €
M(HY H?).

We first extend the results in Section 2 concerning ¢;(y, v) and &(y, X) to the setting where y is

chosen according to H? instead of being a fixed Brownian path.

Definition 3.2 Given a bounded (H;):>,—stopping time 7" > 7, the normalised Campbell measure
associated with H? is the probability measure @gl onon (C'xQ,CxH)= (Q,?‘Z) given by

[t B ) = [ | [ i eanuia)
Let H; = C; x ‘H, and 7:(;‘ denotes its universal completion.

Definition 3.3 Say that A C [r, oo[xQ is Hi-evanescent if A C A; where A; is (ﬂ?)tZTfpredictable

and

sup 1a,(u,y,w) =0, Hi-aa.y ¥Yt>71, P'—as.
T<u<t

Say that a property holds H-a.e. iff it holds off an H’-evanescent set.

Definition 3.4 Let (X;);>, be an (H¢);>,—optional, M (R%)—valued process on Q such that

sup Xs(1) < oo, ¥Yt>r, as.
T7<s<t
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A path—field collision local time (or PFCLT) for H' with respect to X is an (ﬂt)tZTfpredictable process
(t,y,w) — l(y, X)(w) such that for any bounded (H;);>-stopping time 7" > 7,

sup |65 (y, X(w)) — by, X)(w)| — 0 in @gl—probabﬂity as € | 0.
F<t<T

If (G)¢>7 is an Mp(C')-valued process and X =, (G) is as above, we write £;(y, G) (and ;(y, G)) for
l(y, X) (and £5(y, X)) and call the former the PFCLT for H® with respect to G (if it exists).

Remark 3.5 A simple application of the section theorem shows that the PFCLT for H? with respect
to X is unique up to Hi-evanescent sets. To see this note that if ¢ is another PFCLT then

{(t,w):t> 7 Hi( sup |ls(y, X)—Lli(y, X)| > 0) >0}
T7<s<t

s (Hi)i>-—predictable by Corollary 3.6 of [30] (use the fact that if f is bounded and (Ht*)tzr*
predictable, then so is f*, where f;' = sup,.<,<; fs = sup, <,y fs V f+) and therefore is evanescent
(in the usual sense) by the above definition and the section theorem. A slightly more involved applica-

tion of the section theorem shows that £ (y, X)| ¢ is non-decreasing and continuous Hi-a.a. y Vt >,
a.s. (that is, H-a.e.).

Lemma 3.6 Let T > 7 be a bounded (Hi)i>-—stopping time and set X = , (G?). Under PI,
Bi(y,w) = y is a (ﬂt)tZTfBrownian motion stopped at T and (B, X) satisfies the hypotheses of
Theorem 2.6 on (0, M, (ﬂt)tZT,]ngl).

Proof. Theorem 2.6 of [30] gives the first assertion about B. To prove that X satisfies hypothesis (i),
fix to large and ¢ € C2(RY), and set ¢(y) = é(y(to)). If v(A) = p>({y : y» € A}), then the definition
of M(H?', H?) shows that for 7 <t < t,

X0) = v+ [ XS+ N2 - o),
where A:(¢ f J o(y( 5))A%(ds, dy) and Nz(q/)) M;(¢) is an (H;);>-—martingale under [P satisfying

t_//qb (o)) szyds_/X ds <t <tp.

Ifr<s<t<ty, A€ H, and f is bounded and C;-measurable, then

pOFF (M(0) = M.(6)) L )] = P (R ()(M:(0) = M(6)1]
=P [ bal)+ [ [0 s )6 - N2

(for example, by Theorem 2.6 of [31])
=0,
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the last because N? and M! are orthogonal. This shows M;(¢) is an (ﬂt)tZTfmartingale under @gl.
If B, =B, — By and A, = AN{T > s}, then

P (BiM() = BIMA(9)) F(9)14]
= |(H4 (Bf) Mulo) — Hi (BLf) M(6)) 14]

=P [Whne ((Binr = Bing) 1) M@, | + P [1hn (Bine f) (Mi(6) = My(8))14]
(by Theorem 2.6 (K3) of [31] and a truncation argument)

. [/TAt/ (v, — v') Fy) M (du, dy) N2($)1.4 ]

(Honr(Bipr ) + / / o F) M (du, dy)) (N <¢>>—N§<¢>>)1A]

((K2) and (K4) of Theorem 2.6 in [31])

+P

=0

by the orthogonality of M' and N2. Therefore (M (), B!); = 0 and hypothesis (i) of Theorem 2.6

holds on (Q,ﬂ,ﬂt, @gl) Hypothesis (ii) of Theorem 2.6 is valid by Corollary 2.8 and our hypothesis
1

on ul.

d

Theorem 3.7 Let i,j € {1,2} be distinct.
(a) The PFCLT for H' with respect to G? exists. Moreover by replacing {e,} (in (2.3) and Theorem
2.2(b)) with an appropriate subsequence we may assume that {;(y, GV )(w) = Ly(y, =i, Yt > T,
yeC and

lim sup [€(y, G7) = L(y,GP)| =0, Hi-ae y, Yu>r1, as. (3.1)

n—00 ; <4<y
(b) If Ty is the set of (Hy)-stopping times bounded by N, then

sup [t (_sup 160, 67) — 60, P |

TeTn r<t<T

=2 [y (s 165G~ 60 G )| =0 ase 0,
T<t<N
(¢) For any N >,
sup H! ( sup |€5(-, GY) —Eu(~,Gj)|2) — 0 in P—probability as € | 0,
T<t<N T<u<t

sup Hi( sup |€,(GF) = £u(- GI)) — 0 in L? as | 0,
T<t<N T<u<t
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and

s ® | [ w6 =2 | [t 6 it < .

r<i<N

Proof. If ¢ and k are positive, let

RiF= [ s 160067) — 0l G Ak ()

Observe that Rf’k is a non-negative a.s. continuous (H;)¢>,—submartingale by Theorem 2.23 of [31]

(Remark 3.5 shows the hypotheses of that result are in force). By the weak L! inequality we have

ﬂv{ up Rf’k>5}§5_1ﬂi(1)ﬂbﬁl[ sup 165(y, G) — Luly, GO
T<t<N r<u<N (3.2)

—0Qase]0

by Lemma 3.6 and Theorem 2.6. By replacing {e,} in (2.3) with an appropriate subsequence we may

assume (let £ ] oo in (3.2) and use an obvious notation)

]P{ sup R > 2_"} <27k
T7<t<n

The Borel-Cantelli lemma implies that P-a.s. for large n,

sup / sup |£;"(y, Gj)—ﬁu(y, Gj)|2Hf(dy) <277,
T7<t<n T<u<t

A further application of Borel-Cantelli shows that (3.1) holds when we define ¢ (y,GV)(w) =
(Y, v)|y=gi(w)- Let kT oo in (3.2) and use Fatou’s lemma to see that

o{ s i (s 16,6 - )7 >

T<t<N T<u<t

< lim ]P{ sup Rf’k > 6}
k—o0 T<t<N

—0ase|0 by (3.2).

This proves the first assertion in (c), and the rest of (a) follows at once. The submartingale property

mentioned above shows that for 7' € Ty,

P [H% ( sup [£(y, ) — Lo(y, G2 Ak)] <P [H;'V ( sup 65(, GF) — 6u(y, G2 Ak)] |

r<t<T r<i<N

and so letting & — oo we get the equality in (b). Applying (3.2) now completes the proof of (b).
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For the second assertion in (c¢) define Mf’k in the same manner as Rf’k but with no square on the
integrand. Apply Doob’s strong L? inequality to the non-negative submartingales M % and let k T co

as usual to see that

Mg /sup 15 (5, GT) — Ly, G| Hi(dy)
T<lu<t

satisfies

[ sup (477] < B (5] Sent (0P [ sup 160 G7) — 0. G)P)
F<t<N F<t<N

— 0 ase| 0 by (b).

It remains only to prove the last assertion of (¢). The first equality follows from the submartingale
property of ¢ — [4;(y,G)? Ak H}(dy) and then letting k¥ — oo. The finiteness of the integral is
immediate from the square-integrability of the terms in (2.6) (in Theorem 2.6) and Lemma 3.6.

d

Remark 3.8 If {(GY* G%*) : k € N} is a sequence in M(H', H?), then a diagonalization argument
shows we may choose {e,} so that the above result holds for each G/*.
3.2 Field—field collision local times

In this section we wish to establish the existence of FFCLT’s for pairs (G, G?) € M(H!, H?). Here
and throughout the rest of the paper, we encounter processes of the form Hi(¢;), where ¢;(y,w) is, in
turn, the result of some sort of Lebesgue or stochastic integration along the path y. It will be necessary

for us to have semimartingale decompositions of such processes. The following is our first example.

Remark 3.9 If 4 is a bounded, (ﬂ?)tZTfpredictable function, Theorem 3.8 of [30] shows that P-a.s.
for all t > 7,

/{/( i)ds } 1) = //{/ uydu}Mi(ds,dw+/:/~y<s,y>H;'<dy>ds, s

and each of the terms is P-a.s. continuous. The proof relies on the fact (Lemma 3.5 of [30]) that if ¢

is bounded and C,—measurable (u > 7), then

i) = 1)+ [ [ 16> we)w s dy), ez uas (3.4)

Consequently, (3.3) will hold whenever H' is a continuous measure-valued process satisfying (3.4), M is

an orthogonal martingale measure with the usual square function, and H? satisfies a mild integrability
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condition (for example, if the total mass process is dominated by that of super-Brownian motion).
One such extension is given by Theorem 3.8 of [31]. (Note this result also shows that (3.3) may fail in
general for G if A* # 0.) In the future we will therefore use (3.3) for other processes satisfying (3.4)

without detailed justification. The argument is as in [30].

Theorem 3.10 (a) For i # j, the FFCLT L(H®,G?) exists and, moreover, for all bounded and con-
tinuous ¢ : C' — R and u > 7,

lim P [ sup |LE(H' G])(¢>)—Lt(Hi,Gj)(¢)|2] —0.
el0 T<t<u

(b) For each bounded (ﬂf)foptional function v we have that P-a.s. fori % j and allt > T,

/{/Tt’y(s,y)ﬁ(y,(}i)( } i(dy) = / /{/ Y(y, G9)(d )}Mi(ds’dy)
+/T / (s, y)L(H', G7)(ds, dy),

where the stochastic integral is a continuous, square—integrable martingale and each term is square—

(3.5)

integrable.

Proof. Part (a) may be proved by adapting the Tanaka formula proof of Theorem 5.9 of [2] (see
Theorem 3.12(a) below). We give a different argument using Theorem 3.7 because it simultaneously
handles (b) and will also handle situations in which the arguments of [2] do not apply. We have avoided
some shortcuts peculiar to the present setting to give a proof which is readily modified to cover some
subsequent scenarios (for example, in the proof of Lemma 5.3 below). Consider first the case where
v(s,y,w) = Ly, 1,)(8)71(y, w) where 7 < 77 < Ty < oo are (ﬂt)tZTfstopping times and v € I)?'A(T1
(note that v = 1 is possible). Then by (3.3) we have

/{/:Py(s’y)ge(y’@)( } (= //{/ (u, )y, ) (d )}Mi(ds,dy)

—I-/ /'y(s,y)LE(Hi,Gj)(ds,dy), Yt > 71, P— as. (3.6)
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For the left side of (3.6) equation we have (with ¢ # j)

sup | / / (5, )6 (GO (ds) — Uy, G9)(ds) L (dy)

< Il sup / 16y, GO ) (T (3,0) A1) — €y, GO ) (Ton () A DV HE (dly)

< 2l sup / sup [65(y, G¥) — Cu(y, G¥) | Hi(dy)
T<t<N T<u<t
—0inL?ase] 0,

the last by Theorem 3.7(c).

For the martingale terms in (3.6) we have

/ /(/ (u, )1 (3, G () — /Tsv(u,y)ﬁ(y,GM(du))ZHz(dy)ds]

< Inlp [ / / s (02 ) — Loty (5, GT) — (g (9. G9) + Lo, (1, G9))? HE (dy)ds
— 0 as € | 0 (Theorem 3.7(b)).

It follows from (3.6) and the above that there is an a.s. non-decreasing, continuous, square—
integrable (H;)-predictable process, (L{(7))i>7, such that

t
sup I/ /7(s,y)L€(Hi,Gi)(ds,dy) — Li(y)] = 0in L? YN €N,
7<t<N Jr

J{ [ oo} i = [ [{ [ oo

+Lt )

and

The same conclusions hold if y is a finite linear combination of the ¥’s considered above (write v € £).
If v is bounded, (ﬂt)foptional and has left limits, then there are {v,} in £ and (ﬂt)fstopping times
7 < T, T oo such that [|77" — v,|lee — 0, and so sup,, [|[¥allec < o0 (see [11] IV.64(c)). Now let
¢ : C'— R be bounded and continuous and set v(s,y,w) = ¢(y*). Choose {T,,} and {7, } as above and
define ¥, (s, y,w) = 17, (y),00[(5). Then, since y = y* for Hi-a.a. y, Vs> 1. a.s., we have w.p.1Vt > 7,

Li(H', GI)(|¢ = 1l) = LE(H', &)1y = 7a)
Li(H', GT)(|ly = 7" 1) + Iy = lloo Li(H', G7)(1)
<Dlleo LE(H', GO)(Fn) + 77 = mlloo LE(H, G7)(1) (3.8)
— |@llec L+ () + ||'yT" — Ynlleo L+(1) in L? as € | 0 by the above.
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Use (3.7) to see that

Gl <P [ [ (000, 67) = 0,6 By’

—HP)[/:/(&(Z/, G¥Y = bynr, (y, GI))2 HY (dy)ds 1/2

—0asn— oo

by dominated convergence, since each of the terms in (3.7) with v = 1 is in L?. Therefore (3.8)
approaches 0 in L? as n — oo. So, by first choosing n = ng large and then e, ¢/ small, we see from the
L%—convergence of L¢(H' G7)(7,) as € | 0 that
sup [LS(H', G9)(¢) — LS (HY,G7) ()] — 0 in L? as e,¢' | 0.
T<t<N

The existence of the FFCLT L,(H? G7) satisfying (a) is now easy (see, for example, the proof of
Theorem 5.9 in [2]). If y(s,y,w) = 71(y)v2(w)1[u,o(s) for continuous y; € bC, and vz € bH,, then by
its definition Li(y) = f: [~(s,y)L(H",G')(ds,dy) and so (3.7) gives (3.5) in this case. A standard
monotone class argument now implies (3.5) for bounded (ﬂt)tZTfpredictable v and hence for bounded
(ﬂt)tZTfoptional v by IV.66 of [11]. An easy modification of the proof of Theorem 3.8 in [30] allows

one to handle (ﬂ?)tZTfoptional integrands.

d

We now wish to establish the existence of the FFCLT L(G*', G?) for (G1,G?) € M(H!, H?) and
show that, in an appropriate sense, L(G',G?) is continuous in (G!,G?). We will do this using the
Tanaka formula approach of [2].

We first need to dispose of some formalities concerning the the generator of the space—time process
associated with the Brownian path process and extend the semimartingale decomposition appearing in
Definition 3.1 to cover a more general class of integrands than Dgr. The notation we set up will also
be useful in Section 6.

We will use the construction in Appendix A in the following special settings. Put £ = C, E? =
FE U {0} (with 0 added as a discrete point), S° = {(t,y) € Ry x F : y* = y} (as in Section 1),
E,={yeC:y =y}t =C",

Q° ={weC(Ry, B : a°(w) < o0, §%(w) = o0},
where

a’(w) = inf{t : w(t) # 9} and B%(w) = inf{t > a’(w) :w(t) ¢ By} (infh = oo).
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Let F° be the trace of the universally measurable subsets of C’(R+,Ea) on 2°. (Recall that, with
a slight abuse of the usual notation, C(R,, E?) denotes the subspace of D(Ry, E°) consisting of

functions, f, such that f(t) = f(t—) if 0 € {f(¢), f(t—)}.)
If (s,y) € S° and w € C satisfies w(0) = y(s) let

w(u—s), ifu>s;

(y/s/w)(u) — {y(u)a if u S s,

and define w(s,y,w) € Q2° by

0, ift < s,
(y/s/w)t ift>s.

w(s, y,w)(t) = {

Recall that P® is Wiener measure on (' starting at € R Define P*¥ on (Q°, F°) for (s,y) € S°
by

P*Y(A) = PV w (s, y,w)(-) € A}

Thus P?*7Y is the law of the Brownian path—process starting at time s with the path y.
Put S? = {(s,y1,y2) ER4 x C' x C : yf = y;, i = 1,2}. Define a Markov semigroup P? : bB(5?) —
bB(S?),t > 0, by

P26(s, g1, ys) = /¢(5+t,w1(5 1), wals + 1)) PPV @ POV (dwy, duos).

Thus (Ptz)tzo is the semigroup of the space—time process associated with a pair of independent Brownian
path—processes.

The weak generator, A% associated with this semigroup is the set of (¢, ¢) € bB(5?) x bB(S?) such
that ¢ — P2¢(s, y1,y2) is right—continuous for each (s, y1,y2) € S? and PZ¢ = ¢ + fot P2+)dr pointwise
on S?. Write D(A?) for the set of ¢ such that (¢,1) € A? for some ¢ and set ¥ = A%¢ (clearly, ¥ is
unique).

Let D? denote the set of functions ¢ € C'(5?) of the form

o(s,y1,Y2) = ¢o(s) H H Gie(ye(ti A s)),

£=1¢=0
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for some ¢g € CF(Ry), ¢is € C’}?(]Rd) and 0 =ty <t < ...<tp <thy1 = 0. Observe for such a ¢
that, if we write (B(t))s>0 for the coordinate variables on C, then

Pt2¢(5a Y1, yZ)

n

:¢0(5)Zzl{ti\/(t]’_t)§5<ti+1/\(tj+1_t [H lqu)H (ye(t)) H

i=0 ¢=1 =1

XHPW(S) H ¢5e(B(ty — 5)) H ok o(B(1))

k=i+1 k=j+1

2 i
= > vt -t <s<ti Al -] (H ¢k,6(yz(tk))) Bi5(5,3e(5)),
0<i<j<n £=1 \k=0
say (with the convention q;n n=1).
Put L ; = [t; V(& — 1),tiz1 A (tj41 — ¢)[. For 0 < ¢ < n the functions (/;i,j belong to the class
C§°(I; j xIRY) of infinitely differentiable functions which vanish at co together with all their derivatives.
Let D? be the set of ¢ € Cy(5?) such that

M

o(s,y1,92) = Z Hum <s <umyr} [H H e (Ye(ur)) ] Gm (5, 1(5), y2(s)) (3.9)

m=0
with ¢ € CRRYN{1},0 = uo < ... < uprp1 < Usrgpr < 00, b € C3([Um, Umpr[xR2T) for
0 <m< M, and q;m = 1. For ¢ € D? with the above representation, Itd’s lemma shows that
¢ € D(A?) and

M

2 m ~ ~
A%6(s,y1,y2) = Z Tty < 8 < g1} LU U e (Ye (ur)) ] lag;sm + %q;m

m=0

(5’ yl(s)’ y2(5))’

where, as in Section 2, A is the 2d-dimensional Laplacian.

We have seen that P? maps D? into D? C D(A?) for each ¢ > 0. Let (D?) denote the linear span
of D?. A minor modification of the proof of Proposition 1.3.3 of [18] establishes a bounded—pointwise
version of that result and enables us to conclude that if ¢ € D(A?), then there exists ¢,, € (D?), n € N,
such that ¢, — ¢ and A%¢, — A%¢ bounded-—pointwise as n — oo.

Lemma 3.11 If ¢ € D(A?), then
Gl o GA¢) = 1 @ u / / 6(5, 51, 12) [GL(dy1)dN? (5, o) + G2(dyn)AN (5, 11)]
t
- / / / o(s, y1, v2) [GM(dys) A% (ds, dys) + G2(dyz) A (ds, dyy )]

3
+/ / A2¢(5’ Y1, y2) Gi(dyl)Gz(dyz)dS, Vi> T, as.
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Proof. By the above and dominated convergence, it suffices to prove the statement of the lemma
for ¢ € D?. Fix such a ¢ with the representation (3.9). We will check that the statement holds
for t € [wm, tme1[ for successive m. For this it further suffices to establish the statement of the
lemma with integrals over [r,] replaced by integrals over [upm,t] and the term p! @ p?(¢,) replaced by
Gl @G ($u,).

If m = M, then q;m = 1 and the revised claim 1s clear from Definition 3.1. Assume m < M. If
q;m(s,xl,xz) = ngn(s) szl q;fn(xz) for QNSEH € C°(R4) and q;fn € C2(RY), then the revised claim in
this special case is clear from Definition 3.1 and It6’s lemma. A routine truncation argument (see, for
example, the proof of Proposition 5.1.1 of [18]) shows that the revised claim is still valid for q;m of this
special product form, but with q;fn € C§°(R9). An application of Theorem 1.3.3 of [18] gives that the
subset of Cy(Ry x R29) consisting of the linear span of this latter class of functions is a core for the

generator of space—time Brownian motion, and hence the revised claim holds for all ¢ € D?.

d

Theorem 3.12 (a) The FFCLT L(G',G?) exists. For all ¢ € Cy(C) and u > 1

lim sup P [ sup |LE(GY, G?)(9) — Li(GY, GH)(9)| A 1] =0.
el0 (gr,G2eM(H! H?) [r<t<u

(b) Suppose that {(G-*, Gz’k)}keNU{oo} C M(H', H?) is such that P —a.s. for allt > 7 and i = 1,2,

limg oo G2 = G2 in Mp(C). Then for allt > 7 and ¢ € Cy(C),

lim P [ sup |Ls(GYF GPF)(¢) — LS(GLOO,GZ’OO)((/>)|] =0.

k— o0 <s<t

Proof. (a) We modify the proof of the M p(R%)—valued version appearing as Theorem 5.10 in [2]. For
¢ € bB(S?), write Ri¢ = fooo e"MP2¢ dt, A > 0 for the resolvent associated with P?. Standard
arguments show that if ¢ € bB(S?) and ¢ — P2¢(s, y1,y2) is right—continuous for each (s, y1,y2) € S?,
then R3¢ € D(A?) and A’R3¢ = AR3¢ — ¢. Given ¢ € Cy(C), set ¥(s,y1,y2) = pe(yi(s) —
Yo () ((y5 + ¥3)/2), € > 0, and put G i) = R3.. We may take A = 0 here if d = 3.

Apply Lemma 3.11 with ¢ = G\ ¢ and let € | 0 to prove that L(G', G?) exists and to derive a
Tanaka formula for it. The argument is a minor alteration of the proof of Theorem 5.10 of [2]. As in

the proof of that result, we conclude that for all ¢ € C3(C') and u > 7,

lim sup P [ sup |LS(GY, GH)(¢) — Li(GY, Gz)(qb)‘ A 1] =0.

€l0 (gr,G2Ye M(H' H?) <t<u

where

ri6ao) = | t / { [ pw5) = (o) G?(dyz)} 8((y1 + 92)/2) G(dyy) ds.
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Proceed as in Lemma 3.4 of [20] to replace L¢ by L¢.
(b) If € > 0, then, since G}* @ G2* — GL>° @ G%* for each s a.s., one has for ¢ as in the theorem

LI(GHF GP9Y(¢) — LGV, G2)(¢),  Vt>7T, as ask | oo
For 7 <s < t,
LG, G (6) — LE(GME, GH9)(6)] < N1glloa LY, HE)(1) — LECGHY, ()], Wk € NU o},
and so by Arzela—Ascoli we have

lim P [ sup |LS(GYE, G2 (@) — LE(GH>, G2%) ()| A 1] =0, Vt>r P-as.

k—o0

<s<t (3.10)
Part (a) shows that
lim sup P [sup |LE(GYE, G2RY () — Lo(GYF G2F)(9)] A 1] =0. (3.11)
€l0 peNUfoo} Lr<s<t

By first choosing € so that the expression in (3.11) is small and then using (3.10) we prove that

lim P [ sup |Ls(GYF GPF) () — Ly (GH™, G2%) ()| A 1] =0.

k—o0 T<s<t

Finally, we can drop the truncation by 1 as the rest of the integrand is bounded by 2||¢||eo L:(H, H?)(1) €
L? (the latter, for example, by Theorem 3.10(a)).

d

3.3 Continuity of PFCLT’s and Radon—Nikodym derivatives

Theorem 3.13 Assume {(GY*, G?*) 1 k € NU {oo}} C M(H!, H?), th’k ] th’oo and Gtz’k 1 Gtz’oo,
Yt > 1, as. ask — oo. Then

Ly, GPFY | iy, GY™), Yr <t <wu, HZ-aa y, Yu>rT, P-as.
and

ey, G2 1y, GP™), Yr<t<wu, Hl-aa y, Yu>r, P-as.

Proof. By (3.1), Remark 3.8, and the obvious monotonicity of ££(y, GZ*) in k, if £5°(y,w) is defined to
be limg_ o (¢:(y, G**)(w), if the limit exists, and 0, otherwise, then

Ly, G2 1 6°(y), Vr<t<wu, Hiaa y, Yu>T1, P-as.
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Equation (3.1) and Remark 3.8 also show that
Ly, GPFY — 0, (y, GPF) < Uiy, GP®) = £, (y, GP) ¥r <s<t<u H2aa y Yu>Tas.
These observations imply that £°° also satisfies

02 (y) — 6°(y) < by, GZ’OO) — 4 (y, GZ’OO), Vr <s<t<u, Hg—a.a. y, Yu>rT, as.
(3.12)

Theorem 3.10(b) shows that if 7" > 7 is a bounded (H;);>,—stopping time then

P | [ orw.67) — 00,67 B )| =B L2, G2)0) = Lr(ar' G241
— 0 as k — oo (by Theorem 3.12(b).
This shows that {r(y, G>>) = (5 (y) for H}-a.e. y, P-a.s. and so, by the section theorem,
Cu(y,G*®) = £ (y), Hl-aa. y, Yu>r7, P-as.
This, together with (3.12), shows that
iy, GP°) = 6°(y), Y1 <t<wu, Hi-ae y, Yu>r1, P-as.

A similar argument for £;(y, G1*) completes the proof.

Lemma 3.14 Assume ((NJ?)QT is an optional Mp(C)-valued process such that Gtz < HZVt> 1 and
the PFCLT, {(y, éz), for H' with respect to G? exists. There exists an (ﬂt)tZTfpredictable function
A, 00[xC x @ — [0, 1] such that for all bounded (ﬂt)tZTfpredictable functions ¢ and for all bounded
(Hi)i>-—stopping times T' > 7, we have

]]MMM@wmwﬂ%:]]ammm%@m@¥%s
7,7 7,7

Proof. Observe that for each bounded (H;)¢>,—stopping times 7" > 7 that for @gl - a.e. (y,w) the
measure df,(y, Gz)(w) restricted to |7, T'(w)] is dominated by the measure dfs(y, H?)(w) restricted to
17, T'(w)]. Therefore, if we set

Nl » .-
A(Say)(w) — limsup Es(y’G ) Es_k (yaG )

AT,
k—o0 Es(ya HZ) - Es—k_l(y’ HZ)
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then A is (ﬂt)tZTfpredictable and for any bounded Borel function f on |7, oo[

F()A(s, y)dly (y, H?) = (s)dly(y,G?), DPH —as.
17,71 17,71

It follows that if ¢ is of the form ¢(s,y,w) = 31 _; & (¥, W) Luy v,(s) With 7 <uy <y < oouy <oy
and & € b(ﬂuk), then

o(s,Y)A(s, y)dls(y, H?) = o(s,y)dls(y, G?)
17,71 17,71

@gl—a.s., and the result in general follows by a monotone class argument.

3.4 Smoothness of FFCLT’s

Lemma 3.15 There s a (H;)i»>- —predictable, Mp(C)-valued process (Kt(Gl,Gz))tZT such that
L(G, G*)(A x B) :/ K(G*, G*)(B) dt
A

for all A € B([r,>[) and B € C.

Proof. The proof is standard once one establishes that P-a.s. the measure A — L(H' H?)(A x C) is
absolutely continuous with respect to Lebesgue measure. This, however, follows from Corollary 4.5 of
[19].

O

Lemma 3.16 (a) P-a.s. for allt > 7 the random measure L(G',G?) @ G} assigns no mass to the set

{((s1,31),2) : T<s1 <t,y1 =95}

(b) P-a.s. the random measure L(G*, G?) @ L(GY, G?) assigns no mass to the set

{((s1,91),(s2,92)) : 7 <51 <2, h =y5'}.

Proof. Since G* < H' i = 1,2, it suffices in both parts to consider the special case (G, G?) = (H*, H?).
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(a) Let (K;(H', H?));>, be the process guaranteed by Lemma 3.15. For @ > 0 put

Ki{(H', H?), if K;(H', H*)(C) < a,

K¢ Hl,Hz — 3.13
i ) {0, otherwise. ( )
By (3.3),
t
J[ [t =y e myd) ds i e
t
2 [ [t = vy e a2y ) ds
t
= / // Wy = yo} HN(dyo) KE(H*, H?)(dy1) ds
=0
where = means that the two sides differ by a continuous martingale that is null at 7, and the last

equality follows because P-a.s. H} is diffuse for all ¢ > 7 by Proposition 4.1.8 of [9]. The leftmost
member is therefore P-a.s. 0 for all ¢ > 7. Letting ¢ — oo and applying monotone convergence
establishes the result.

b) Fix ¢ > 0 and put 7' = inf{t > 7 : L;(H', H?)(C) > a}. By Theorem 3.10(b) and part (a) we have

tAT soAT
[T [t =y e iy as,an) s 1) dss. )
Tm t/\; soAT
217 [t =gy £ 1)) e, 1)) (e
=0

Letting @ — oo and applying monotone convergence establishes the result.

4 Driving processes

4.1 Marked historical Brownian motion

As explained in Section 1, the “driving process” in our strong equation approach to building a solution of
]\/473;1(7', pt, p?) will be, in essence, a pair of independent historical Brownian motions (H!, H?) in which
each path in the support of H! is equipped with a number of R x [0, 1]-valued marks. Conditional on
(H', H?), the marks are laid down according to a Poisson process with intensity r;¢(y, H?) @ m, where
J = 3 —iand m is Lebesgue measure on [0, 1]. Moreover, the marks inherit the branching structure of

(H', H?).
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As a first step in construction such a marked pair, we consider the simpler problem of marking a
single historical process, where each path is marked according to a Poisson with intensity ¢(y,v) ® m
for some deterministic v.

Recall from Section 2 that under @Q*%, W = (T, By) is a space-time Brownian motion and B(t) =
By(t — T(0)) for t > T(0) is a Brownian motion starting at x at time s. Fix v in Qx5[0, co[ and let
L +(y,v) = (y,v) be as in Theorem 2.2(b), where we have chosen g € C} satisfying v € Q% ¢[7, oo[
and then an appropriate version of £ given by (2.3). We write {;(y, v)(dt) for the obvious measure on
B([s, o0[) where y is a (possibly stopped) Brownian path starting at time s. Dependence on s will be
supressed if there is no ambiguity.

An argument very similar to the proof of Proposition 4.2 of [20] shows that
(t; (5,2, 2); (ds', da’, d2")) — Q5" (W, € (ds', dz’)
s {exP(—Lara (B, 1)6 (A=) + (1 = exp(—C, g (B,v)mld='))

is a time-homogeneous Feller transition function on Ry x R4 x [0,1]. Let (T, Bg, F') be a Feller process
with this transition function and write R$%% (s, z,2) € Ry x R4 x [0, 1], for the corresponding family
of laws on D(R4, Ry x R x [0,1]). Thus, under R:®7 the pair (T, By) evolves just as under Q.
Conditional on (T, By), the process F is a jump—hold process that makes jumps at rate £,(B,v)(s+dt)
at time ¢. The successive places to which F' moves when making such jumps are i.1.d. with common

distribution m.

Definition 4.1 Let My denote the set of measures, n, on R4 x [0, 1] with the following properties:
(i) n(A) € NU {oo} for all A € B(R; x [0,1]);

(ii) n([0, 4] x [0,1]) < oo, for all k € IV;

(iii) n({t} x[0,1]) € {0,1}, for all ¢ > 0.

Note that if we equip My with the trace of the vague topology on locally finite measures on Ry x [0, 1],
then it becomes a metrisable Lusin space. For n € My and ¢ > 0 put n* = n(-N[0,¢])

We will use the construction in Appendix A (with L=0) in the following setting. Put E# = C'x My,
St ={(t,yn) eRy x E¥ : (y',n") = (y,n)}, EF ={(y,n) € E* : (y',n") = (y,n)}

and

OF = {w € O(By, (F#)7) : ot (w) < o0, f#(w) = oo},
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where
o (w) = inf{t : w(t) # 0}
and

(W) = inf{t > a* () w(t) & BF).
Let F# be the trace of the universally measurable subsets of C(R, (E#)d) on Q#.

If (s,y,n) € S#* and (w,n) € C' x My satisfies w(0) = y(s) let ((y,n)/s/(w,n)) = (¥',n’), where

if u <s,

oy — Sy,
yiu) = {w(u —s), ifu>s,
and
W(A) = n(AN[0,0) + (A [5, 0] — 5).
For ¢ > 0 define (y,n)" = (y*, n') and

0, if t < s,

a(s, (y,n), (w,n)(t) = {((y’ n)/s/(w,ﬁ))ta ift > s.

Let N : D(R4,[0,1]) — My be given by

N(f):{o’ . ifcard{.SSt3f(5)¢f(5—)}:oofor some t > 0,
> Ab(s,s(s)) : f(5) — f(s—) # 0}, otherwise.

For (s,y,n) € S#, define a probability measure P5¥" on (Q# F#) by setting
PyUT(A) = RyYCIOd(s, (y,n), (B, N(F))) € A).

Write Wy, ¢ > 0, for the coordinate variables on Q#. If w € Q# is such that Wt(w) € C' x My,
put (Bt(w),Nt(w)) = Wt(w). Otherwise, set Bt(w) = Nt(w) =0 = Wt(w). Let f[ﬁtﬂ denote the
universal completion of [, O'{W,« cs <t <t+nt)for0 < s <t Itis not hard to see by an
argument similar to the proof of Theorem 2.2.1 of [9] that, in the nomenclature of Appendix appA,
W= (Q# F#, f[ﬁtﬂ’ Wa, P;¥"™) is the canonical realisation of an inhomogeneous Hunt process (THP)
with cadlag paths in Ef C E#.

Define Mp(C' x My )! as the set of those p in Mp(C' x My) for which (y,n)" = (y, n) mu-a.e. and,
in the notation of Appendix A (with E replaced by E#, S° replaced by S#, and so on), set

S = {(t,ﬁ) S R+ X MF(C X M#) Z/fL S MF(C X M#)t}
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and

Q' ={weCRL,MP(C xMg)): o'(w) < o0, f(w) =},

where
o (w) =inf{t :w(t) #A} (infh = o0)
and
Fw) = nt{t > al(w) : (6,(t) € 5.
Let F', j:[/s,t+] and F| = Fjo4] be o-fields defined on ' as in Appendix A. Following Theorem

Al given (1, 1) € &, let @;’ﬂ denote the probability measure on (£, F') that is the law of the W
superprocess (with zero immigration) starting at (7, ). Write H, for the coordinate maps on €.
Let M, be the orthogonal martingale measure constructed from the martingales appearing in the
semimartingale description of H under @Z’ﬂ.

On €' x My, let D denote the Borel o-field and let (ﬁt) denote the o-field generated by the map
(y,n) — (y',n"). Set Fy =Dy x F!, and write F} for the universal completion of F;.

For the next three results we fix (r, i) € 5.

Lemma 4.2 Suppose that u > 7 and ¢ € bD,. Put Z; = 1{t > u}(fvft(qf)) - ﬁu(¢)), t > 1. Then

(Zt)i>7 1s a continuous (F{)i>, —martingale under Qz’ﬂ. In fact, Qz’ﬂ-a.s. for allt > 1,

7 = / 1{s > u}o(y,n) d]\Z,,(s,y, n).

Proof. We have ¢(y,n) = ¢(y*, n*) by the same argument as Theorem IV.96.c of [11]. Define =
bB(S#) by

~ ,n) = “on"), if s > u,
Bs,ym) = { P07 =AW .
0, otherwise.

Then q/; is finely continuous for the space—time process associated with W. As we remark in Appendix
A (just before Theorem A.1), we can use the resolvent for the space—time process associated with W to
write ¢ as the bounded—pointwise limit of a sequence of functions {#*}ren such that the pair (¢F, ¥*)

belongs to the weak generator considered in Appendix A for some ¥*. Moreover, it is clear from this
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construction that 4* (s, y,n) = 0 for s > u. Thus @Z’ﬂ—a.s. forall t > 7,

Zy = lilgnl{t > ub(Hi(¢F) — Hu(oF))

5

t
= lilgn/ 1{s > u}¢"(s,y,n) d]\Z,,(s, y,n) by Theorem A.3

:/ 1{5 Z u}(/)(y, 77,) dMI/(S’y’ 77,)

T

Definition 4.3 For ¢ > 0 define a continuous, Mp(C x My ))-valued process (Lf(fv], v))i>7 by setting

-/ g ([ putu6) = 21 82) ) ot m) ) .

Using the same nomenclature as in Section 3 for a similar concept, we say that H and v have a field—
field collision local time (L(FI, v))i>rif (L(FI, v))i>7 is a predictable, continuous, Mp(C x My )-valued

process such that
ln L5 (11,0)(8) = L(IT, 1)(9)

in probability for all ¢ > 7 and all bounded continuous functions ¢ on C'x Mg. In this case there is an
almost surely unique Borel random measure on |7, 00[xC' x My that we will also denote by L(FI, v)

such that L(H,v)(]s,t] x A) = Ly(H,v)(A) — Ly(H,v)(A) for r < s < t.

Theorem 4.4 Under Q7% the collision local time, L(ﬁ],y), exists and in fact
lim Q7 * [ sup |L{(H,v)(¢)— Lt(ﬁl,y)(¢)|2] =0
€l0 T<t<uy

for all bounded, continuous ¢ : C'x Mg — R and u > 7. Ify(s,y,n,w) is a bounded (}A"t”‘)tZTfoptional

process, then

// (5,9, n){(y, v)(ds) H,(d(y, n //[/ (u,y,n f(y,V)(dU)]dMy(s,y,n)
+/T /'y(s,y, n)L(H ,v)(ds,dy, dn).

Each term is square—integrable and a.s. continuous, and the stochastic integral is a (F{)y>, —~martingale.

Proof. This is a minor modification of the proof of Theorem 3.10. One needs an analogue of Theorem

3.7 with v in place of the random G/ and this follows in the same way using Theorem 2.2 in place of
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Theorem 2.6.

Theorem 4.5 Suppose that ¢ € Dg with ¢ = %qb and £ : My — R s of the form &£(n) =
C(n(A1),...,n(Ag)) for some Ay,..., Ay € B(R4 x [0,1]) and bounded, continuous { : R* — R.
Then Qz’ﬂ-a.s. we have for allt > 1

[ ot D= [ o i)
+/T/¢(y)€(n)d (s,y,n //wy H,(d(y, n)) ds

[ oy POHEET 4 80) =€)} m(d2) LU, )y, m, 5)).

Proof. 1t follows from the definition of (B, ]V) that under each measure PS¥" the process qb(ét) -

f; (u, Bu) du, t > s, is a continuous martingale that is uniformly bounded on finite intervals and

g(Nf) - / {g(]vu— + 6u,z) - f(Nu_)} m(dZ) Es(ét, I/)(du), t>s
1s,t] /[0,1]

is a martingale with locally finite variation. By stochastic calculus,

i1s a martingale.
For k € N set

Ur(s,y) =1inf{t > s : 4, 4 (y,v) > k}.
Then,
qs(Bt/\Uk(s,Bt))g(Nt/\Uk(s,Bt))

tAUR(s,B¢) . . .
-/ G(B) {ENum +60) = €Num) b mld2) By o s ) (d0)
s [0,1]

t/\Uk(s,Bt) . .
—/ P, By)é(Ny_)du, t>s,
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is a bounded martingale. Note that the second term is a bounded, measurable function of (ét, ]Vt) It
follows from Theorem A.3 that under @;’ﬂ,

/fb(y(' AUk (7, y)E(- N[0, Ur(7, ) He(d(y, n)) = /¢(y)€(n)ﬁ(d(y, n))

+f
; / e / [¢<y>£<n>— / s e ) = ()

x m(dz) £:(y, V)(du)] d]\Z,,(s, y,n)

tAUR(s,y) ]
/ /[0 1]¢(ys) {&(n°™ +6,.) —&(n° )} m(dz) £ (y, y)(ds)] Hy(d(y,n))

+f [ .0t U ) 00, Ui ) ) s

Now apply Theorem 4.4 to the second term on the right hand side in the above and then let £ — oo
and use the square—integrability from this result to apply dominated convergence and hence complete
the proof.

O

4.2 Construction of the driving process

Abusing the o', 5’ notation slightly, define Qf; as €' but with C' in place of C'x M. Similarly, define
(}"tH)tZO as the universal completion of the canonical right—continuous filtration on Qf;, and let H be
the canonical coordinate process on €%. We remark that the definition of Qf; is very similar to that of
Q- in Section 1. The difference is that we do not require that the paths on Q/; take values in Mpg(C)
after the birth time o/. We may, and shall, consider the law Q™# of historical Brownian motion as a
law on Qf; (as well as Qg[7, 0o[) by setting o’ = 7, Q7 *-a.s.

Let 7 : Mp(C x Myg) — Mp(C) and II : ' — Qf be the natural projection maps. It is clear
from the original definition that the law of H(FI) under @;"j is the law Q74 of historical Brownian
motion started at (7, w(f)).

As in Proposition 4.3 of [20], for each 4 € F’ the map (7', i/, v) — QZi’ﬁI(A) is Borel from 5 to IR.

T=Q,FE=Q, and 7 =1I,

to obtain a jointly measurable version of the conditional probabilities (7, i, v, h) — Q;”j( | T = h).
Write this version simply as Q74(- | ).

Let (ﬁl,ﬁz) be the coordinate processes on Q' x ', let (F}');>0 be the universal completion

Now apply Proposition C.1 of Appendix C with S = S’ x Qxg[r, oo,

of the canonical right—continuous filtration on this product space, and let (H*, H?) be the coordinate
processes on 2 x Q. We suppose for the rest of this section that 7 > 0, jit, i € Mp(C x My )™ with
pt = 7(i@t) € Mpg(C)T and ry, 73 > 0 are fixed parameters. Dependence on (ry,73) will be suppressed
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in our notation. Then Q7* o, ~* is the law of a super-Brownian motion and so, by Proposition 4.7 of
[20], Q7 {h :, (h) € Qxs[r, 00[} = 1. Therefore, we may define a Borel probability measure Pt i
on ' x ' by setting

B () = [ Q7 1Y) © BT 1] ()10 & Q7 (b, ),
where , (h%); =, (h%), for t € [0, 7]. Observe that
PrALE o (L)~ = Q7 @ QT

We need to define a suitable notion of a field—field collision local time for the pair (fvfl, FIZ)

Definition 4.6 For € > 0 define a continuous Mp(C x M4 )-valued process (Lf(fv]l, E[Z))tZT by setting

L (0) = [ t / ( [ petwn () = (o)) 2 n2>>) 6(y1, m1) L (d(y1, n1)) d.

We say that H* and H? have a field—field collision local time (Lt(fv]l, f;{2))t27 if (Lt(fv]l, j;[2))t27_ is a
predictable Mp(C x My )-valued process with almost surely continuous sample paths such that

lilIgL?(ffl, *)(¢) = Ly(IT*, 11°)(6)
in probability for all £ > 7 and all bounded continuous functions ¢ on C' x M.

In Theorem 4.8 below we will establish a semimartingale decomposition for (lffl, Ffz) under Pt
and show that the martingales appearing in that decomposition extend to orthogonal martingale mea-

sures defined on the following class of integrands.

Definition 4.7 A (Dt X F{')¢>-—predictable process (7(s,y,n))s>~ is T-admissible (or just admissible
if there is no ambiguity) if

¢
/ /'y(s, y,n)? (H! + H2)(dy, dn)ds < 0o, ¥t >, prALE g,

Theorem 4.8 Under PT#5E there exist orthogonal martingale measures M and M? defined on ad-

maisstble integrands such that

<// (5,9, m) M (5, .1 > // s,u,m)” Hi(d(y, m)) ds
</T./7(1>(5,y,n)dl\v41(s,y,n)’/7'/7(2)(5,y,n)d1\22(5’y’n)>t:0.
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Suppose that ¢ € Dg with 1 = %qb, and & : My — R is of the form £(n) = ((n(41),... ,n(A4,)) for
some Ay, ..., Ag € B(R4 x [0,1]) and bounded continuous, ( : R* —R. Then L(fv]i, fvﬂ)(z # J) exists

[ etwretn) it m)
= [ stwen et + [ t [ oot it (s, / [ (s, vt 7w ) s

+m'/T //[Oyl]fé(y){&(ns‘+6s,z)—€(ns )b m(dz) L(HY Y )(d(s, y, n)),

where the stochastic integral is a continuous, square—integrable martingale. In particular, H(fvfl) and
(o

H(fv[z) are independent historical Brownian motions on (Q’z,f’z,(}"{’)tZT pr#h ). Moreover if [ :
C x My — R is bounded and continuous then

sup |LS(HY, B2)(f) = Lo(HY, HD(F) = 0 in L2(BTAE)  yu > 7.

First we need some preliminary results.

Lemma 4.9 Suppose that it € Mp(C x My)", p = n(ft), v € Qxglr,00[, and A € F| for some
s>T.

(a) QpH(A) = QZ%“(A
(b) QZ’ﬂ(A | h) = (A | h)  for Q7 -a.e. h.

~—

Proof. (a) This is an easy exercise using the the associated non-linear equation (A.1) for the log-Laplace
transform and the fact that Plfl’y’” = P,f;’y’n on the o-field generated by the maps (y,n) — (y*,n') for
s <t <s.

(b) Suppose that By € F¥ and By € o({H; : t > s}). Put B = By N By. Then, by part (i) and the

Markov property of FI,

/@T“ A | h)1p(h)Q7*(dh) :/Q HA | R)1p(h) Q¥ o 111 (dh)
o)



reversing the above steps. A monotone class argument shows that the equality of the two extreme
members of the preceeding chain extends to all B € FX.
O

Lemma 4.10 For 6" : R, x C' x My — R of the form 0%(t,y,n) = 1{t > ui}éi(y, n) where u' > 1 and
= lﬂiu,, set

N (07) = 1t > '} [0 — 1567

Then {]\vﬂ(ﬁi)}tZT is a continuous (F{');>-—martingale under DT AENE with quadratic variation
'
(T ) = [ ) ds

(M*Y(6"Y), M*(6%)); = 0.

Moreover,

Proof. Consider 7 < s <t and U? € bF! for i = 1,2. We have
= Q" @ Q™ QT gy (16T — MO | Y] O] Ml) vy | i)

=07 @@ QT ey [(BHOY) = ML) | B QT . (U207 | 1]

(AL (01 = AL (0) U (YU (1))

(
(
= QT,ul ®Qr,u [QT,MI ® QT,W |:v 1:7([%1[2) [(Mtl(gl) _ Msl(gl))Ul(ﬁl) | H1:| |}~§I « }-g:|
(

where the second inequality follows from Lemma 4.9.
Suppose that g € FZ x FZ A monotone class argument starting with g of the form g(h!, h%) =
g(ht)g(h?) shows that

Qe QT [g(H! ) | FI < FEL (0% = @7 [g(H 0% | FT (01
for QT’“I ® QT’“2—a.e. (h', h?). We may therefore continue the last chain of inequalities to get
0 o0 |0 Oy, [0 = Ny | ] FE] O R | 1]
It therefore certainly suffices to show that if j € Mp(C' x My)™, u = 7(ft), and

B(0) = 1{t > ') |5 - B ()]
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then
Qr (G (et - sty iy | 1] | FE] =0

Q7H-a.s.
Write {GF} for the filtration on ' generated by the process I(H). Recall that for each v €
Qxg[r, oo, QTH = Q;Jj oII71; and, in fact, for « € bFH 3 € bFH,

Q[ [a() | FH] p(m)] = OpF (G [aqui) 62| s
It therefore further suffices to show that
Oy Q7 [t (0") = st (" )u () | ()] 61| =0 (1.1)
Qm#-a.s. Now the left-hand side in (4.1) is just
Ot [(ate"y - (oMU 162

which is 0, Q;’ﬂ—a.s. from Lemma 4.2 and the fact that GZ C F!. This completes the proof that
Ml(ﬁl) (and, similarly, MZ(HZ)) is a martingale.

The claim regarding quadratic variations is immediate from Lemma 4.2, Fubini’s theorem, and
the construction of P7#%H’ (keeping in mind, of course, the fact that the quadratic variation can be
obtained by an almost sure sample path construction).

It remains to establish the claim regarding covariations. Given what we have already established,

it suffices to show that, with U', U'? defined as above,

v

Pt i’ [(Mt1(91) _ NTH(6Y))(M2(6?) — Msz(gz))Ul(ﬁl)UZ(Hz)]
— Q' @ g [QZ;‘%EH2> [t (o) — 3t} @ v (i) | ]
< Qo [0 — atz 0y | ]|
=0.

This will follow from (4.1) if we can show that

“

Ot [(W2(6%) — SO )UP?) | B?| = QL [(V2(67) = N6 U2 () | 12

Q™ @ Q™+ as.
By Fubini’s theorem and a monotone class argument, it therefore suffices to show for all v €
Qxs[r,00] and B € FH that

D7 [(N1(6%) — B1,(6°) U ()L ()| = Q3 [(31,(6%) — L (9)U ()15 (1(1D))]
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. From the definition of Mt(ﬁz) (and by considering s < u’ and s > u’ separately), it suffices in turn
to show that for v > u > 7, fe bﬁu, U €bF!, and C € FH of the form C = C; N Cy with C; € FH
and Cs € o({H; : t > u}) that

) w 2

D (L (8) = Ho () 1oy (UU)| = O [(H,(8) - Ho ()10, ()]
It is clear from the definition of W that for » > 7, P7¥™ and P¥"™ agree on o({B; : t > 7}). Using
the Markov property, it 1s straightforward to derive an integral equation that characterises the joint

log Laplace transform of (fv]v(é),Hh(d)l), cooy He () for 7 <ty <000 <ty and ¢y, ..., ¢y € BC
that generalises (A.1) in Appendix A (cf. Theorem 1.2 of [14]). Tt is clear from this equation that the

transforms are equal under Q;"f and @Z’ff, and this leads to the equality we require.
O
Proof of Theorem 4.8 Suppose now that ¢ : R4 x €' x My — R is of the form
0(t,y,n) = L{us <t < v1}01(y,n) + ... 1{ue <t <vedbe(y, n) + 1{t > uep1}0oq1(y, n)
forup < <ws < ... < v < upyq and = lﬂsuk, k=1,...,£4+ 1. We will call such a function a

simple predictable function. We can define ]\ZZ(G) and Mt(ﬁ) by extending the definitions above via

linearity.
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Using the extension procedure in Section 2 of [32], we can construct two orthogonal martingale

- - <2 . . .. .. .
measures M1 and M? under PT#"#° with the stated quadratic variation and covariation properties

such that, for admissible 8,
t (VI
= / / 0(t,y,n)dM*(s,y,n)

is a continuous (F{')-local martingale and is a square—integrable martingale if (]\ZZ(H))t is integrable
for all ¢.

More precisely if 8 is a B([r, oo[) x Do —measurable function such that

t
oAt A [/ /H(S,y, n)2 ﬁi(d(y, n)) ds] < 0,

Vt > 7. We can find a sequence {}32 of simple (ﬁt)tZTfpredictable functions such that

k
lim B7AbA° [/ /[ek(s,y, n) —0(s,y,n)]” H(d(y, n))ds] <27,

k—o0

(cf. the proof of Theorem 4.7 in [21]). Then,

lim sup{//@kuy, dMuy, //uy, dM(uy,)}:O,
k—oo s <5<k

both P74 _as. and in L. By construction of @T’ﬂl’rf, it follows from Borel-Cantelli that for

Q™ * - ae. h? (say for h? not in N)

i | [ [ 0o ity my as] < .

Yt > 7, and
TIF(hQ) l/ / [0r(s,y,n) —0(s,y, n)]2 fv];(d(y, n)) ds] < 27F for k > ko(h?), (4.2)

w 1 w
Consequently, for A% not in N, for Q:ﬁi(w)— a.a. HT,

lim sup vtl(ﬁk)—]\%(fvfl)‘ =0
k—oo r<i<y

for some continuous, square-integrable process M on (£, F’) and so

MNO) = M,(HY),  Vt>7 PR 4 (4.3)
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On the other hand, by Lemma 4.2, under @:;{i(w) (by enlarging N we may assume , (h?) € Qxg[r, 00|
when it is extended as a constant function on [0, 7]), we may also use the same extension procedure to

define an orthogonal martingale measure, M}IF(hQ)(ds, dy, dn). Equation (4.2) shows that

1

sup M (6) = (M}, pna)e(0)| = 0, Qe -as.
7<t<k

and so by (4.3),

v

M(ITY) = (M pgy ) (0), V7 <t <oo, QU ,eaa Y VA € N. (4.4)

r

If we apply these observations (notably (4.3) and (4.4)) to the function 8(¢,y,n) = ¢(y)(n) (¢ and

¢ as in the statement of the Theorem) we get from Theorem 4.5 that P74 4" a s,
[ [ st it s,
= [ [ it g o,
= [t it ) ~ [ st ity — [ [ s, 0o 2ty as
] e ) = ) ) L el )

A similar result holds if we interchange the roles of H'! and H?.

Theorem 4.4 implies Yu > 7 and ¢ bounded and continuous on C' x My for Q”ﬁ—a.a. h?,

LECHY e, (R)(6) = LT v, (02)(0)] ] = 0. (45)

1
limQ7T% [su
€l0 erF(h2) TStEU

The expression inside the limit is bounded by
PR e [ESCTE B2 4+ L(H, B2)(17]
which is uniformly integrable (in the parameter €) under Q™#" by Theorem 3.10(a). Therefore we can
integrate (4.5) with respect to Q™ and conclude that
VN . 2
sup riLi(HY H?)(¢) — L(H, V)|u:r1F(H2>(¢)‘

— 0 in LA(BHELEY),

The result follows.
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4.3 Path properties and stochastic calculus for the driving process

Lemma 4.11 Almost surely under PTH5E | for all t > 7, ﬁ];({(y, n):n'#n'"})=0.

Proof. Fixu > 7. ForpeNlet r = < ... < tK(p
&(n) = 1{n(J¢f_,,t]1x[0,1]) > 0}. By writing the indicator function of ]0, oo as a bounded—pointwise

)y =u be such that lim, supy ¢f — % | = 0. Put

limit of continuous functions, we can conclude from Theorem 4.8 that

St el ) [ o it )

k

=S 1 el B / €0 (n) i (d(y, m))
%
t (VI
—1—/ /fi(n)dMZ(s,y,n)
oy O 8 L)) () LTl ) |
By construction, PT# 4 a5, for all ¢ > 7, for Hi-ae. (y,n) we have (y,n) = (y',n"). Thus
S 1t el V) [ R0 ) 0.1 > 0) (. )
- rtrel, i }/ // (€0 (0™ +80.2) — €0 (n*™)} m(d=) LG, T (d(s, y, )
Kot 0.1] (4.6)
:Zl{t S }/ / {n(tk_,, s x [0,1]) > 0} dM'(s,y,n).
k k—1ot
Let us first observe that, upon taking expectations of both sides in this equality and then letting

p — oo, we can conclude from the continuity of L(fvfi, FI]) and dominated convergence that ﬁf({(y, n):
n' #n'"}) = 0 almost surely for a fixed ¢ € [r, u].
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Now, by Doob’s L? maximal inequality, we have

Prata | ey 1{t €t _ 4]} 1{n(]t}; _,,s] x [0, 1]) > 0} dM(s, ,n)}
(S, i y
< EE | V{2, % [0,1]) > 0) diT'(s, ,n>}
Zk: : {/t Lt / - !

ty_ <t<ty

42@77/11,/12
>~ o
k k-1t k

_ gt l /]] / Do EMLoy L0 ,0o] ¢ 01D > 0} iy ds]

— 0

/1{n k-1 8] < [0, ])>0}Ff§(d(y,n)d8]

as p — oo by Fubini’s theorem, the bounded convergence theorem, and what what we have concluded
above for a fixed time. We can again appeal to (4.6) and the continuity of L(fv]i, fvﬂ) to establish the

result.

d

Lemma 4.12 Suppose that b is bounded and (75 X F{')e>7—optional. Then, for i # j,

//: b(s,y, n) Ly, 1 )(ds) H; //{/ (.9, E(y’Hj)(du)} dM'(3,3.m)

t
b [ b L s, ez B s

Proof. Proceed by making minor changes in the proof of Theorem 3.10(b). Recall from Remark 3.9
that Lemma 4.10 leads to the e-version of the result (that is, the analogue of (3.6)). Note that the
known existence of L(fvfi, FI]) greatly simplifies the proof.

O

The following result can be proved along the same lines as Lemma 4.1 of [21].

Lemma 4.13 Let {(U})i>;)52, be a sequence of continuous (F|');>,—martingales under DT ALE such

that
t (VAN
Utk:/ /gk(s,y,n)dMZ(s,y,n)
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or an admissible stochastic integrand g*. If {UFY® . converges in LYPTAEY) for each t > , then
g ) t Jk=1 q = iy
the limit process has a continuous version (U )y>, which is a continuous (F{');>r —martingale under

Pt Moreover, there exists an admissible stochastic integrand ¢°° such that
t YIS
Jim [ 19 s, om) = % o) ) ds = 0
,
in PR -probability for allt > 7, and

t
Ug :/ /goo(s,y,n)dMZ(s,y,n).

In particular, of g is such that

k—o0

lim 7" [/ /ng(s,y, n) —g(s,y,n)| ALH(d(y,n))ds| = 0,
t
then
t (VAN
U :/ /g(s,y,n)dMZ(s,y,n).

Define n!(ds, dz) = n(ds,dz) — ril(y, H)(ds) @ m(dz) (i # j). The following result is analogous to
Lemma 4.3 of [21].

Lemma 4.14 Let f be bounded and (Dy x B([0,1]) x Fl' )i —predictable.
(a) Then PTH" A _q s,

/{/]T,t]x | f(S,y,n,z)n(ds,dz)} Hi(d(y, n))

[0,1]
o ] TG 2y LGl )

= /t/{/ flu,y,n, z) n(du,dz)} d]\vf(s,y, n)
T 17,s]1x[0,1]

for allt > 7 and both sides are continuous (F}');>-—martingales.
(b) Then PrANE g5,

/{/]T,tx | f(s,y,n,2) ﬁi(ds,dz)} Hi(d(y,n))

1x[0,1]
t . (VI

= /{/ flu,y,n, z) hl(du,dz)} dM*(s,y,n)
T 17,51x[0,1]

for allt > 7 and both sides are continuous (F/');>-—martingales.
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(c) If T > 7 is a bounded (F{')y>,—stopping time, then

(t,y,n, R 712) — f(s,y,n,z, R 712) n'(ds,dz), t > T,
17,tAT (At h2)]x[0,1]

15 a (ﬁt X F{)e>7—martingale under the normalised Campbell measure ]@TFP.

Proof. a) Observe from Theorem 4.8 and Theorem 3.12(a) that for £ > 0

[t < 0. ) A Gt )| < B [ i)
= Q™ @ Q" [L(H' H)(1)]
< 0.

By monotone convergence,
| [ n0m < 0.1) ity )] < o
Suppose first that f(s,y,n, z, R, 712) =g(s,y,n, z) with

g(s,y,m,2) = 13y w1(5)" (1) (n(A1), ..., n(Ay))1B(2),

where 7 < v < w < 00, ¢* € Dy is of the form ®*(y(t1),...,y(ts)) with 7 < t; < ... <ty < w
and ®* € CP(R), Ay,..., 4, € B([0,v[x[0,1]), ¢* : R® — R is bounded and continuous, and
B € B([0,1]).

Now P7A"H _a 5. we have for all ¢ > 7 that (y',n') = (y,n) for fv[f—a.e. (y,n), and therefore that

/ f(s,y,n,z)n(ds,dz) = / f(s,y,n,z)n(ds,dz)
17,¢1x[0,1]

]7,00[x[0,1]

= n(Jv,w] x B)¢"(y)¢"(n(A1), ..., n(Ap))

fv[f—a.e. (y,n). The claim follows for f of this special form by first applying Theorem 4.8 with ¢(y) =
¢*(y) and £(n) = (n(Jv, w] X BYAR)C*(n(A71), ... ,n(Ap)), then letting & — oo and applying dominated
convergence and Lemma 4.13.

The claim now clearly holds for f(s,y,n, z, Rt 712) =g(s,y,n, z)'y(/vzl , 712), where ¢ is as above and ¥
is bounded and (\/
«’iT,s]x[O,l] g(u,y,n, z)'y(711, 712) n(du, dz) is an admissible stochastic integrand and that

t
/ /{/ g(u,y,n,z)'yn(du,dz)} dl\zi(s,y, n)
T 17,s]1x[0,1]
t .
:7/ /{/ g(u,y,n, z) n(du,dz)} dM*(s,y,n),
T 17,s]1x[0,1]
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F)-measurable. (The only thing that requires checking is that (s, y, n, Rt 712) —
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but this is so because g(u,y,n,z) =0 for u < v.) A monotone class argument, dominated convergence

and Lemma 4.13 establish the result for general f.
b) This is clear from part (a) and Lemma 4.12.

¢) Suppose that 7 < u < t, £ is bounded and ﬁu—measurable, and v is bounded and F;/-measurable.
Then

]P)gl l/ f(s,y,n,z) hi(ds,dz)ﬁ'y] ﬁl(l)
JuAT tAT]Xx[0,1]

_ ot /{/ F(s,y,m,2)€(y, n) ﬁi(ds,dZ)} i (d(y, ”))’V]
i JuAT, tAT]x[0,1]
_ it /{/ F(s,y,m, 2) qunr eary(5)6(y, n) ﬁi(ds,dZ)} 1(d(y, ”))V]
I 17, T1x[0,1]
— bt A /{/] . ]f(s,y,n,z)l]uAT,mT](S)f(y, n) ﬁi(dS,dZ)} Hi(d(y, ”))’Y] =0,
7,u]x[0,1

where part (b) is used in the next to last equality. A monotone class argument completes the proof.

d

It is straightforward to use Theorem 4.8 in the proof of Theorem 2.6 (K3) in [31] to show that for
any (F{')¢>,—stopping time 7' > 7 the process Bt(y, n, ht, 712) =y(t)—y(r),t>r isa (Dt X F{ )isr—
Brownian motion stopped at 7' under @Tﬁl. Given a (Dt x Fi')i>,—predictable R%valued process
n such that f:f||77(5,y, n)||2ﬁ§(d(y, n))ds < oo PrAhiA* a5, V¢ > 7, then, as in Theorem 3.11 of
[30], one may construct a (Dt x F{')¢>7—predictable R—valued process Ivl(n) such that for all bounded
(F{")i>-—stopping times 7' > 7,

¢
It AT(RY h?),y,n, B h?) = / (s, y,n, bt h?) - dy(s)
@Tﬂl—a.s. The process Ivl(n) is unique up to Hi-evanescent sets (where the latter are defined as

for H'-evanescent sets). With a slight abuse of notation, we will write Ivi(n)(t,y,n,/vzl,/vzz) as
[in(s,y,n, hY R?) - dy(s).

Lemma 4.15 Suppose that ¢ € Dgp with A¢p = . Put O(t,y) = é(t,y) — (1, y) — f: P(s,y)ds. Let
T be a (Dt X F{')e>7—stopping time. Then

[ oenttm widw ) = [ [ @A Tln).0) i s, m)

forallt > 1, P i g .
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Proof. Applying 1t0’s lemma and the section theorem, we see that there 1s a bounded (Dt X F Vizr—
predictable R%valued process n such that

vl w2

(s AT(y,n),y) = / n(u,y,n) - dy(u) for 7 < s < t, fvff—a.a. (y,n) ,Vt >, PR g s,

As in Theorem 3.17 of [30] we have that

i o) - doto) ) = [ t i D,y ) - dy(u) dT (s, g, n)

[
for all ¢ > 7, P™# #"-a.s. and we are done.

5 A strong equation for competing species

In this section we build a solution (f]l, Hz) of the martingale problem ]\/473;1(7', pt, p?) as the unique
solution of a strong equation driven by a pair of marked historical Brownian motions of the type
constructed in Section 4, thereby validating the intuition set out in Section 1. Throughout this section
we take r; > 0, 7 > 0 and p' € Mps(C)7, i = 1,2. Recall from Section 1 that S denotes the set of all
such (1, put, p?). Set ji* = ' @ & on D=Cx My, i=1,2.

The strong equation will be driven by a pair of continuous, adapted M%(D)fvalued stochastic
processes, (lffl, ﬁ]z), with law P75 defined on a filtered probability space (Q, F,(Ft)i>0,P) with
(ft)tzo right—continuous and the o-field F universally complete. As before the r; are implicit in the
definition of P™#A" but dependence on r; is suppressed. We assume that the stochastic integrals in
the semimartingale decompostion in Theorem 4.8 are (F;);>g—martingales. For example, this is true
if 7y = Hy, where (Ht)tzo is the right—continuous filtration generated by (lffl,lffz). Therefore the
usual extension procedure shows that the associated martingale measures (Ml, ]\~42) may be defined
with (F3)i>0 in place of (F{);>p. As in Theorem 4.8, (H', H?) = (H(ﬁl),ﬂ(ﬁz)) defines a pair
of independent (F;)-historical Brownian motions starting at (u!, u?) and with associated martingale
measures (M1, M?). Let H, = D, x ‘H; and 7:{? = C, x H, be filtrations on D x Q and C x Q,

respectively.

Definition 5.1 We say that {(H}, H?)) : t > 0} is a solution of (SE) if the following conditions hold:
(i) H' is an (Ft)eso—predictable, M2 (C')—valued process such that Hf =A Vi<, i=1,2.

(ii) The PFCLT for H! with respect to Hi (i #£7), Uy, lffj)(dt), exists.

(iii) If A%(t,y) is the (ﬂtc)tzofpredictable Radon—-Nikodym derivative £(y, lfﬂ)(dt)/ﬁ(y, HI)(dt) (see
Lemma 3.14), J* :]7,00[xC x [0,1] x © — {0, 1} is defined by

]i(t,y,z,w) = 1{/\i(tay) > z}(w),
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and I' ;7 00[xC x My x Q — {0, 1} is given by

ﬂ(t,y,n,m:l{/ / m,y,Z)n(ds,dZ):o}(w),
17,¢[ J/[0,1]

then

Hf(qb) = /Ii (t,y,n)o(y) lfff(d(y, n)), Vt> 7, P-as. for each bounded measurable ¢ : C' — R.

Here is the main result of this section. Note that part (b) proves part (a) of Theorem 1.4. Recall

the notation Q from the Section 1.

Theorem 5.2 (a) There is a pathwise unique solution (f]l, Hz) of (SE). More precisely the uniqueness
means that if (G’l, GZ) also solves (SE) then Hi =G vt >0, P-as.

(b) The solution to (SE) is a.s. continuous on [T, 00[ (and therefore has paths in Q. x Q. } and satisfies
(MP)(r, ', %),

(¢) The law, PT’“I’“Q, of the solution is unique, that is, it depends only on (7, put, p?) (and (r1,rs2)) and
not the choice of (0, F,(Fi)i>0,P) or (lffl, ﬁ]z)

(d) For A € Fl. x FL, the map (7, p', p?) — prout’ (A) is Borel from S to .

Proof. We begin with the existence claim. Throughout this section ¢; denotes a function in Dgp and
Ui = A¢;, i = 1,2. Define HY? and ((f]l’k, f]z’k))zozl inductively as follows.
Put HY% = H'. For k = 1,2,... suppose that H1'° and ((Hl’h, Hz’h))fb;i have been defined and

are such that
H"(9) = / 1Mt y,n)d(y) Hi(d(y,n)), t > 7

for (ﬂt)tZTfpredictable functions 1" |7, co[x D x © — {0,1}. Assume also that for h < k — 1,

M) = HE1(0) = 0610 = [ HIP o) ds

T

13
—1—/7 /C(bl(s,y)L(f]l’h,ﬁz’h)(ds,dy)
13
= [ [ it 1wy it s )

and

Mtzyh(qj’?)

HEM(62(0)) = w2 (02(r)) = [ B (0a(5)) ds

t
+/T /Cq/)z(s,y)L(fIz’h,f]l’h_l)(ds,dy)
t
- / / Ga(s, ) I (5, y, m) (s, y, )
T D
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so that
o). = [ [ oo, R ) ds
and
(M (93), M7 (8))e = (M (63), M (6))e = 0 (i # j).

Therefore, the (H¢);>,—predictable process (HV*=! H**~1) is in M(H' H?), the PFCLT
Uy, f]l’k_l) is defined (Theorem 3.7), and we can choose AZ* to be the (ﬂt)tZTfpredictable version of

de(y, H-F=1) /de(y, H')
guaranteed by Lemma 3.14. Define J** 7, 0co[xC x [0,1] x @ — {0, 1} by
T2y, 2, w) = TR, y) > 2} w)

and I2F :]7, 00[x D x Q@ — {0,1} by

!t ynw)=1 {/] t[/[o . T2k (s, y, 2)n(ds, dz) = 0} (w).

Set
HEM6) = [ PFpn)ot) B ). 12 7
We will show below that

MEH(62) 2 HE(0(0) = p2(0a(r) = [ H2 (0l s

t
—I—/ /(/)2(5,y)L(ﬁz’k,Hl’k_l)(ds,dy) (5.1)
T C
:/t/ﬁ</>2(5,y)fz’k(s,y,n)sz(S,y,n)
so that
t

MZ,k — 2[_}2,]{: du) d

(@) = [ dalon 2 s,
and

(M (¢1), MPF(2)) = (MBF= (1), MPF(2)): = 0.

Therefore H** is (Hy);»>,—predictable, (HL*=1 H**%) is in M(H', H?), the PFCLT {(y, H?*) is de-

fined, and we can choose AL* to be the (ﬂt)tZTfpredictable version of

de(y, H>*)/de(y, H?)
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guaranteed by the Lemma 3.14. Define J1* ;7 0o[xC x [0,1] x Q — {0,1} by
JVR( g, 2, w) = TR, y) > 2}Hw)

and IV% :]r oo[xD x Q@ — {0,1} by

"ty nw) =1 {/] t[/[o . TV (s, y, 2)n(ds, dz) = 0} (w).

Set
O RO  HUCR L
We will show below that

M 60) = B 6n ) = a(0) — [ B () d

t
—I—/ /qSl(s,y)L(lfIl’k,f]z’k)(ds,dy) (5.2)
T C
t
:/ /D(;51(5,y)Il’k(s,y,n)q/)l(s,y)dMl(s,y,n)
so that
t
Ml,k — Zﬁl,k du) d
(rHen = [ oo ds
and

(MH(81), M (82))e = (MPF(61), MPH(6%)): = 0.

Hence the inductive construction of (Hl’k, Hz’k) is complete modulo the verification of (5.1) and (5.2).
Both claims are a consequence of the following Lemma 5.3 or its companion obtained by interchanging

the indices 1 and 2, and we interrupt the proof of the theorem to present this result.

Lemma 5.3 Suppose that G' is of the form

GH(o) = [ B (6w mot) 1ty )

for some (Hy)y>-—predictable B! :]7,00[xC x My x @ — {0,1} and P-a.s. ¥Vt > 7,
t t
G =t Gl ds — A(ds,d
o) =@+ [ Gneds— [ [ 6 ads.dy
t
+/ /DBl(s,y,n)qSl(s,y)dMl(s,y,n),
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where A is a nondecreasing, (Hy)i>r—predictable, Mp(C)-valued processes, null at T and with sample
paths almost surely in Qg[r,00[. Let 3% be the (ﬂtc)tZTfpredictable version of dl(y, G1)/d¢(y, H)
guaranteed by Lemma 3.1} and Theorem 3.7. Put

C*(t, z,y,w) = {B*(t,y,w) > 2},

Bz(t,y,n,w)zl{/ C’Z(s,y,z,w)n(ds,dz)ZO},
17,¢[ J/[0,1]
and define @ Mp(C)—valued process (GF)¢>- by
GH®) = [ Bt m)oto) 7 ).
Then the FFCLT, L(G*,G1), exists and
t t
GE(¢2(1)) = 1 (d2(7)) +/ G (1a(s)) ds — rz/ /C‘/’Z(S’ y) L(G?, G)(ds, dy)

t
—1—/ /y $a(s,y) Bz(s,y, n) sz(s,y, n) Vt>r1  as.
T JD

Proof. Set

T(y,n,w) :inf{tZ T :/ C*(s,y,z,w)n(ds,dz) > 0}.
17,¢[ J/[0,1]
We have

[ att.n Gt

c
= [ 6aln Tl Tty (53)

— /y / C*(s,2,y)B*(s,y,n)02(s, y) n(ds, dz) lfftz(d(y, n)).
D J)r,t]x[0,1]

First consider the first term on the right hand side of equation (5.3). Put

D(t,y) = ¢a(t,y) — ¢a(m,y) — /t Va(s,y)ds.
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We have
A¢NAT@m%wﬁﬂﬂ%M)
= [ @At ) B )

v [ otz [ [ e is B )
:/T /D<I>5/\T y,n),y) dM?(s,y,n)
+/Dqsz(r,y)ﬁz(d(y,n))+/:/D¢>z(r,y)d1\~42(s,y,n)

+ /Tt /D(/Ts Wo(u, y) B (u, y,n) du) dM?(s, y,n) (5.4)

+/t/ Wa(s,y)B* (s, y,n) H(d(y,n)) ds

/¢27'y A(y, n)) //aszsATyn) y) dI2(s,y,m)

+//¢ww (s,9,m) H2(d(y, ) ds,
[ ernan s [ [ stortmmaitonn s [ [ sonc

where the second equality follows from Lemmas 4.15 and 4.10, and Remark 3.9.
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Now consider the second term on the right hand side of equation (5.3). We have
/y / C’z(s, z, y)Bz(s, y,n)pa(s, y) n(ds, dz) lfftz(d(y, n))
D J]7,t]x[0,1]
_ / / . (s, 2, y)B2(s, v, n)da(s, y) i2(ds, d=) H2(d(y, n))
7,1
b s B s,y el B (ds)m(d) By )
D J]7r,t]x[0,1]
= /t /y / C’Z(u, z, y)Bz(u, Y, n)Pa(u, y) hz(du, dz) d]\~42(5, y,n)
T s 0 1
L// OB )l ) raly, H Y dsym(d) B ()
T t

(by Lemma 4.14(b))

:/T /D/]] [071]C’z(u,z,y)Bz(u,y,n)(bz(u,y)n(du,dz)sz(s,y,n)
—/:/D - B2(u, y) B2 (u, y, n)da(u, y) roL(y, H)(du) dM>(s,y,n)
b [ 0B o mhat )t ) 2l )

:/:/D/]Tys]x[oyl]C’z(u,z,y)Bz(u,y,n)qbz(u,y)n(du,dz)sz(s,y,n)
—/t / / B2(u,y,n)éa(u, y) rL(y, G1)(du) dM*(s, y, n)

b [ B0 v, 6 ds) )

Now make minor changes in the proof of Theorem 3.10 to derive the existence of Lt(lffz, G1) and the

analogue of (3.5). The latter shows the above expression equals

//u/ C’Z(u,z,y)Bz(u,y,n)qbz(u,y)n(du,dz)sz(s,y,n)
T JD J]r,5]1x[0,1] (55)

t
+r2/ /qbz(s,y)Bz(s,y,n)L(fNIZ,Gl)(ds,dy,dn).
T C

65



Substituting equations (5.4) and (5.5) into equation (5.3), we see that

/ ba(t,y) G2(dy)
/fzwy (dy) + //aszsATy, n),y) di%(s,y,n //1/)253/ dy) ds

—/ // C’Z(u,z,y)Bz(u,y,n)qbz(u,y)n(du,dz)sz(s,y,n)
r JD 17,s]1x[0,1]
t
—7“2/ /¢)2(5,y)BZ(S,y,n)L(ﬁz’Gl)(dS’dy’dn) (56)

= [ st n) + //</>zsy) ?(s,y,n) dNI*(s,, )
//1/}253/ dy)dS—rz//(bzsy 2(s,y,n) L(H?, G*)(ds, dy, dn).

It remains to express the last expression in terms of L(G',G?). Let v(s,y,w) = 1yp, 1,(s) 71 (y,w),
where 7 < T} < T are (7:(tC )-stopping times and y; € bﬂ%. Then

[ [renrc s = [ [ 6016 < 1w LG 6 ds, dy. dn)
= [ 5100 [nrane (5.6 = (9G] ()
_/t/'yl(i‘/) [EET/\TQ/\s(ya Gl) _EET/\Tl/\s(ya Gl)] Mz(ds,dy, dn)

(see Remark 3.9 for the last equality). Now argue as in the proof of Theorem 3.10 to see that as € | 0

the right side converges uniformly in ¢ in bounded sets in L? to
t ~
/ [/ v(s,y) B*(s,y,n) {(y, Gl)(ds)] HE(dy,dn)

[ 08 e . 6| a8, o
:/Tt/'y(s,y)Bz(s,y, n) L(E?, G?)(ds, dy, dn),

the last by the I2- analogue of (3.5) already used above. This together with the approximation argu-
ment used in the proof of Theorem 3.10 show that if v is a bounded (H )i>-—optional process with
left limits, then

sup

t
(s, ) LE(GZ,Gl)(ds,dy)—/ /'y(s,y)Bz(s,y, n) L(ﬁz,Gl)(ds,dy, dn)
r<t<N .

—0inL¥ase |0, YN > .
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If ¢ : C — R is bounded and continuous, and ¥(s, y) = ¢(y*) we see from the above that L;(G', G*)(¢)
exists and equals f: [ o(y*)B*(s,y,n) L(PNIZ, G1)(ds,dy,dn). This and (5.6) give the required result.
(I

Proof of Theorem 5.2 (continued) By construction, H;°(A) = H(A) > H}''(A) for all A € C
and all t > 7. Therefore, by definition, for any bounded (F;);>,—stopping time, 7',

Et(ya I_i{l,O) - Es(ya I_i{l,O) Z Et(ya ﬁl’l) - Es(ya ﬁl’l)’ VT S s S t S T’ H%_a'e' Yy, a.s.

and so, by definition, At (u, y) > A?%(u,y), Vu < T, H3-a.a. y, a.s., whence [ (T, y,n) < I22(T,y,n)
for lff%—a.e. y a.s. Consequently, by the section theorem, P-a.s., for all ¢ > 7, for f]tz—a.e. (y,n),
I»Y(t,y,n) < I*%(t,y,n), and so P-a.s. for all t > 1, Hf’l(A) < Hf’z(A) for all A € C.

Continuing in this way, we get that P-a.s. for all ¢ > 7,

1> 15ty n) > TV (ty,n) > ...

for H}l-a.e. (y,n), so that P-a.s. for all¢ > 7 and all A €C,
H{(A) = H{(A) > HiH(A) > H2(A) >

and, P-a.s. for all t > 7,

Yt y,n) < I**(ty,n) <...< 1
for H?-a.e. (y,n), so that P-a.s. for all¢ > 7 and all A €C,

HPNA) S HPY(A) < < HP(A),

Thus there exist (ﬂt)tZTfpredictable functions

IV 1 00[xC x My x Q — {0,1}
and

I 1 00[xC x My x Q — {0,1}

such that P-a.s. for allt > 7, IV (¢, y,n) | IV°°(t,y, n) for lfftl—a.e. (y,n) and I2%5(t,y,n) | I2°°(t,y,n)
for f]tz—a.e. (y,n). In particular, P-as. for all ¢ > 7 and all 4 € C,

Hy(A) > HyM(A) | H™(A) I/lA(y)Il’“’(t,y, n) Hy (d(y,n))
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and
HPM(A) T 1P (4) = / La(w) 1™ (t,y,m) Hi(d(y,m)) < HE(A).

Set H}’w:Afor0§t<T.
Thus P-a.s. for all u > 7,

hm sup
T<t<u

/ Hz k 1/)2 dS _/ Hz oo 1/)2
for ¢ = 1,2. Also, by dominated convergence, for each ¢t > 7,
H//fbsy F(s,y,n) dM (s, y,n //fésyfmty,)dM(sy,)}]

_p [/ /D@(s,y)? [T (s, yom) — I9°°(s,y,m) V> Hi(d(y, n))ds] 0

for ¢ = 1,2, and so there exists a subsequence {k;}52, such that P-a.s. for all u > 7,

//fb (s,9) I"F" (5,y,n) dM" (s, y,n //¢> (s,9) 1" (5,y,n) dM'(s,y,n)

Choose countable sets {¢£}52, C Dgr that are measure—determining in C(R; x C(R,, R R).
iFrom (5.1) and (5.2) we have that P-a.s. for all ¢ > 7,

=0.

hm sup
T<t<u

1
h]?l/ /qﬁ(s,y)L(FIl’kh,ﬁz’kh)(ds,dy)
T C

and

i [ 505,00 L i s,
exist for all £. Also, as
L(HYF e H> ) (ds, dy) < L(H*, H*)(ds, dy)
and
L(H>Fe HYR =1y (ds dy) < L(H?, HY)(ds, dy),

the two sequences of random measures {L(H % H2*r)}e0 and {L(H>Fr HM n=1)19  are P-as.
tight. Combining these two pairs of observations, we conclude that P-a.s. both of these sequences
converge weakly to random measures that we will denote as A' and A?. Moreover, P-a.s. the process
t — A(Jr,t] x C) is continuous for i = 1,2 and t f fC (s,y)A*(ds, dy) may be taken to be
(H:)i>-—predictable.
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Putting all of these observations together, we find that

B (60(1)) = i (4(r)) + / I () ds — 74 / [ eutou) 8 s,y

T

t
—1—/ /y $i(s,y) Ii’oo(t,y, n) dMi(s,y, n), ¥t > 1 a.s.
T JD

for ¢ = 1,2. This shows that (f[l’oo,lffz’oo) € M(H*', H?) and so from Theorem 3.12(b) we may
conclude that Al = L(f]l’oo, f]z’oo) and A% = L(f]z’oo, f]l’oo). Note we have shown that (f]l’oo, ﬁz,oo)
satisfies ]\/473;1(7', pt, p?) and is a.s. continuous on [, o0

We now check that the pair (f]l’oo, ﬁz,oo) solves (SE). Let A»°° be the (ﬂtc)tZTfpredictable version
of di(y, lfﬂ’oo)/dﬁ(y, H7), i # j, gnaranteed by Lemma 3.14. It suffices to show that P-a.s. for allt > 7,
1{A0(s,y) > 2} = limg 1{\**(s,y) > z} for n-a.e. (s,z), for Hi-a.e. (y,n); or, equivalently, that
for any bounded (Hy);>,—stopping time 7', 1{\"*°(s,y,w) > z} = limy 1{A"* (s, y,w) > 2z} for n-a.e.
(s, z) for @?l—a.e. (y,n,w). We have

{(5, zoy,m,w) s LAY (s, y,w) > 2} # lilgnl{Ai’k(s, y,w) > z}}
C {(5, z oy, mw) A (s, y,w) £ lilgn/\i’k(s, y,w)} U {(5, z oy, m,w) s A (s, y,w) = z}
iFrom Lemma 4.14(c¢), it thus suffices to show that

/T [7,T(w)]x[0,1]

lilgn/\i’k(s, y,w) — /\i’oo(s, y,w)

0y, H)(ds)(w) m(dz) = 0

and
/ L{X(s,y,0) = 2} €y, HY)(ds)(w) m(dz) = 0
[7,T(w)]x[0,1]

for P2 -ae. (y,w). By bounded convergence (and the fact that ALbF < AL and A%% > A%°°) the first

integral is

lim [AE (s, y,w) = X0 (s, y,w)| di(y, H')(ds)(w)
koSl rw)]
= h;n / {Ai,k(s’ yaw) - Ai,oo(s’ y,(—d)} dg(ya HZ)(dS)((.d)
7, T (w)

= lim [€(y, HY*)([r, T) = Ly, H*)([r, T)|

Theorem 3.13 shows that the right-hand side is 0 for @gl—a.e. (y,w). The claim regarding the second

integral is immediate from Fubini’s theorem and the existence proof is complete.
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We can now turn to the proof of the uniqueness claim in (a). Let (f]l, f]z) be any solution. We
will show that H' = H1*° and H? = H2°°. This will also prove (b).

We certainly have that P-a.s. for all ¢ > 7, H}(A) = Ht (A) > H}(A) for all A € C. Arguing as
for Y% we then have that P-a.s. for all ¢ > 7, Hf’l(A) < HE(A) for all A € C. Continuing in this
manner, we find that P-a.s. for allt > 7, f]tl’o(A) > f]tl’l(A) > > f]tl(A) and f]tz’l(A) < f]tz’z(A) <

< f]tz(A) for all A € C. Consequently,

P- a.s. for all ¢ > 7, H"*°(A) > H}(A) and H*®(A) < H2(A) for all A € C. (5.7)

Repeat the above construction of (Hl’oo,ffz’oo) but now with the role of the indices 1,2 re-
versed to construct HUA 1 HLoo HZk | H2° o that (ﬁl’w,ﬁz’w) also solves (SE) and satisfies
]\/473;1(7', pt, %), Arguing as in the derivation of (5.6), we see that

A11(A) < HI(A) and [H™(4) 2 HP(A), VAEC, Wiz Pas. (5.8)

(JFrom (5.7) and (5.8) we see that to prove f]; = lfff’oo, Yt > 7, a.s., it suffices to show that f[f’oo(l) =
H (1), vt > 7,4 = 1,2, P-as. Use the fact that (Hl’oo,ffz’oo) and (ﬁl’oo,ﬁz’oo) both satisfy
MPH(T,u J ) (with ¢ = 1) to see that

ro(Hy (1) = B (1) + mi(HP(1) = HPS(1), t> 7,

is a non-negative, continuous martingale starting at 0 at time 7 and hence must be identically 0 a.s.,
as required. (We have used the fact that Lt(Hl’oo, Hz’w)(l) = Lt(Hz’oo, Hl’oo)(l) and similarly with
He in place of Hi’oo.)

The explicit construction of (f[l’oo,lffz’oo) = (f]l,ﬁz) given above and a tedious bit of check-
ing shows there is a Borel map ¥ : R, x C(R+,MF(D)2) — Mp(C) x Mp(C), independent of
(2, F, (Fi)i>0,P) and (7, p*, u?), such that (Hi_l_t, H3+t) U(t, H;+ , Hf_l_,) = W(r,t, H*, ﬁ]z) Clearly
NG :]R?I_ x Q' x QY — Mp(C) x Mp(C) is also Borel. Therefore for fixed 7 <t; <t < -+ <y,

p((HTlHlaHEHQa = H3+t ) € ) = PrALA ((\Ij(Ta tiaHlagz))iSn € ) (5.9)

and hence the law, P44 of (Hl, Hz) on Q. x Q depends only on (7, ut, 4?). That is, (c) holds.
The Borel measurability of (r, i, i?) — pra" i (which is clear from its definition) and (5.9) show
that,

(T;ﬂlaﬂz)HpT’ulyu2(¢(Hl I:Il H2 aﬁgn))

vy ’ v

is Borel measurable on S for bounded, measurable ¢ : M%(C)Z” — Rand forallv; >0,i=1,...,n
Claim (d) follows easily.
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6 Afterlife processes

6.1 Construction of the afterlife process

We now turn to the question of uniqueness in the martingale problem ]\ﬁH(T,ul,uz). We will do
this by showing that any solution of ]\/473;1(7', pt, u?) arises as a solution of the strong equation (SE),
hence proving the converse of part of Theorem 5.2 and establishing Theorem 1.4(b). This requires
reversing the procedure that produced (f]l, Hz) from (lffl, ﬁ]z) In essence, we have to accomplish two
things. Firstly, we need to take (f]l, Hz) and put back in the particles removed by the competitive
killing (plus all the descendents they would have had if they had not been killed) to produce a pair
of historical Brownian motions. Secondly, we need to mark the paths of this latter pair in such a way
that we produce a pair (lffl, ﬁ]z) with the law P7#58" of Section 4 and with the property that if we
use this pair to drive the strong equation (SE), then we produce (f]l, f]z) We carry out the first step
in this section and the second step in the next section.

Fix 7 >0, 7 > 0 and p* € Mps(C)7. Dependence on (r1,rs) is suppressed as usual.

Recall the definition of S°, Q°, F°, E and Ej from Section 3. Put £ = C x Ry, So = {t,y,8) :
y=y &<t} and let E?, By, Q°, F°, denote the obvious analogues of the corresponding objects for
E.

If (s,y,&) € 5S¢ and w € C satisfies w(0) = y(s) define z(s,y,&,w) € Q° by

0, if t < s,

2(s,y,6,w)(t) = {(w(s,y,w)(t),ﬁ), ift>s.

Recall that P? is Wiener measure on C' starting at € IR¢ and recall the definition of the Brownian
path—process laws P*¥ from Section 3. Define the law P*¥¢ on (QO, ]-N"O) for (s,y,€) € 5 by

P*YE(B) = PY) w : 2(s,y, &, w)(-) € B}.

Thus P*¥%*¢ is the law of the Brownian path—process labelled with a constant R,—valued tag. If
W, and Z, denote the coordinate variables on Q¢ and €°, respectively, then it is easy to see that

W= (0, F°, Ff o We, PSY) and Z = (02, F°, Fp, .

time-inhomogeneous Borel strong Markov processes (IBSMP’s) with continuous paths in £y C F and

E; C E, respectively. (See Appendix A for the definitions of an IBSMP and f["s 4+’ The definition of

is the obviously analogous one.) That this is so for 17 is essentially a special case of Theorem

L Zy, P*¥:€) are the canonical realisations of

f’o

[s,t+]
2.2.1 of [9], and the claim for 7 is an easy consequence of that result (note that (Hypl) and (Hyp2) in
Appendix A are trivial).

In the notation of Appendix A, set

Q) = {w € O(By, MR(E)) : a'(w) < o0, f'(w) = oo},
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where

o) (w) =inf{t : w(t) # A}

and

Bi(w) = inf{t > a(w) :w(t) € Mp(£0)}.

Let F{ and flEs,t+] be o-fields defined on ©} as in Appendix A. Following Theorem A.l, given
e MF(ET) and L € MLF(g"), let Q7 #L denote the probability measure on (2}, /) that is the law
of the Z superprocess with immigration L and starting at (7, y).

Suppose that (f]l, Hz) defined on (Q, F, (ﬁt)tZT , ]@) solves the martingale problem ]\/473;1(7', ptp?).
Set Q= Qx Q) xQ, F=FxFlxFl, Fy = Fyx Flp X Flip gy and Fy = Fop, and let (0, B, H?)
denote the coordinates on . We can regard L(H", H?) as a random element of M p(5°) by extending
it to assign zero mass to subsets of [0, 7[xC. Define x : S° — S° by k(s,y) = (s,y,s) and identify
L(H! H) (@) € Mpp(S?) with L(H?, HI)(@) o k=1 € Mzp(S?). Define P on (2, F) by

]P;(B « Cl « CZ) — /]_B(@)QT’O;TIL(ﬁI,ﬁ2)("D)(Cl)QT’O;T2L(ﬁ2,FI1)("D)(Cz) dﬁp(a}) (61)

Theorem A.1(c) ensures that this definition makes sense. The law of the first “marginal” of P is
just that of the pair (Hl, Hz) Conditional on this first marginal, the second and third marginals are
essentially a pair of independent historical Brownian motions with respective immigrations rlL(Hl, Hz)
and rzL(lfIZ, f]l), except that each particle is equipped with a mark that records the time when its
progenitor first immigrated into the population.

Write 7 : Q — € for the projection map. As in Theorem 5.1(a) of [2] we have the following (note
that Theorem A.1(c) is also used here). The extension from F; (the setting of [2]) to F; = Fiy is

trivial.

Proposition 6.1 Let Y € bF and t > 7, then
PY om | Fi :ﬁD[Y | ﬁt] om, P— a.s.

Define § : Ry — Mp(Ry) by 8(s) = 65, and let M, = §(R4)U {0} C Mp(R4) with the subspace
topology. For e € My, let e¥ = e(-N[0,s]). Let S° = {(s,y,¢) € S° x M, : e = e}, By = {(y,e) €
CxM., :y' =y, e =e'}, and define 6 : S0 — 5° by 8(s,y,€) = (5,9, 6¢). As usual we identify Mp(E;)
with the measures in Mp(C x M,) that are supported by E,. Define processes (Hf)tzr, 1=1,2, on
(2, F) with continuous, M2 (C x M, )-valued paths satisfying Hi € Mp(FE;) for t > 7 by

/ by, ¢) Hi(dy, de) = / By, b6¢) Hi(dy, d€) + / By, 0T o mi(dy), 1> 7
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and set H! = A for ¢ < 7. Thus the the mass of H! is of two types. Points of the form (y,0) represent
particles with progenitors present in the original population at time 7. Points of the form (y, ¢) with
e = & represent particles descended from progenitors who immigrated into the population at time
s. These latter particles are the ghostly descendents of individuals killed by inter—species competition
that we need to reintroduce in order to produce two independent historical Brownian motions.

Define the semigroups for the space-time processes associated with P*¥ and P*¥¢ by
PV o(s,y) = PV [(s + 1, Wip)], (s,9) € 5%, 6 € bB(S7), 1 >0,
PZo(s,y,6) = PV [§(s + 1, Zoyt)] = PV (6%)(s,0), (5,9,€) €5°, ¢ €bB(S°), 1 >0,
(6.2)

where ¢¢(s,y) = é(s,y,& As) for (s,y) € S°, £ > 0. Recall from Appendix A that the weak generator,
A, associated with Z is the set of pairs (¢, 9) € bB(S"’) X bB(S"’) such that t — PZi(s,y &) is
right—continuous on Ry and P?¢ = ¢ + fot PZ4du, ¥t > 0.

If ¢ € bB(S?), define ¢° € bB(S°) by ¢°(s,y) = é(s,4,0). Let A denote the set of pairs (¢,) €
bB(S5°) x bBB(5°) such that ¢° € Dsp, (¢ 06,4) € A for some ¢ and

_ JAW@O s, ), ife=0,
U(s,y,€) = {@(S,y,g), if e = 6,

where A is defined in (1.1). If we set ¢¢(s,y) = @(s,y, &) for ¢ € bB(S°), then (6.2) implies that
(¢,v) € A if and only if ¢° € Dgr and for each (s,y,8) € S° the map ¢t — P 1¢(s,y) is right—

continuous on R4 and
t
PN e (s,y) = de(s,v) —1—/ PV ape(s,u) du. (6.3)

0

Theorem 6.2 (a) Under P, H' almost surely has sample paths in
{w e C(RL,MR(C x M) twr = A dft <7, w, = p' @6y, ws € Mp(Ey) ift > 7}
(b) Under P, if (¢, 4%) € A, then
M) = i) — i @ oot — [ A ds
t
i [ 1680 = 6,00 LT H s dyy o, 12

is a continuous (Fy)i>,-martingale such that Mi(¢') = 0, (M(¢;)) = f:gﬁ((qﬁ)z)ds, and
(M*Y(¢1), M?%(¢?)); = 0 almost surely.
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(c) Under P,
(o m)@) = [ o(uLle = 0} Hidy.de),
V> as. for each ¢ € bB(C), and
[ otwtomitan.de) = [ otwentie #0) fildy.de
V> 7, as. for cach ¢ € bB(C x M.).

Proof. Parts (a) and (c) are immediate from the definitions of H? and P. Consider part (b). By
definition, there exists ¢/ such that (6" 06, 1/72) € A. Set

Mf(¢i):ﬁf((¢ioé)t)—/t Hg(ig)ds_ri/t/(qsio5)(5,y,5)L(ﬁi,Hi)(ds,dy)om, 1>

Proposition 6.1 and ]\/473;1(7', pt, p?) imply that (MZ((W) )om)t>7 is a continuous (F;);>,—martingale
such that (MZ((q/)Z)O) om ) = f: H;({(Ws)o}z) om ds and (M1((¢1)") oy, MZ((q/)z) Jom): = 0. Using
Theorem A.3, we can argue exactly as in Theorem 5.1(b) of [2] to see that ( ( %)
(F1)i>-—martingale that is orthogonal to Mk(((bk)o)om fork=1,2, f
and (MY (¢'), M?(¢?)); = 0. The result now follows.

The definition of H* and ]\ﬁH(T,ul,uz) imply that for t > 7, M} (¢") = M(¢°) + MZ(( H% o .
0

1s a continuous

>7
Hi({(¢%06):}?) ds

t

d

Remark 6.3 (a) We will refer to conditions (a) and (b) of Theorem 6.2 as M P(r, ut, u?).
(b) Proposition 6.1 implies that

(H' H? L(H', H?),L(H? H")) defined on (Q, F, F;,P)
and
(H', H? L(H', H?), L(H? H")) o, defined on (2, F, (F)i>+, P)
have the same law on
Qu[r, 0o[x Q[T co[xMLp(S%) x MLp(S?).

Moreover, they have the same adapted distribution in the sense of [24]. This implies, for ex-
ample, that (Hl,Hz) o m satisfies ]\ﬁH(T,ul,uz) on (Q,F,(Fi)e>7,IP). As any properties we
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establish for (f]l, Hz) o m1 will immediately transfer over to (f]l, f]z), we may, and shall, use
(f]l, H?, L(f]l, f]z), L(f[z, f]l)) o m as an effective substitute for (f]l, H?, L(lffl, f]z), L(f[z, f]l))
Therefore, we will write H' in place of H o m; and L(f[i, H]) in place of L(Hi, H]) o and assume
our original solution of ]\/473;1(7', pt, p?) is defined on (2, F, (Fy)i>-, P).

The next lemma gives a large class of examples of pairs in A.

Lemma 6.4 (a) If ¢1 € Dsr and ¢ € bB(M.,,), then (¢,v) € A, where (s, y,¢) = ¢1(s,y)pa(e) and
1/)(“;’ Y, 6) = A¢1(5a y)¢2(6)
(b) If f € bB(S°), then (¢,0) € A, where ¢(t,y,e) = [1{s < t}[f(s,y,e)e(ds). Moreover,

Hi(¢)) = ;’(¢)+m/ /f(s,y, ) L(H?, HY)(ds, dy), Yt > 7.

Proof. (a) Observe that ¢°(s,y) = ¢1(s,y)$2(0) € Dsr and A¢%(s,y) = Ad1(s, y)¢2(0). Ito’s lemma
shows that

P de(s,y) = de(s, ) + / PY (A461)(5, 5)éa(8c) du

for (s,y,8¢) € S°. The result now follows from (6.3).
(b) Observe that ¢(s,y,0) =0 € Dgr. If (s,y,8¢) € S°, then ¢¢(s,y) = f(€,y,8) = g(¢,y°) and so

PtW¢E(5’ y) = Ps,y [g(&f, W§+t)]
= g(&,4°) = e(s,y).

The first assertion now follows from (6.3). The second assertion follows from M P(r, ut, p?) because
¢(s,9,0) = 0 and é(s,y,6s) = f(s,y,05).
|

Define processes (H);>;, i = 1,2, with sample paths in Qg[r, o[ on (Q, F, Fy, IP) by
Hi(6) = [ ) Hi(dy.de), 6 € B(C),
Corollary 6.5 The processes HY and H? are independent historical Brownian motions on the filtered

probability space (U, F, (Fi)esr, P), starting at (1, p') and (7, p?), respectively, and the pair (f]l, Hz)
belongs to M(H*, H?).
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Proof. Apply Lemma 6.4(a) with ¢2 = 1 and use Theorem 1.3 of [31] to see that H! and H? are histor-
ical Brownian motions on (2, F, (F;)¢>7,P). From Theorem 4.7 of [21] we know that any functional
of H' can be written as a stochastic integral against the associated orthogonal martingale measure.
This combined with the orthogonality of M' and M? gives the independence of H' and H?. The last
assertion is obvious.

d

Recall that the set of ¢ such that (¢,¢) € A for some 1 is bounded—pointwise dense in bB(S"’)
(see the discussion before Theorem A.1). Also, Dgp is bounded—pointwise dense in bB3(S?) (as usual
we identify Dgp with {¢|se : ¢ € Dgp}). It follows (for example, from Lemma 6.4 (a)) that the
set of ¢ such that (¢,7)) € A for some 1 is bounded—pointwise dense in 653(5°). This allows us to
extend {M{(¢) : I, (4,¢) € A} to an orthogonal measure {M{(¢) : ¢ € bB(S°)}, i =1,2. If ¢ €
bB(R, x C' x M,.), identify ¢ with its restriction to S° to define M{(¢). Then for ¢; € bB(R, x C x M,.),

(Mf(qSi))tZT is an almost surely continuous (F;);>,—martingale such that

¢
(M*(¢:))e = / /¢i(5, y,e)> Hi(dy,de)ds, ¥t > T,

and (M1(¢1), M%(¢2)) = 0. We will omit the simple L? calculations that show these are, in fact, L2
martingales.

As in Section 2 of [32], we may now extend M} (¢;) to ¢; that are P x B(C x M, )-measurable, where
P is the predictable o—field on Ry x Q) and satisfy [P [f: [ #i(s,y,e)? Hi(dy, de) ds] < oo, Yt > 7, (re-
spectively, f: [ #i(s,y,e)? Hi(dy,de) ds < oo, Vt > 7, P-a.s.), in which case the (M (¢;)):>, are almost
surely continuous square - integrable (F;);>,—martingales (respectively, (F;);>,—local martingales) sat-
1sfying the obvious extensions of the above quadratic variation and covariation relations.

There is a minor technical point here. The construction in Walsh specialised to our situation would
start with integrands in 6B(C' x M,), and so one should check that the extension obtained by Walsh’s
procedure agrees with the one defined above for integrands in 8B(Ry x €' x M,). This is easy to
check by starting with ¢(s,y,e) = 1p,o[(5)¥(y,e) for ¢ € bB(C x My) and taking limits of linear
combinations of such functions.

Let D be the Borel o-field on C' x M, and for ¢ > 0 define D; to be the sub-o—field generated by
the map (y, e) — (y', e’). A simple but useful consequence of Theorem 6.2 and Lemma 6.4 is that if p

1s a bounded, ﬁq—measurable function, then

o) = i)+ [ [otwerditie, vz (6.4)

As in the discussion prior to Lemma 4.15, for any (F;)¢>,-stopping time 7', (y; — y,,t > 7) is a

D: x Fi)t>» Brownian motion stopped at T under the normalised Campbell measure PH" Given a
( > PP p 7
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(th X Fi)i>-—predictable, R%valued function 7, such that

t
P [/ /|77(5,y, e)|2 H;(dy, de)ds] < oo, Yt >, (6.5)

we can follow the proof of Theorem 3.11 in [30] to construct a (D; x Fi)i>o-predictable, R—valued
process I(n) such that for all bounded (F;);>,—stopping times T,

IMEAT(w),y, e w) :/ n(s,y, e,w) - dy(s)(w),

for all ¢t > r, EDTHl—a.s. The process I(n) is unique up to H'-evanescent sets. With a slight abuse of
notation, we will write f: n(s,y, e,w) - dy(s)(w) for I(n)(t, y,e,w).

Corollary 6.6 (a) Let v be a bounded, (Dy x Fy)i>,—predictable function. Then P-a.s. for allt > 7,

/{/]T ] v(s,y,€) [e(ds) —r1{e(r,s]) = 0} e(y, H )(ds)] } H} (dy, de)

:/j/{/r s]'y(u,y,e) [6(du)—r11{e(] u]) = 0}(y, H )(du)]} dM (s, 9, ),

and both sides are continuous (Fi)i>- —martingales.
(b) Letn be a (Dy x Fy)y»,—predictable, R—valued function satisfying (6.5). Then P-a.s. for allt > 7,

/{/t (s, y,€) ~dy(8)} H/(dy,de) = /Tt {/ n(u, y, 6)~dy(u)} dM(s,y, ),

and both sides are continuous, square—integrable (F;)y>, —martingales.
(¢) Let v be as in (a) and n be as in (b). Assume also that there is a constant ¢ such that for any
bounded (Fy)i>r—stopping time T,

/: (s, y)

Then P-a.s. for allt > T,

t
—1—/ (s, y, )y, H*)(ds) < ¢, PH —a.a (y e w).

sup
T<t<T

/ { [ o) ot /]”]ws,y,e) () = 1elm.5) = 0}t ><ds>]} i1}y, de)

- [ J{ woner

/]Ts]'y(u y,>[<du>—1{ (I ul) = 0}rs(y, 1 ><du>]}dM1<s,y,e>,

and both sides are continuous (Fi)i>- —martingales.
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Proof. (a) The existence of {(y, ﬁz) follows from Theorem 3.7. As usual it suffices to consider
v(s,y,e,w) = v1(y, €)y2(wW) L o(s), where 7 <u < v, 71 € bD,,, is continuous and 5 € bF,. Equation
(6.4) allows us to follow the derivation of Theorem 3.10(b) (simplified significantly as we know that
L(Hl, Hz) exists) to see that
t
[ [ o eten ) = 036, 17)(ds) 1 ey, e
= [ [ ][ A ontetin. i = oy 2 tw] s,

+L2—hm/ // (5,9, ) L{e(17 5]) = 0} pelys — vl ) H2(dy') AL (dy, de) ds.

Since v1(y,e) = y1(y*, ") we have

(6.6)

(5w ML {er, o)) = 0} = (5.5, O)L{eIr, 1) = 0} for 5> .
and so by Theorem 6.2(c) the last term in (6.6) is
_lif?/ /71 (y,0)y2 LS(H*, H?)(ds, dy)
:/ /’y(S,g, O)L(ﬁl,ﬁz)(ds,dy) (Theorem 3.10(a))

-/ t [t pirt, ids, d)

the last by the fact that y(s,y,e) = v(s,y, e*) and (é5)* = 0% for s > u. Substitute this into (6.6) and
combine this with Lemma 6.4(b) to complete the proof.

(b) This is is proved by making simple changes to the proof of Theorem 3.17 of [30]. For example, the
proof of the key result (corresponding to Lemma 3.16 of [30]) turns on (6.4).
(¢c) If T is a bounded (F;);>,—stopping time then

JECTRICE [ 00000 [eds) = 14elh o) = Oty 1))
= [t e et = 1e1m, ) = 03ty 1)) s
o e s (s,9,0) [es) = Vel D) = Oty 1))

forall T >t >, ]P "_a.s. This follows from ordinary stochastic calculus under the Campbell measure
(as in Lemma 3.18 of [30]). The section theorem shows that the above equality holds V¢ < u for H}-a.a.
(y,e), Yu > 7, a.s. Now integrate both sides with respect to H} and use (a) and (b) to complete the

proof. The boundedness hypothesis on the stochastic integrals and another application of the section
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theorem is used here to ensure the hypotheses of (a) and (b) hold. Note, for example, in the second
term by truncation we may assume sup. ., |f: n(u,y,e) - dy(u)] < c.

d

6.2 Simplicity and faithfulness of the afterlife marks

Recall from Section 4 the picture of the process constructed there as a pair historical Brownian motions
decorated with Poisson marks that are “faithful” to the historical branching structure. The pair
(H', H?) is also a pair of marked historical Brownian motions, with the location of the mark along
a path indicating when the ancestor of that particle was killed. Thus, if (f]l, Hz) really does arise
as a solution of (SE) against some process (lffl, ﬁ]z) constructed as in Section 4, then the locations
of marks for (H!, H?) should look like a subset of the locations of marks for (lffl, lffz) This imposes
some constraints on the location of the marks for (H!, H?), arising from the fact that two independent
Poisson processes with diffuse intensities don’t have coincident atoms. The following result verifies that

these constraints hold.

Proposition 6.7 The following hold P-a.s. for allt > T.

(0) H} @ H} ({((y1,€1), (y2,¢2)) s e1 = e2 # 0}) = 0.

(b) Hi @ Hi ({((y1,€1), (y2,€2)) : Is <1, yi = ¢, ef £ e3}) = 0.

(¢) Hi @ Hi ({((4y1,€1), (y2,€2)) : 35 <1, yi # 43, e1 = e2, e1(]s,00)) = 1}) = 0.

Proof. (a) Let ¢; € bB(M,) be such that ¢;(0) = 0. Lemma 6.4(a) and Theorem 6.2 show that
if we set ¢i(s,y,e) = &i(e), then (¢;,0) € A. Now MP(r,u'p?) and It6’s lemma imply that for
¢ € bB(M.. x M,) given by ¢(e1,e2) = ¢1(e1)da(ea)

//fb (e1,e2) H{ (dy, de)H; (dy, de)
/ / 8(be,  e2) H 1 (dyn, dé1) AN 2(s, 4o, €3)
/ [ ter.se iz, deyanr s, e 6.1)
+7°1/ [ o0 se i, ey L s, )
+r2// 06, .6,V ! (dys, de)L(H?, H')(ds, dys),

By a monotone class argument, equation (6.7) extends to all ¢ € bB(M.,. x M, ) such that ¢(e1,e2) =
whenever e; = 0 or e2 = 0. Let ¢(ey,e3) = 1{e; = ea # 0} in (6.7) to see that the process in part (a

1s almost surely continuous in ¢ > 7. It therefore suffices to prove the claim for ¢t > 7 fixed.

0
)
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Note that by (A.14)
: [/ [ 116, = by i age) £, 1) s de) | <ﬁfl,fﬂ>]
= /:/Qf,o;rlel,ﬁZ) [/ 1{6;, = 68}H51(dy1,d§1)] L(H? HYY(ds, dy»)
:/: ///1{5 = 8,,} L(HY, H)(dsy, dy) L(H?, HY)(dss, dys)
=0

by the continuity of ¢ — L(Hl,Hz)([O,t] x (). This shows the last term in (6.7) with ¢(e1,e2) =
1{e; = es # 0} is almost surely 0, and the same is true of the term before it. To conclude the proof,
take expectations in (6.7) (using the fact that (ﬁg(l))sZT = (H{(1))s»>7, i = 1,2, are independent
continuous state branching processes to infer the necessary integrability of the martingale terms).

(b) Fix ¢ = 1. Tt suffices to check for each rational s > 7 that P-a.s.

1} @ I ({(en), (v e2))  Fu < s, 9 = 8, a1 ({u)) # eal{u))}) = 0, ¥t > 5.

Take f(s,y,e) = 1{s < 7} in Lemma 6.4(b) to see that ([ e([0,7]) H}(dy, de))i> is a non-negative,
continuous martingale starting at 0, and hence 1s almost surely identically zero for ¢ > 7. It is now

easy to see that it suffices to fix a rational s > 7 and show that P-a.s.

Hy @ Hi ({((y1,€1), (g2, e2)) 1 3T <u <s, pf = w3, ea({u}) # ea({u})}) =0, ¥t > 5.
(6.8)
For ¢1 € Dg and ¢2 € bB(M.) set ¢(r,y,e) = ¢1(y""*)pa(e). Observe that ¢3(y) = ¢1(y*) is also
in Dg and %(bg(r, y)=1{r< 5}%(151(7“, y). Lemma 6.4(a) shows that (¢, %) € A, where
P(ry,e) = 1{r< 5}%(151(7“, y)da(e). Therefore, from M P(r, ut, u?) we have

H}(¢:1) = Hi(¢s) + (M} (¢) — M) ($)) + / t / é(r,y, 6,) — ¢(r,y, 0)L(H", H?)(dr,dy), t > s.

Take bounded-pointwise limits to see that the above continues to hold if ¢ is of the form ¢(r,y,e) =
C(y™"e,e) for ¢ € bB(C x M,). Use Ito’s lemma and another passage to the bounded—-pointwise
closure to see that if v € bB((C x M.)?) is of the form y((y1,e1), (y2,e2)) = p(yi,e1,y5,e2) for
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=H!® H!(v)

/// (1, €1), (Y2, €2)) [Hy(dyr, der)dM (u, yo, e2) + Hy(dyo, des)dM* (u, y1, €1)]

[ [, oyl ao B

—|—7°1/ // (y1,6:), (2, €2)) — v((y1,0), (y2, e2))] HX(dys, des) L(HY, H?)(dr, dy1)

+ m/s // (g1, €1), (42, 8:)) = Y((1, €1), (y2, )] H (dyr, dex) L(H" , H?)(dr, dys), ¥t > s.

By setting

Y((y1,e1), (y2,e2)) =1 {/] ]1(3/? = yy)|er(du) — ea(du)| > 0}

we can conclude from (6.9) that for ¢ > s

HE @ Hf ({((y1,€1), (y2,€2)) : Ir <u < s, o = vy, ex({u}) # es({u})})
20 @ H ({((n,e1), (y2,62) : Ir <u < s, 9 = b, er({u}) # ea({u})})

means that that for ¢ > s the two sides differ by a continuous martingale that i1s null at

(6.10)

where =™

t = s. It therefore suffices to show that the right-hand side of (6.10) is 0, P-a.s.
By definition of H' it will in turn suffice to show that

Hy o Hy ({((y,u1),y2) = " =5 }) =0 (6.11)

and

Hy @ H3 ({((y1,w), (y2, u2)) 2 un <wo, 9 =y }) = 0. (6.12)

It follows from (A.14) that if ¢(s,y, u) is of the form ¢(s,y, u) = 1{u < s}f(u,y*), then

| [ 6o, i) | 050 = s [ [ ) L B,
(cf. the proof of Lemma 6.4(b)). Thus,
P o B w) ) s o = wi )

= b [[[ 1t < bt = sy ) )|

_ [m// /1{y1—y2 }L<H1,H2><du1,dy1>ﬁi<dyz>]
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by Lemma 3.16(a) and this establishes (6.11).
Recall the Brownian path process laws P%¥ defined for (u,y) € Ry x C such that y* = y. For
T<u<wv<sandyé& C" define a probability measure p**¥ on C* x C* by

pon(w) = [ | [ oo non P o PO du)| Pd),
It follows from (A.14) and (A.15) that
[ ot us ) B 000 Bl ) | 0107
=t [ [ St 2 ), ) L0 ) s e

+ 7 / [// [/ q[)(yl,u,yz,u)p“’v’y(dyl,dyz)] L(Hl,Hz)(du,dy)] dv.

P [H @ Hy ({((y1,u1), (y2,u2)) : ur < uz, i = yy'})]

_p [r%/://:w/l{yl - ygl}L(Hl,Hz)(dul,dyl)L(Hl,Hz)(duz,dyz)]
—0,

Thus

by Lemma 3.16(b) and this establishes (6.12).

(¢) Tt suffices to prove for a fixed rational s > 7 that P-a.s.
Htl @ Htl ({((y1,€1), (y2,€2)) 191 #F ¥5, €1 = €2, e1(]s,00[) = 1}) =0, VE > . (6.13)
Let v((y1,€1), (y2,€2)) = L{y] # 45, e1 = ea, e1(]s,00[) = 1} in (6.9) to see that P-a.s. for all £ > s

H} @ O} ({((y1,e1), (y2,€2)) 1 Y1 # y3, €1 = ez, ei(]s, 00) = 1})
ZH @ HY ({((y1,€1), (y2,€2)) - 91 # v, €1 = ea, e1(]s,00)) = 1})

* 2/ // 1y} # v} 1{es = 6, }H (dys, des) L(H", H?)(dr, dy,) (6.14)
= 2r1/s // Ly} # y511{8¢, = &, } H}(dys, dé>) L(H*, H?)(dr, dyy)

because H! ({(y,e) : e(]s, 00[# 0}) = 0 almost surely.
Take the conditional expectation of the last element in (6.14) with respect to (Hl, Hz) and argue
as in the proof of part (a) to see that the conditional expectation is 0 almost surely. This proves that

(6.14) is 0 almost surely for each ¢ > s, and as it is almost surely continuous in ¢, (6.13) follows.

d
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Remark 6.8 It can be shown that P-a.s. for all t > 7,

H; ({(y,e) + e({t}) > 0}) =0

(cf. the proof of Lemma 4.11). Therefore the claim in part (b) of the above proposition can be
strengthened to: P-a.s. for all ¢t > 7,

Hi@ H{ ({((y1, 1), (y,€2)) 1 Ts < t, yf = w5, e} #e5}) = 0.

However, because we do not require the stronger result we leave the details to the reader.

6.3 Afterlife and driving support processes

For 7 < r <t define measures Hf;yt, Hfﬁyt and fv]ﬁt by H = [o(y") Hi(dy),
Hﬁt = [y Hi(d(y,e)), and FIH = [fy,n" (d( )) Let SM, Slt and SM denote,
respectlvely, the supports of Hr,t’ Ffﬁyt and HH

Lemma 6.9 (a) Almost surely under P for all 7 < r < s <t the sets S., (resp. Z‘,s) are finite, and

Siy DSk, (resp. Si, 2 Si,).

(b) Almost surely under P for all 7 < v < s and all bounded C-measurable (resp. D-measurable) ¢,

lime_y Hi,(6) = H1(8) (resp. limq_, i, (6) = HY,()).

(¢c) Almost surely under P for all 7 < r <, if Sy = {(y1,e1),. -, (YUm,em)}, then y1,... ym are

distinct and S? =1y, Ym )

(d) The analogues of (a) and (b) are valid for HH under BTN where jt € Mp(C x My)™ satisfies
n(ji') € Mps(C)T.

Proof. (a) Fix 7 < p < ¢. Proposition 3.5 of [9] shows the set S;;,q is P-a.s. finite. It follows from
Proposition 6.7(b) that S, , is also P-a.s. finite and, in fact, if S, , = {y1,...,ym}, then S =
{(y1,€1)s ..., (Ym,em)} for some ey, ... e, € M,.

It follows from (6.4) and a monotone class argument that if ¢ is a bounded D, x F,-measurable

function, then
Hi(¢) = Ffé(¢>)+/ /¢>(y, e)dM'(v,y,€), u> q. (6.15)
q

Apply (6.15) with ¢(y,e) = 1{(¢*, ) gE } to conclude that P-a.s. S g2 S;, w
a sequence (Y7, By), (Ya, Fa), ... of fq—measurable (C' x My)—valued random variables such that S;i;,q =
{1, Bh), (Y2, Es), ... }. Apply (6.15) with ¢(y,e) = 1{(¢’,e?) = (Y, E%)} and the optional sampling

theorem to see that if H;;VU({(Y;C, Er)}) = 0 for some u > ¢, then H;;yv({(Yk, Er)}) =0 forall v > u.

u > q. Construct
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Combining all of the observations above, we conclude that P-a.s. for all rational numbers 7 < p < ¢
the set S;i;,q is finite and the set-valued map u — S’Zi,yu,
T < r < s <t take rationals p, ¢ such that r < p < ¢ < s and conclude that S, ; 2 S, ; and both sets
are finite. Thus S; . = {(¥",¢") : (y,¢) € S, ;} D {(¥",¢") : (y,€) €5, ,} =5, and the claim for H*

follows. The claim for H? is immediate.

u > ¢, 1s nonincreasing. Given arbitrary

(b) Tt is apparent from the proof of part (a) that P-a.s. for all rationals 7 < p < ¢ the map v —
H;;yu({(y, e)}), u > ¢, is continuous for all (y,e) € S;;yq, and the result follows easily from the fact that
75 () = B ({0, ))) Y(ye) € 55, forr <p < .

(¢) This is immediate from Proposition 6.7(b).

(d) By the construction of @T’ﬁl"f, it suffices to prove the analogous results for fv[syt under @;”j, for a
fixed v € Qxs[r, 0o[. The process H is not a historical process in the sense of [9]. However, as with a
historical process, Hisa superprocess built over a process with the property that the value at an earlier
time is obtained by “truncating” the value of the process at a later time. This shared property means
that many of the results obtained in the literature for historical processes have obvious analogues that
hold for H. In particular, for fixed 7 < p < ¢, the measure fvfpyq is almost surely discrete with a finite
number of atoms, by an analogue of Proposition 3.5 of [9]. The proof is now completed as in (a) and

(b) using Lemma 4.2 to obtain the analogue of (6.15).
|

We will need a stronger result for the driving processes from Section 4. Let /i’ be as in (d) of the
above. For ¢ > 0 and t > 7+ ¢ put FIZ"E = fv]f_eyt, and for u > 0 let M = {n € My : n* = n}. Equip
C* with the metric dew(y,y') = SUPp<i<u lys — yi| A1 and equip MY, with the Vasershtein metric dll(/l#
that comes from regarding M as a subset of the finite measures on [0, u] x [0,1]. Equip C* x MY
with the metric dcung;t = dcw + dM;{. Equip the space of finite measures on C% x M;e with the
corresponding Vasershtein metric de(CuxM;ty In these settings the Vasershtein metric is a complete

separable metric inducing the topology of weak convergence (see [18] (p.152, Ex.2) and [31] (p.48)).

Lemma 6.10 Fix u > 7.
(a) The process (fvff’e)H_EstSu, is @ cadlig, Mp(C" x M;&)fvalued process, PrAanE g s,
(b) We have

lim sup dMF(CuxMu)(vaf’e,f[f)ZO, Pk
€l0 T+e<t<u #

o

(¢) The set-valued process (S; )rye<i<u, is cadlig PTAYE g 5. in the Hausdor{f metric on finite subsets

of C* x M;e corresponding to dCuXM;#.
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Proof. (a) For 7+ ¢ < s <t and ¢ bounded and continuous on C* x My write

Hy(¢) = Ho(9) = {H{_ (¢) — Hi_ (&)} + {Hi_i(¢) — Hi_..(9)}. (6.16)

We will show that H®< is almost surely right continuous by showing that almost surely for all such s
both bracketed terms on the right hand side converge to zero as ¢ | s.

Consider the first bracketed term on the right hand side of (6.16). Take s — e < r < s. From
Lemma 6.9(d) we see that fvfﬁys is a discrete measure with a finite number of atoms and gf;,t C S’f;ys.

Note that if (y,n) € 5’};75, then n'=¢ = n*~¢ for ¢ sufficiently close to s (depending on (n,w)). Thus

lim Ay (6) = Hi—e(9) = lim / oy~ n' ) = oy 0 ) B (d(y, n))

tls
= tim [ 650" = oy~ 0t iy )
=0.

The convergence to 0 as t | s of the second bracketed term on the right hand side of (6.16) is
immediate from Lemma 6.9(d).

The proof that H%¢ has left limits with limyy, ﬁ;’e(q/)) = o((ys=9), nls—97) ng(d(y, n)) is similar
and is omitted.
(b) Let ¢ be a bounded Lipschitz continuous function of Lipschitz norm 1 on the metric space
(Cu X M%,dCuXM%).

For ¢t > 7 + € we have

d
<2 [ s Juw) =oAL + [ () Hid ),

t—e<u<t
where
0, if uw <t — 2,
Ye,e(u, z) = 9 1, ifu>t—e,

(u—t+4+2€)fe, ift—2e<u<t—ec

The last two integrals are continuous as functions of ¢ > 7 4 € by the weak continuity of i
Moreover, almost surely both integrals converge monotonically to 0 for all ¢ > 7 as ¢ | 0 by Lemma

4.11. The result now follows from Dini’s theorem.
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(¢) The proof is similar to that of part (a) and is omitted.

Remark 6.11 It is apparent from the proof of Lemma 6.10 that analogous results hold with Hi
replaced by H?. In fact, (Hf’e)tzﬂ_e Is continuous.

7 The martingale problem and the strong equation

In this section we complete the task begun in Section 6 of proving uniqueness in ]\/473;1(7', pt p?) (that
is, Theorem 1.4(b)). As explained in Section 6, we do this by reversing the procedure in Section 5
that used the strong equation (SE) to produce a solution (Hl, Hz) from a pair (lffl, ﬁ]z) with the law
P77 constructed in Section 4.

In Section 6 we took a solution (f]l, f]z) of ]\/473;1(7', pt, %) and produced the pair (H', H?). We
picture points of the form (y,0) in the support of H! as corresponding to points y in the support of
Hf, and picture points of the form (y, &) in the support of H{ as being “ghostly descendents” of the
path y* killed—off at times s < t. If we forget about the marks, then the totality of “real” and “ghost”
particles form a pair (H', H?) of independent historical Brownian motions.

The intuitive description presented in Section 1 says for a point (y, ;) in the support of H! that,
conditional on (Hl, Hz), the killing time s is time of the first arrival of a Poisson process on [, 00[
with intensity 7;£(y, lfﬂ), J = 3—1. The strong equation construction (SE) of Section 5 dictates that s
is the first time a Poisson process on [r, 00[x[0, 1] with intensity 7;¢(y, H/) ® m has a mark (u, z) with
N(u,y) > 2.

The prototype for the problem of constructing (lffl, ﬁ]z) from (H', H?) is therefore the following.
Suppose we have measures £ and ¢ on Ry with £ < ¢ and a random time S that has the distribution
of the first arrival of a Poisson process on R with intensity £. How, by introducing extra randomness,
do we construct a Poisson process on Ry x [0, 1] with intensity ¢ ® m such that S is the time of the
first point (u, z) with (d¢/d()(u) > 27 The answer, of course, is that:

e Prior to S, we lay down an independent Poisson process on R with intensity £(- N[0, S[) and equip
each point u in this process with an independent mark that is uniformly distributed on [(d€/d¢)(u), 1].

e We equip the point S with an independent mark that is uniformly distributed on [0, (d¢/d¢)(S)[.

o After S we lay down an independent Poisson process with intensity ((-N]S, oo[) and equip each point

with an independent mark that is uniformly distributed on [0, 1].

The reader should keep this prototype in mind as they follow the construction in this section.
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Throughout this section, 7 > 0, #; > 0 and u' € Mps(C)™ will be fixed. The proof of the following
main result of this section will be given after a number of preliminaries. We remark that Theorem
1.4(b) will be immediate from this result and Theorem 5.2(c).

Theorem 7.1 Let (Hl,Hz) be a solution of ]\ﬁH(T,ul,uz). There is a filtered probability space
carrying a pair of Mp(C' x My )-valued processes (lffl,lffz), as in Section 5, and a pair of processes
with the same law as (f]l, f]z), and which we still denote as (f]l, f]z), such that (f]l, Hz) solves (SE).

We continue to work in the setting of the Section 6. We described above verbally what we did
there. More precisely, we started with a solution (f]l, Hz) of ]\ﬁH(T,uluz), and, by enlarging the
probability space, we constructed a pair (H', H?) solving M P(r, u', u?) such that

/¢ JL{e = 0} Hi(d(y, e /¢ Yi{e(Ir, 1)) = 0} Hi(d(y, e)). (7.1)

Moreover, if we set

- / o) Hi(d(y, €). (7.2)

then (H', H?) is a pair of independent historical Brownian motions.

As 7> 0is fixed and H?, H? will be A for t < 7 we consider only ¢ > 7 in what follows. Recall the
notation A’(¢,y) and I'(¢,y, n,w) from Section 5.

Our first step will be to construct a pair of cadlag processes (lff ,fNI Ve>r4e with the same law
as the processes (FI}’E,FIE’E)QTH under PTELE . For @ = (y,n), set =% = (y*,

(f[l’e, fNIZ’E) will have the property that if, for t > 7 + ¢ we set

0= [ o Hilde),

/ o) Hi(dy) = [ oly) B (i),

n%). The processes

and

/¢ ()1{e = 0} B(d(y, e /¢ (=) 1{e(lrt — ) = 0} Hi(d(y, e)),

then for ¢ € bC we have almost surely, V¢ > 7+ ¢,
() = [ 1ty m(w) £ (. m) (SE)
and

- / S(y) AL (d(y, n)).
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We stress that H¢ is NOT defined by analogy with H*¢. That is, f[;’e(q/)) # [(y'™9) f];(dy) Rather,
f[f’e dominates (possibly strictly) the measure defined by the right-hand side.

Let us first look at the conditional distributions of H¢ given (H', H?) a little more closely. Take
t = 1. Hence we are considering the conditional distribution of He given H under Ql’ﬁl, where
v = r1H?. Here and in what follows we use the obvious analogues of the notation described above
without the superscript i. As we remarked in Section 4, we are not strictly dealing with an historical
process but most of the results in Section 3 of [9] still hold in our setting. Using these results (especially
Theorem 3.9 of [9]), the construction, and Lemmas 6.9 and 6.10, we have the following. Under Ql’ﬁl,
fvff_l_e is purely atomic with a finite number of atoms for all ¢ > 7. These atoms evolve as a cadlag
branching particle system starting at ¢ = 7 with a Poisson random measure with intensity ji'/2e.
With rate (2/¢) each particle dies or splits into two with equal probability. Between branch times, the
particles follow independent copies of the C' x My—valued ITHP with laws {P}¥"}.

We can express the content of this observation as follows. Let S§ and 5}5 denote, respectively, the
supports of Hf and fvff For each atom y in S§ there is a unique atom (y, n(¢, y)) in 5}5 and Fff assigns
mass H;({y}) to (y,n(t,y)). That is,

5= Zyes; by m(eynHi ({y}).

For all 7+ ¢ <4y < s, if y1 € 57, and yo € S, are such that yi = y§ for some s < {;, then
(n(t1,11))° = (n(tz,y2))°. Consequently, if we write 74+ € = vg < vy < vy < ... for the branch

or death times of the particle system (S})i>74c, then for each atom y € S'Zk+1— there is a unique
atom (¥, n_(ve41,%)) = (¥, limgqo,,, n(s,¥°)) € §5k+1_ ; and, moreover, for v, < ¢ < wgy1 each
(¢, n(t,y)) € 5}5 is of the form (y'=¢, n_(vg41,y)" ") for a unique y € Sy 41— Conditional on H¢, the

random measures

{n (o, 9)( O ok — € vegy = elx[0,1]) : k=0,1,-, yesi,,,_}

are independent, and for y € S, | _ the random measure n_(vy41, y) restricted to [vp—e, vp41—€[x[0, 1]
is a Poisson random measure with intensity (¢(y,v) @ m)(- N [vr — €, vi41 — €[x[0, 1]).

We claim that the conditional distribution of H¢ given H has the same description. To see this,
note that if 0 < ¢ < ¢, then Fff may be recovered from Fff by truncating the atoms of Fff at time ¢ —e.
Applying the above description of the conditional law of H? given H® and truncating to get FIE, we see
that the conditional distribution of H* given H° is the same as its conditional distribution given H¢
described above. Now let § | 0 and use a martingale convergence argument to see that the conditional
distribution of H¢ given H is also the same as its conditional distribution given H€ described above.

We now turn to the definition of (f[l’e, ﬁ]z’e). Until further notice € will be fixed, and we will
sometimes use notation that does not explicitly record the dependence on ¢ of various objects we

conslder.
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Let ¢(HY¢, H?)(dt, dy) denote the random measure on [, co[xC' given by

> byly, H?)(dt).
yesj;:e
More precisely, for all i,

OHY HY) (AN [v; — €,vi41 — €]) x B) = Z {/An[ Oy, H*)(dt)1g(y) : y € Si;jrl_} .

Vi—€,Uiqp1—¢€[

We will define ¢(H¢, H?), ¢(H, f]z), etc. in the analogous manner. (Lemma 6.9 shows that H ¢ is
purely atomic and inherits the branching structure of H1:<.)
Define random times 7 +¢=Tg < T¢ < T¢ < ... by

T,§+1:inf{t>T,§:Hf’e({(y,e) : e({t—e}):l})>0}, k=0,1,2,....

Lemma 7.2 (a) If T} < oo, then almost surely T} < Tl§+1~
(b) Almost surely, the intersection of the set {Ti : Ty < oo} with any compact interval is finite.

Proof. In order to prove both parts, it suffices to show that P-a.s. for all intervals [a, b] with 7+ ¢ <
a < b< a+ e the set

{telat: B Uwe) : el{t- ) =1} >0}
is finite. However, it follows from Lemma 6.9(a) that for all such intervals [a, b] and all ¢ € [a, b]
S =81t CSiea =TT 1 (ye) €S )

and the last set is finite. As e({s}) > 0 for at most one value of s for all (y,¢) in S§ the finiteness

b—e,a>

of the above set of times is clear.

d

We may enlarge the filtered probability space on which (lffl, Hz) is defined (but still denote it by

(Q, F,(Fi)i>-,P) and still require that (F;);>, is right—continuous) so that on it there are also defined

simple point processes II', 112, ', 22 on |7, co[xC x [0, 1] with the following properties.

(i) The random measures II', 12, ' =2 are conditionally independent given (H*, H?).

(ii) Conditional on (H', H?), TI' is a Poisson process with intensity
dt x dy x dz —1{e(]7,t[) = 0} (1 = X(t, y)) " 1{z €]N(t, y), 1]} m(d2)
v [Q(HDE HTY — 0(HYS, HY)| (dt, dy, de)
1 {eIr,t) = 1} ral 5, F)(dt, dy, de) m{d2),
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where j = 3 — 1.

(iii) Conditional on (H!',H?), =' is counting measure on the set of points

{(Ti—€, Y}, Uiy : TP < oo}, where Y} is the unique y € C'such that (y, e) € S;f and e({Tyi—e}) =1
k

(y is unique by Proposition 6.7(c)) and the {U}} are independent with U} uniformly distributed
on the interval [0, X{(T} — ¢, Y})].

(iv) For all A € C x B([0,1]) the processes (II'(]r,t] x A))i>- and (Z(r, 1] x A))i>r are (Fi)isr—
adapted.

Remark 7.3 It is easy to check (for example, using Laplace functionals) that the point processes 11!,
1%, =1, =2 restricted to |7,t—€] x C'x [0, 1] are conditionally independent given o{(H}, H2) : 7 < s < t},

and the description of the conditional laws is that given above, restricted to Jr,t — €] x C' x [0, 1].

Set
1(0) = [ 600, Nt 0) ] ),
where N(t,y) € My is given by

N(t,y)(A x B) = / // 1{y" =y'} [Hi(ds, dy',dz) + Z'(ds, dy, dz)] .
An]T,t—¢] B

Lemma 7.4 (a) The process Hb¢ 4s cadlig.
(b) The pair (f]l’e,ﬁz’e) satisfies (SE).

Proof. (a) By construction, f];’e(q/)) = [y, NUTE yTv)) Hf’e(dy) for TP <t < T}
follows from Remark 6.11.
(b) We must check for ¢ € bC that we have almost surely for all ¢ > 7+ ¢

+1, and the claim

() = /ﬂ'(t,y, n)g(y) Hy(d(y, n)).

Moreover, by an argument similar to that in the proof of Corollary 3.6 of [30], both sides of the above
are (ft)t27+;predictable processes. It therefore suffices by the section theorem to check for each

bounded (F;)i>74e—stopping time T > 7+ ¢ that

i (4) = / I (T, m)é() B (d(y,m)).

Consider y € S%E. By Lemma 6.9(c) there is a unique e € M., such that (y,e) € 5’;6 and we have
Hy ({(y,e)}) = Hi ({y}). I e([0,7 —€]) = 1, then y ¢ Si° (see (7.1)). If e([0,7 — €]) = 0, then
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y € S’;E and ﬁ%e({y}) = ﬁ%e({(y, e)}) = H%E({y}). On the other hand, there is a unique n € My
(namely, N*(T,y)) such that (y,n) € 5’;6 and we have ﬁ%e({(y, n)}) = H%E({y}). Hence, by (7.1) and
(SE.) we must prove that e([0,7 — €]) = 1 if and only if I'(T,y, N*(T,y)) = 0.

Suppose that e([0, 7 — €]) = 1, so that e({s —¢}) = 1 for some 74+ ¢ < s < T. By Lemma 6.9(a),

we have that (y*=¢ e*~¢) € Sb¢. ;From the construction,

E({s - x I x [0, N5y ) =1

and hence

NUTp)({s =} < [0,X (s — e, )]) = 1.

Therefore, I*(T,y, N*(T,y)) = 0.
Conversely, suppose that e([0,7'— ¢]) = 0. By Lemma 6.9(a), we have {(y/,¢’) € St¢: ¢/ = y*=} =
{(y°~¢,0)} for all 7+ ¢ < s <T. By construction,

NUT, ) ({(u,2) ;7 <u<T—¢ 2 < N(u,y*)} =0.

Therefore, I*(T,y, NY(T,y)) = 1.

Lemma 7.5 In order to check that HY¢ and H>< are conditionally independent given (H', H?) and
that the conditional law of H>¢ given (HY, H?) is the same as the conditional law of HH¢ given (HY, H?),
it suffices to verify for any t > 7+ ¢ and any bounded Borel funclion F :]7,00[xC x [0,1] — R, that

the process

S — / (/ / Fu,y*, 2) [n(du, dz) — ril(y, Hi)(du)m(dz)]) f[f’e(d(y’ n))
IrsA(t—e€)] /[0,1]

(7 = 3 —1i) is a martingale with respect to the filtration (H° V Ps)s>r, where HO is the sub-o—field
generated by (H', H?) and Ps is the sub-o—field generated by the restriction of the point processes
(I, 112,22, 22) to |1, s — €] x C' x [0,1].

Proof. We will first show that the conditional law of Hixe given (H', H?) is the same as the conditional
law of H' given (H' H?). For the moment i will be fixed and we will use notation that does not
record the dependence on ¢ of some of the objects we introduce.

It is clear by construction that almost surely for all £ > 7 4+ ¢ and for each atom y in S;"E there

is a unique atom of the form (y,n) in 5’;"6 (namely, (y, Ni(¢,y))) and f[f’e assigns mass Hf’e({y}) to
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(y, N'(t,y)). Moreover, almost surely for all 74 ¢ < t; < to, if y; € Sf’le and yo € Sf; are such that
yi = v for some s, then (N*(¢1,41))° = (N*(t2,y2))°.

Let P be the total number of branch or death times of the particle system (Sﬁ’e)tzﬂ_e. Define
H%—measurable random variables 74+ ¢ = V5 < V3 < Vo < ... by setting V; < Vo < ... < Vp to be
the successive branch or death times and putting V; = Vp for j > P. Let @), = cardSé/’;_. Adjoin a
fictitious point § to C to form CT. Construct H°-measurable Ct-valued random variables Wp.q, 0> 1,
g > 1, such that for 1 <p < Ptheset {IW,, : 1 <¢<Q@Q,}= Sé}j_, and for either 1 < p < P and
g>Qp+1,0orp>P+1wehave W,, = 1. (To construct these random variables one may use the
Borel isomorphism between €' and [0, 1] and then invoke the total order on the latter set to effectively
list the atoms.)

Set

Npg = Ni(%a W) (-0 [Vpo1 — €,V — €[x[0, 1])

for 1 <p < P, q<@Q,, and put N, , = 0 otherwise. We need to show that conditional on (H', H?)
the collection {N, ,} is independent, and that the conditional distribution of N, , is that of a Poisson
process on R x [0, 1] with intensity A, ,, where A, , = (ril(Wp 4, H))@m)(- O [Vo—1 — €, V, —€[x[0, 1])
for 1 <p<P,q<Qp,and Ay, =0 otherwise. Here as usual we assume 7 # j.

Consider a grid of constant times 7+ € =ty < &1 < f2 < ... with limp_ o 5 = co. It is clear
from the above description of the branching particle system (Sﬁ’e)tzﬂ_e that the distribution of each
Vp, p > 1, is diffuse and hence the sets {ts}32, and {V}};2, are almost surely disjoint. Let

Nipg = Ny OVtnes — 6t — [0, 1)1{Vpr < 14 < V)

for h>1,p>1, ¢ > 1. Observe that
Npg(- 0 [0,sup{tn : tn < Vp}[x[0,1]) = Z Nhpg-
h=1

By considering a sequence of such grids with successively finer mesh, it suffices to show that conditional
on (H', H?) the collection {N}j, ,} is independent, and that the conditional distribution of Ny, , is

that of a Poisson process with intensity Ay, o, where
Anpg =Dp (- O [taor — € tn — [x[0, 1)1V, < tn < Vp )

We will accomplish this using Proposition B.1 and Corollary B.2 from Appendix B.

It is clear from the construction that if By,..., Bx are disjoint Borel subsets of [0, 1], then for all
h,p,qthesets {s : Nj, ({s}xBg}) # 0}, 1 < k < K, are almost surely disjoint. It is also clear from the
construction and Lemma 6.7(c) that for any h, p and and any ¢ # ¢’ the sets {s : Ny, ,({s} x[0,1]}) #
0} and {s: Npp o ({s} x [0,1]}) # 0} are almost surely disjoint. Trivially, for any (h,p) # (A’ p') and
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any ¢,q’ the sets {s : Npp o ({s} x [0,1]}) # 0} and {s : Ny, o({s} x [0,1]}) # 0} are almost surely
disjoint.

Put Xy = Hp ({(Wp)~}) for 1 < p < P, g < Qpand Voy <t < Vp. Set Xppy = 1
otherwise. In order to apply Proposition B.1 and Corollary B.2, it suffices to show that

P [Xnp,gAnp,g (78] x [0,1])] < o0
for all s > 7 and that for any B € B([0, 1]) the process
s = Xnp,g(Npp,g(]7, 8] x B) = Appo(]7, 5] x B))

is a (H° V P,)s>,—martingale.
Note that

P g A (17,8] < [0, D] <P Y~ X Anp e (It — €] 3 [0,1])

r=1
— th €
=P ZH Wy V= DU Vooy <ty < Vo drile, — (W, ., HY)
=F ZH Wy )" DU Vot < th < VpJrit, — (Wi, )™, HY)

<P /mﬁth(y, ) 1y, (dy)
< 00,

by Theorem 3.7(c).
A monotone class argument starting with the hypothesis of the lemma gives that if F':]7 oco[xC' x
[0,1] x € — R is bounded and B(]r,00[) x C x B([0, 1]) x H’-measurable, then the processes

5 H/ (/ / F(u,y", 2) [n(du,dz)— ril(y, Hj)(du)m(dz)]) lfff}’f(d(y, n))
IrsA(tn—e)] /[0,1]
- F U, uaz
Z{ wnf /[] (5%, 2)

X [Ni(th, y)(du, dz) — r;l(y, Hj)(du)m(dz)] ) (Y € Sf;f}

is a martingale with respect to the filtration (H° v Ps)s>-. Apply this with

Flu,y,2) = 1{u € Vo1 — 6, V, — e[N[thor — €, 1 — €[}
X Uy = (Wp,)" " F1p(2) Vo1 <ty < V)
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to complete the proof that the conditional distribution of Hixe given (H', H?) is the same as the
conditional law of H!:¢ given (HY, H?).

An elaboration of the above argument also handles the conditional independence of (f[l’e, f[z’e)
given (H', H?). The only new point to check is that if two point processes are constructed from Hbe
and H2¢ in the same manner as each of the Ny p,q above were defined, then the two point processes
don’t have atoms occurring at the same time. However, this is clear from the construction and Propo-
sition 6.7(a). We leave the details to the reader.

O

We now proceed to verify the condition of Lemma 7.5. It suffices to consider F' of the form
F(u,y,z) = f(u,y)g(z), where g and f are bounded Borel. We wish to show that for ¢t > 7 4+ ¢ and

T4+ €< r< s we have
B [aiean 11OV e =0, (7.3)
where

Ai(y, n) = Flu,y*)g(2) [n(du, dz) — ril(y, Hj)(du)m(dz)] (j=3-14).

~/]7'/\(t—e),s/\(t—e)] [0,1]
We may assume that s <t —e. As a first step in showing equation (7.3) we will consider
P [ﬁf;"(Ai) | HOVH VP,

where H, = o{(HL, H2): 7 <u <v},v>T.

Now, by a slight extension of Theorem 4.7 of [21], any bounded H°-measurable random variable,

, :]P[,]—i—/ /q>1dM1+/ /<I>2dM2

for a suitable pair of (C X 1S, )y>-—predictable integrands &', ®*, where H) = o{(H}, H2) : 7 < u < v},
v>71. Now v — f: f<I>i dM?, v > 7, is a martingale with respect to the filtration (,}:{v)UZT (recall that

(H', H?) are independent historical Brownian motions with respect to this filtration by Corollary 6.5,

, can be written as

and so, by Remark 7.3, it follows that this stochastic integral is also a martingale with respect to the
filtration (H, V Pu)u>r. We can use this fact to conclude (cf. the proof of Theorem 4.9 of [20]) that

P HS(AD) | HOVH, vP,«] =P [f[f’e(Ai) | HY v H, vP,«] =P [f[f’e(Ai) | He VP,
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By the definition of (IT*, TI?, =, Z?) and some thought, it follows that

v e 17, v P
:/[/rm &), sA(t=e)] fwst {/A Cuy))1] 9(2) (dz)}1{6(]T’u]):O}Tig(y’m)(du)
i /]rA(t—e),sA(t—e) {/0 Al (u,y) mi{dz } g (u y) e(du)
/ Fu, 5) { }1{e = Unill(y, 17)(du)
IrA(t—e),sA(t—e)] 0 1]
/ Fluy) { } (y. 119 ()| H}(d(y. )
Jra(t—e),sA(t—¢)]
/(/]T,(t—e)] {r <u<s}fu,y*) {/[Oykl(uyy)] g(2) m(dz)}

% N ()™ [e(du) — He(r, u]) = O}rit(y, B )(dw)] ) Hi(d(y,e))
Hi(Bi_.),

+

O

1]

say.

To recapitulate, we want to establish equation (7.3), that is, that
BB A | HOV P =
and we have shown that
BB | HOV R P | = BIBI).
It will therefore certainly suffice to prove that
P [H{(Bi_.) | H* VH, VP,] =0

Using the stochastic integral representation of bounded, H°-measurable random variables and the

definition of (II*, 11?, 1, =) as above, we find that
P[H{(Bi_) | H°VH, VP, =P [H(Bi_) | H VH, VP =P [H{(Bj_.) | H{ VH,].

Thus, in order to obtain equation (7.3), it suffices (by an easy monotone convergence argument) to

verify for each K > 0 that that
B BB, sy ) | H V| =0, (7.4)

where S%-(y,e,w) = inf{u > 7 : £,(y, lfﬂ)(w) > K}. Equation (7.4) is equivalent to Lemma 7.7 below,

which in turn will be a fairly immediate consequence of the following.
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Lemma 7.6 Suppose that ¢, f1,... fa, 91, 95 €pC, T<u1 < ... Cua <, 7< < ... <vg <
t, and , € bpH,. Then

| Becans twerstoiatn e T HH% w:| <o

P

Proof. We first comment that fB(t Sy, (y, e)o(y)Hi(d(y,e)), H;a(fa) and Hgb(gb) have finite mo-
ments of all orders, so the expectation in the statement of the claim i1s well-defined.

We will proceed by induction on « and 3. Consider first the case « = 8 = 0. By Theorem 2.6 of
[30] and Ttd’s representation of square—integrable Brownian functionals as the sum of a constant and
a stochastic integral, we have ¢(y) = v + f: Y(w,y) - dyy, @fp—a.e. (y, e,w), for some constant y and
some square—integrable (Cy x ﬂw)wZTfpredictable integrand . Set

g(z)m(dz)}
[0,74(1.9)]
x X (u, )~ [e(du) — 1{e(Jr, u)) = 0}rsf(y, ﬁﬂ)(du)] .

By Corollary 6.6(c), for o € [r, 1],

Bwo= | ]1{r<uSsAS%A(t—d}f(u,y“){/o

. / By o)y + / " (o, )y} i (d(y, )

is an (H,)-martingale that is null at o = r. To see that 1 satisfies the hypotheses of Corollary 6.6(c)
note that

P ([ tiveias] = [ [ wmras] = e oor -7 <,

where W is a Brownian motion with the appropriate initial measure at time 7. Thus, since B! =
i
B(t—e)/\S;{’ we have

o[ Bionsy wosia e, | = [ [ Bwat+ [ v dudiiae. ] <o

In order to completely describe the verification of the inductive step, we would need to introduce a
significant amount of notation and write down some rather lengthy expressions. Instead, we will show
how the two cases « = 1, f =0 and o = 0, § = 1 follow from the case &« = § = 0 and just sketch the
proof of the general inductive step. Consider first &« = 1, # = 0. Arguing as in the previous paragraph,
we have fi(y) = e1 + fTul Fi(w,y) - dyw, EDUH;—a.s., for some constant c¢; and some stochastic integrand
Py, and

oAU .
o / (e + / Fi(w,y) - dyu }HY po (d)
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is a (ﬂU)UZTfmartingale. Moreover, by Corollary 6.6,

(Bt [ ", 0) - dya) s e)), Jta+ | " B, ) - dyu o (d)
:/TWI/BQ(@/, 6){7+/Tp¢(w,y) ~dyw}{cl+/TpF1(w’y).dyw}H;(d(y’ ) dp.
Thus, by integration by parts, we have
2| [ Bl 0 1 0w N 1, 00 |
=P [/ Bi(y, 6){74—/:1/)(“”3/)~dyw}Hj(d(y, e))/{cl +/Tw1 Fl(w,y).dyw}Himl(dy)’]
+F [/ / (B)(y, 6){7-1-/:)1/)(10,3/) ~dyw Her +/TpFl(w,y) dy, }) Hi(d(y, 6))dp’]
= [ ][ Brwasemmaw o | a

where q;(p, y) is the product of the stochastic integrals up to time p. The boundedness of ¢ and the
fact that y is a Brownian motion stopped at p under ]Iw;[l for any p > 0 shows that

P — 7
I+ / w, ydy(w)| < |6lle BT = ace,

and so q; is bounded (by a symmetric argument for f;). Hence we may apply the o = 3 = 0 case to
see the above expectation is zero.
Now consider the case o« = 0, 8 = 1. We have ¢1(y) = d1 + f:l Gi(w,y) - dyy, EDUHIJ almost surely,

for some constant d; and some stochastic integrand G, and
oAUy .
o — /{d1 +/ Gi(w,y) - dyw H ) py, (dy)
T
is a (H,)s>-—martingale. Moreover, since i # j,

( / By, )y + / G y) -y} B (d(y, ), / (d + / T G y) - dya } T, (dy))o = 0,

Thus, as above we have
P [ [ Bl sy o D (51), ]

—p [ [Bwot+ [ v i [t [ T Gatwy) - dy) B ()
=0.
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For general «; 8 we can follow a similar strategy to reduce to earlier levels in the inductive hierarchy.
We first write [ Bét—e)/\s;{ (y, e)o(y)Hi(d(y, e)) and each of the terms H;a(fa) and Hgb(gb) as the value
at ¢ of a certain martingale. We observe that, as in the proof of the case a« = 1, § = 0, the covariation
of the martingale associated with [ Bét—e)/\s;{ (y,e)p(y)Hi(d(y, e)) and the martingale associated with
H; (fa) is a time integral of H' integrals of the special form we are considering in the statement of
the claim. The covariation of the martingale associated with H;a(fa) and the martingale associated
with H;a,(fa/) is a time integral of H? integrals. Here, as for the o = 1,3 = 0 case, we again use
the fact that the stochastic integrals up to any earlier time p are essentially bounded. Similarly, the
covariation of the martingale associated with HJ, (gs) and the martingale associated with Hgb, (gp) is a
time integral of H’ integrals. All other covariations between the associated martingales are 0. We now
use [to’s lemma to represent the product of these associated martingales as a martingale that is null
at r plus a sum of terms arising from the covariations. From our observations about the covariations,
each of these latter terms will be the time integral of the product of a H integral of the special form
we are considering in the statement of the claim with a collection of H® and H/ integrals that number
a+ [ — 1 in total, and so we may apply the induction hypothesis to complete the argument.

d

Lemma 7.7 Suppose that , € bH? and , € bpH,. Then P [Hti(Bét—e)/\Sl ), :] =0.
K

Proof. Let fi,...,fa, g1,-..,498, ¥1,...,%q, V1,...,Vs be as in the statement of Lemma 7.6. As
(H{(1))¢> is a continuous state branching process, P’ [exp(xHY (fa))] < oo and P [exp(xH{, (g1))] <
oo for x in a neighbourhood of 0, 1 < a < «a, 1 <b < 3. We conclude from Holder’s inequality and

Lemma 7.6 (upon expanding the exponentials in a multivariable Taylor series) that the expectations
p [exp@gaﬂ;a s zcbﬂzb>ﬂz<3@_ew>+,]
a b
and
p [exp@m; s zcbﬂzb>ﬂz<3@_m>—,]
a b

exist and are equal for (¢,¢) € R**? in a neighbourhood of 0.

The uniqueness theorem for moment generating functions gives that

B ACHE s () as VF0 | = B MO oz, (P HEBY s )™

for all bounded, Borel functions A : R**+? — R,
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A monotone class argument now establishes that
Pl B | =P 2(B)7, ],

as required.

Proof of Theorem 7.1 We can now complete the construction of (lffl, ﬁ]z) and the verify that this
pair has the same law as (fvfl, FIZ) and satisfies (SE).
Observe that if ¢ > ¢, then

/qb te ' “(dz), t>T1+¢€.

Therefore, if for some integer k > 0 we start with (H!, H?) and build (lfﬂ,z—k’f{z,z—k) by the above

construction and set (with a slight abuse of notation)
rri 2k t—27h 7,27k —h
o (¢)= [ ¢(= YHy® (de), t>71+427"

for 0 < h < k, then (lffl’z_h,ffz’z_h)’,izo has the same joint law as (ﬁl’z_h,ﬁz’z_h)’szo. Moreover,

with this new use of notation we still have

T /¢ J1{e( rra%bzmmw%m:/ﬁw%mawmfwmm»
(SEn)

and

170 = [ o B (i)

for 0 < h <k.

Applying Kolmogorov’s extension theorem (and another slight abuse of notation) we can construct
on some probability space a pair with the same law as (H', H?) (we also call this pair (H!, H?)) and
a sequence of pairs which we denote by (f]l’z_h, gz,z—h)zozo such that (H!, H?, (ﬁ]l’z_h, ﬁ[z’z_h)’é:o)
has the same joint law as (H', H?, (fv]l’z_h, ﬁz’z_h)’é:o) for every k. Moreover, (SEy) is satisfied for
0<h<oo.

It follows from Lemma 6.10 that, on the same probability space that (4!, H?) and (f]l’z_h, g2t )52,
are defined, there is a process (Ht ,Ht )i>- with the same law as (Htl, tz) such that as h — oo,
(f]l’z_h , gz,z—h) almost surely converges uniformly on compact intervals of ]T, oo[ to (lffl, ﬁ]z) More-

over,

lfff’z_h(qb) = /(b(xt_z_h)lfff(dx), t>r427"
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for 0 < h < 0.
Thus

[ ot e -2 = 0y ity 0) = 177 9
= [ F e i)
and
JEI /q/) ) Hi(dy, dn)

fort > 74+ 27" and 0 < h < oo a.s. Letting h — oo and using Lemma 4.11, we see that if ¢ is

continuous then, almost surely for all t > 7,
= /fb(y)l{e(]ﬂt]) =0} Hi(d(y,e)) = /Ii(t,y, n)é(y) H{(d(y,n))

and

:/mw@www»

These equations are trivial for ¢ = 7 Therefore (SE) holds for such ¢. A monotone class argument
shows that (SE) holds for all ¢ € 6C.
O

Proof of Theorem 1.6 It suffices to prove part (b). Let ¢, | 0 and assume (Hl’”,Hz’”) satisfy
]\/473;(0,1/1,1/2). As in [2] or Section 6 we may assume there are a pair of independent historical
Brownian motions (H" H?") with law Q%" x Q%" such that H™ < H%" as. The tightness
of the laws of {(H'" H>") : n € N} on Qy x Qy now follows by making minor changes in the
proof of Theorem 3.6 of [20] (note that the required compact containment condition is immediate
from the above domination by historical Brownian motion). The uniformity in Theorem 3.12(a) also

allows us to trivially modify the argument in Theorem 3.6 of [20] to see that every weak limit point of
{(f]l’”, H2" . ne N} solves ]\/473;1(0, vl v?). Theorem 1.4(b) now completes the proof of (b).

8 Markov property

In this section we complete the proof of Theorem 1.4 by establishing part (¢) of that result and derive

the corresponding result for solutions of ]\/473)((7', vl v?).
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Proof of Theorem 1.4(c) We first show that the uniqueness in part (b) extends to random space—
time initial conditions. Let ¢ be a probability measure on S. We will say that a process H= (f]l, Hz)
on (Q, F, ﬁb) with sample paths a.s. in

{(w1,w2) € x Q2 ac(wr) = ac(ws)}
is a solution of ]\/4\PH(C) if the following conditions hold:
(M1) If A = ac(HY) Vac(H?) (= ac(H?) as.), then (A, Hy, H}) has law .
(M2) The field—field collision local times L(f]i, lfﬂ) exist for i # j.
(M3) If HA = N, (O'(HA+5 0<s<t+i)v U(A)), then for all ¢1,¢2 € Dg the process

A+t

~ s . ~ ~ . ~ A A+t ~ . ~ s
M) = W) = a0 - [ miGendsen [ [anur sy, 1> o

A

(i # j) is a continuous (Hf)tzofmartingale such that

A~ A~ A+t ~
(Ar'(6:), 009 (¢5)) = 52»,]»/14 Hi((¢5)%) ds, ¥t > 0,as.
for all ¢;,¢; € D, and all £ > 0.

Clearly, if the filtration appearing in the definition of ]\/4\P(T, pt, u?) is the canonical right—
continuous filtration, then ]\/4\PH(67 @06,1 ®6,2) and ]\/4\P(T, pt, u?) are equivalent martingale problems.
We claim that the law on Q. x Qf of any solution to ]\/4\PH(C) is

B¢ = /ﬁwwc(d(r,ﬂl,ﬂ?)). (8.1)

To see this, assume (f]l, Hz) solves ]\/473(0 and let ﬁDTyulyu2 be a regular conditional probability
for (Hl,Hz) given (A,Hi‘,f[i) = (r,pt, p?). Let D, be a countable subset of Dg such that 1 € D,
and the bounded-pointwise closure of {(¢, %q/)) : ¢ € D,} contains {(¢, %q/)) :¢ € Ds}. Let K, be a
countable collection of bounded, measurable functions on Mp(C') x Mp(C') whose bounded-pointwise
closure is the set of all bounded, measurable functions on Mp(C) x Mp(C). For u > 0, let ¥, (u) be

the countable set of random variables of the form
= ﬁm(ﬁhvl,m%), Ui € Ko, v; € QN [0,u], m € .
i=1
IfOo<u<w, ¢ €D, fori=12 and ¢ € ¥, (u), then
B[ (60) = M) | 4, HY B3] =0, as.

Therefore, we may fix (7, ut, u?) outside a (-null set N so that for all ¢y, ¢2 € D, rational 0 < u < v
and ¢ € ¥, (u) we have

101



(i) s — H(¢;) is continuous @Tyulyuz—a.s.

(i) Hy =p' and A =, ﬁDTyulyu2—a.S.
(i) P [(M(05) — Mi(60))] = 0.
This implies for ¢; € D, that

p77u17u2 [Mj(qbl) | Hrgs, 0 <5< u] = M&(qbz), ¥ rational 0 < u < v, ﬁDTyulyu2—a.S.
Taking limits from above in u and v and applying continuity and reverse martingale convergence, we
see that the processes (Mf(qSi))tZO are (HET))tZOfmartingales under ﬁDTyulyu2 for ¢; € D,.
By enlarging N, we may also assume (again for ¢; € D,.) that

~ . ~ . T+t ~ . ~
<MZ(¢>Z'), M](¢j)>t = 62’]’ / H;(d)lz) dS, Vt Z 0, ]P)Tyulyu2 — a.s.

7 uipz SO that the above

quadratic variation extends in usual way. By starting with (M3) above for ¢; in D, and taking limits

As usual, we can extend M’ to an orthogonal martingale measure under P

in probability under EADT’NIN2, we see that the semimartingale representation in (M3) remains valid under
ﬁDTyulu2 for ¢; € Dg, with M;(qbl) an a.s. continuous (HET))tZOfmartingale.

There is one remaining point to verify before we can conlude that under EADT’NIN2 the process (f]l, Hz)
solves ]\/473;1(7', pt, p?) with respect to (7%§0>)t27. We need to check that FFCLT’s exist under ﬁDTyulu2
and that these are the measure—valued process appearing in the semimartingale decomposition of lffl(qbl)
under EADTVNIVN2. The latter decomposition and the construction of the majorising historical Brownian
motions (H', H?) in Section 6 shows that under EADT’NIN2 we have (f]l, Hz) € M(H', H?) for suitable
(HY, H?) (providing (7, u', u?) € N), and so the existence of FFCLT’s, call them L(f]i, HI ot u),
under EDT’NIN2 follows from Theorem 3.12(a). A Borel-Cantelli argument gives that if ¢ € Cy(C) and
S > 7, then there is a sequence €, | 0 such that

sup_ L (HY HI) (@) — Ly(H'  HI) ()| — 0, P, ae-as., Cae. (1,1, 1%

<t
Hence L(Hl, Hz) Is a version of L(f[i, Hi: 7 ot p?) for C-a.e. (7, put, pu?), and the proof that for (-a.e.
(1, pt, u?) the process (f]l, Hz) under ﬁDTyulu2 solves ]\ﬁH(T,ul,uz) is complete. The uniqueness in
Theorem 1.4(b) shows that the law of (f]l, Hz) under P is given by (8.1).

To prove Theorem 1.4(c), we can now follow the proof of Theorem 4.4.2 of [18]. Let F' € Fr satisfy
P(F) > 0. For B € FL x Fl set

P(B) =D [1FﬁvTﬁ%ﬁ%(B)] JB(F)
and

Pa(B) =B [1pB((HYT B3 T) € B | Fp)| [B(F),
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where

o A, ift<T
H;’TI{ ’ 1 <4,

H;, otherwise.

As in Theorem 4.4.2 of [18], one readily checks that the coordinate variables on Q. x Q. solve MPy )
under P; and Pa, where {(G) = P [1F1((T, lf]%, ﬁ%) € G)] /ﬁD(F) The uniqueness proved above im-
plies that P = P». As F'is arbitrary, this gives pTHr Ay (B) = ]P)((HLT, HZ’T) € B | ﬁT) P-a.s. for
all B € F[, x F[., as required.

(I

Let (0;)¢>0 denote the usual family of shift operators on C; that is, (6;y)(s) = y(s +t). Given
p € Mp(C), write 6, for the push-forward of p by 6;. Note that 8, maps Mpg(C)* into Mpgs(C)'™7
if t > 7. Extend the definition of ; to M2(C) by setting ;A = A

Proposition 8.1 For (r,ul, p?) € S, let (Hl,Hz) have the law PT*5E described in Theorem 1.4
Then the law of ((Hfﬁrl+ta97ﬁ3+t))t20 is POsOnt 0,07

Proof. By definition, (Hl, Hz) solves ]\/473;1(7', pt, u?) with respect to the canonical right—continuous
filtration (H;)i>7, say. It is straightforward to check this implies that ((HTFITl_I_t, HTFIEH))QO solves
]\/473;1(0, 0-pt, 0, p1?) with respect to the right—continuous filtration (Hr41t)t>0. An application of The-
orem 1.4(c) completes the proof.

d

Define x : RY — C by (k€)(s) = &; that is, k€ is the constant function with value £. For v €
MF(]Rd) let kv € Mp(C) be the push—forward of v by k. Note that if v € MFS(Rd), then kv €
Mps(C)?. Suppose that the process (f[l,ﬁz) on (Q,]}, (]:")Qo,ﬁb) solves the martingale problem
]\/473;1(0, kvl krv?) for vt v? € Mpg(R?) and hence has law POsv R Get (Xl,Xz) =, (Hl), , (Hz)),
where we recall from Section 1 that , (h):(¢) = [ ¢(y:) he(dy) for b € Qg [0, 0o, Write Q¥"** for the
law of the continuous M pg(R%) x M pg(R%)—valued process (Xl , Xz) The following result is immediate
from Remark 1.2, Theorem 1.4 and Proposition 8.1. (Note that that , (hsy.) =, (fshsy.) forall s > 0.)

Theorem 8.2 (a) The pair X = (Xl,Xz) solves the martingale problem ]\/473)((0,1/1,1/2) of Remark

1.2.
(b) For any Borel set A C C(Ry, Mpg(R?) x Mps(R9)), the map (v',v?) — Q"l"’Q(A) is Borel.
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(¢) If T is a (]:"t)tzofstopping time, then
P ¢(XT+) | Fr (w) = QXT(“’)(QS), for P-g.e. w € Q

for any bounded measurable function ¢ on C(Ry, Mp(R?) x Mp(RY)).

A Superprocesses with immigration

Let (E,&) be a metrisable Lusin space (that is, £ is homeomorphic to a Borel subset of a compact
metric space and & is its Borel o-field). Suppose that S° € B(R4) x &, and for t € Ry set By = {z €
E:(t,z) € S°} € £. Adjoin an isolated point d to E to form E?. Let D(R,, E?) denote the Skorohod
space of cadlag, E%valued paths, equipped with its Borel o—field, and set

Q° = {w € D(B4, ) : a”(w) < 00, f°(w) = oo},
where
0 (w) = inf{t : w(t) # )
and

§°(w) = inf{t > a°(w) : (Lw(0)) ¢ 5}

The set Q° is a universally measurable subset of D(R, E?) (for example, by p. 64 of [11] and the
Borel measurability of (¢,w) — (¢,w(t))). Let F° be the trace of the universally measurable subsets of

D(R,, E?) on Q°. Write Z;(w) = w(t) for the coordinate random variables on Q° and Fls 14 for the
universal completion of (), o{Z, : s <r < t+4n~'} for 0 < s < ¢. One readily checks that f["s 4] is

right—continuous in ¢ > s.

If {P*%: (s,2z) € S°} is a collection of probabilities on (29, F°), consider the following conditions:
(Hyp 1) For each (s,z) € S°, P**(a® =s, Z; = z) = 1.
(Hyp 2) For each A € F°, the map (s, z) — P*#(A) is B(S?)-measurable.

(Hyp 3) If (5,2) € 5%, ¢ € b(B(R4) x F°),and T > s is a (}-[Os,t+]

)i>s—stopping time, then
PG, Z(T + 1)) | Fiopy| () = PTOPO(T(w), Z(T(w) + )]
for P*?-a.e. w such that T(w) < co.

(Hyp 4) If (s,2) € S°, and {T,, } are (}"[Os H_])tzfstopping times such that s <7, 1 T with P**{T <

oo} =1, then Z(T,) — Z(T), P**-a.s.
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If we were to alter the definition of P*? by restricting it to ]-"[Osyoo[, then conditions (Hypl) —
(Hyp3) imply that 7 = (Qo,fo,f[os’t_l_
(IBSMP) with cadlag paths in F; C F, in the sense of p. 12 of [9]. In this case we call Z the canonical
realisation of the IBSMP with cadlag paths in E; C F.

With a slight abuse of the usual notation, let C'(R, E?) be the subspace of D(R, £?) consisting of
functions f with the property that f(t) = f(t—) unless 9 € {f(t), f(t—)}. If D(R, E?) is replaced by
C(Ry, E?) in the above, then we call Z the canonical realisation of an IBSMP with continuous paths in
E; C E. Similarly, if in the above D(R 1, E?) is replaced by D, (R4, E?), the space of right—continuous

E?—valued paths (equipped with the o—field generated by the coordinate maps), then we call Z the

L Zy, P*%) is an inhomogeneous Borel strong Markov process

canonical realisation of an IBSMP with right—continuous paths in E; C E. Finally, if conditions (Hyp1)
- (Hyp4) hold, Z is the canonical realisation of an inhomogeneous Hunt process (IHP) with cadlag paths
mkb;, CFE.

If Z is the canonical realisation of an IBSMP with right—continuous paths in £, C E| it is easy
to check that Z is a right process in the sense of [15]. For example, since S° is also a metrisable
Lusin space, it may be embedded as a dense Borel subset of a compact metric space S. Let {f,}
be a countable dense subset of C'(S,R). Then {f,|so} generates B(S°) and obviously f,(t, Z;(w)) is
right—continuous for each w, so that 1.2.B of [15] holds.

Assume conditions (Hypl) - (Hyp4). If f € bB(S°), (s,2) € S?, and t > 0, define

Pyif(z) = P2 (f(s VI, Z(s V1)),

where we set f(u,8) =0. If f € bpB(S?), let V,,f(#) denote the unique Borel measurable solution of

t

Viad) = PG = 5 [ PV ()G dr (A1)

sAt
Note that if t < s, then V,,f(2) = P, +f(z) = f(s,z). We also define the corresponding space-
time semigroups for f € bB(S?) (respectively, f € bpB(S°)) by Pif(s,z) = Ps s4:1f(2) (respectively,
Vif(s,z) = Vi s41 (s, 2)), where (s,2) € §° and t > 0. The existence of a unique solution to (A.1) is a
standard application of Picard iteration (see, for example, Theorem 3.1 of [13]).
We abuse notation slightly and use Mp(FE;) to denote the set of measures 4 € Mp(F) such that
H(E\E) = 0. Let

S = {(t. 1) € By x Mr(E) : 4 € Mp(E)} = {(t, 1) il (1,2) & 5°} = 0} € B(Ry x Mp(E).
Adjoin A as an isolated point to Mp(E) to form M2 (E). Set
@ = {w € OB, MA(E)) s a'(w) < o0, F(w) = o0}
where

o (w) = inf{t:w(t) £ A}
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and

B'(w) = inf{t > o'(w) 1 w(t) ¢ Mp(E1)}.

Then, as before, ' is a universally measurable subset of C(R,, M2(FE)). Let F' be the trace of the

universally measurable subsets of C(R, M2(E)) on . Write X;(w) = w(t) for the coordinate random

variables on €’ and f[’s 4] for the universal completion of (), o{X, :s <r <t+n~'}for 0 <s <t.
Let

M r(S?) = {n € M(S°) : u(([0,] x E)NS°) = p(([0,¢[xE) N S°) < 0o, Yt € B4} .

Equip Mz r(S°) with a metric d such that d(yu,, ) — 0 if and only if for each k¥ € N un|5£ — /1|5£ n
the topology of weak convergence of finite measures, where S; = S° N ([0, k] x E).

We will use an appropriate weak generator for 7. Let A be the set of pairs (¢, ¢) € bB(S°) x bB(S?)
such that P;(¢)(s, z) is right—continuous in ¢ for each (s,z) € S° and

Piop(s,z) = ¢(s,2) + /0 Pr(4)(s,z) dr

V(s,z) € S°, t > 0.

Tt is easy to see that (¢,¢) € A if and only if Pi(¢)(s, z) is right—continuous in ¢ for each (s, z) € S°
and (¢(t, Z¢)—é(s, z)—f; Y(u, Zy) du)s>, is an almost surely right—continuous f[‘)syt_l_]fmartingale under
P*7 for each (s,z) € S°. In particular, (¢(¢, Z;)):>s has cadlag paths almost surely. If 6 € bB3, set

R)\H(S,Z)I/ e MP(s, 2) dt
0

for A > 0. One can easily check that (Rx0, AR\0 — 0) € A. If 6 € Cy(S°) (or, more generally, if 0 is
finely continuous with respect to the space-time process associated with 7), then AR 6 — @ in the
bounded pointwise sense as A — oco. Hence the set D(A) of ¢ € bB(S?) such that (¢, ) € A for some
1, is bounded—pointwise dense in b5(S?).

Let M, ;) be the o—field of subsets of Mzr(S?) generated by the maps v — v(A), where A is a
Borel subset of S° N ([s,?] x E).

Theorem A.1 Assume that 7 is the canonical realisation of an ITHP.
(a) For each L € Mpp(S°) there is a unique collection of probabilites {Q7#L : (7, ) € ")} on (', F')
such that:

(i) X = (Q’,}"’,f[’T H_],Xt,QT’“?L) is the canonical realisation of an IBSMP with continuous paths

in Mp(E;) C Mp(E). (Here we indentify QT*L with its restriction to f[’T Oo[.)
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(ii) For each f in bpB(S°)

Qrwt lexp(—=X:(f:))] = exp(—p(Vr 4 f) _/T /VT,tf(Z)L(d(r’ z)) (A.2)
V(r,p)e s, t>r.

(b) For each ¢ € D(A), {Xy(¢:) :t > 7} is continuous Q7 *L-a.s. for all (t,pu) € 5.
(JIf ¥ € bo{X, : 7 <r <t} and (r,n) €5, then L — QT [W] is M, y—measurable. If ¥ € bF',
then (7, pt, L) — QT#L[W] is Borel on S" x Mpp(S?). We call Q7L the law of the Z—superprocess

with L-immigration starting at (7, pt).

Proof. In the notation of Sections 2 and 3 of [15], let B, = {(r,z) € S° : r > s} = S° — Qs,
Eqp ={(r,2) € 5% : 7> s}, 8 ={(s,p) € Ry x Mp(5°) : p € Mp(E,)} € B(Ry) x B(Mp(S)),
k(dt) =dt, 7 = t, and W([f)(s,2) = f(s,2)?/2.

Theorem 2.1 of [15] gives the existence of a right Markov process (see [15] for the relevant definition
of right process) X; € My(FE;) with transition probabilities {P*? : (s,p) € SV defined on some

measurable space (Q, ]-N") such that

PP [exp(=X:(f)] = exp(— [ f(r,2) p(dr,dz) — /me(z)l{s <r <t}pp(dr,dz))
Eut (A.3)
Vi ebpB(S°),t>s, (s,p) €8S,

Let S be the compact metric space and {f, : n € N} be the dense subset of C(S,R) described
above. Theorem 3.1 of [15] shows that (Xt(fn))tZS is right—continuous P**-a.s. for each (s, p) € S.
The restrictions to S° of the continuous functions on S are convergence determining (they are the
uniformly continuous functions on S°) and therefore it follows that (Xt)tZS is right—continuous in
Mp(S5°), P*r-as.

Define X/ € Mp(E;) C Mp(E) and X! € Mp(E:y) C Mp(S°) by

Xitg) = [ o0t{r = 1) Xi(ar, 2
and
X/(f = /f(r, 2)1{r >t} Xy(dr, dz).

If f'(r,z) = 1{r > t}fu(r,z) in the notation of Theorem 3.1 of [15], then f'(¢,7;) = 0 and so that
result implies (X/');>, is right—continuous Psroas. (as an Mp(S°)-valued process). Note that if
f(t,z) = 0 for z € Ey, then V., f(z) = 0 for (r,z) € S° N([0,] x E) and so (A.3) implies X;' = p|p, ,
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Yt > s, P¥f-as., Y(s,p) € S. We have used right—continuity to get equality for all ¢ > s simultaneously.
Therefore

Xi(o) = [ 962) Xutdrde) — [ 1r > thg() pldr. ),

Vt > s, Pofas., V(s p) € S, and so (X})¢>s is right—continuous in Mp(E), P**-a.s. Equation (A.3)

now implies

P fexp(=X{ ()] = exp(= [ Ve f()s < 7 < t)p(dr,dz) (A4

Vf € bpB(S°).

We abuse notation and let X be as in the statement of the theorem, but with D,(R,, M2(F)) in
place of C(R4, M%(E)). Assume first that L € Mpp(S°) is finite. If (1, u) € S’ let L™* = 6, @u+L|g,
and define probabilities {Q7*% : (7, ) € S'} on (', F') by Q7#E = PTL™ o (X')~1. Equation (A.2)
and conditions (Hypl) and (Hyp3) hold for X = (Q/’f/’ffs,t+]’
properties for (X, P7*) and (A.4). Condition (Hyp2) follows from (A.2). Therefore X is the canonical
realisation of an IBSMP with right—continuous paths in Mp(E;) C Mp(FE).

We now follow [22]to show X has left limits a.s. Let Ug(s, 2) fo e ' Pig(s,z)dt, g € bB(S°),
denote the 1-potential for the associated space—time process. Let {7} and T, be f[syt_l_]fstoppmg

times such that s < T,, | Tw < tg for some s <ty < oo. If f € bB(S°) and n € NU {oo}, define

X, Qr 1) because of the analogous

pn(f) = QL [e_T"XTn (fr,)+ // eT"1{r > Tp} f(r, 2)L(dr,dz)| . (A.D)

A simple expression for the mean measure of X; (which is clear from (A.2) — see (A.14) below) and
the strong Markov property show that for f € bB(S5?)

O [N, s ) ] () = X (PIT0 (@), )
o) (A.6)
/H— /PsyTn(w)Hf(Z) L(ds, dz).

Therefore, by (A.5) and (A.6),
po(U) = [ @t [ (R, )] d
0

+Qrmil [// e~ 1 > Ty YU f(r, 2) L{dr, dz)]

_QT,,L[/OO e Xo(fu)d ] QTML[/ //suf L(ds,dz) du
QWL[/ // 4P, L f(z duL(drdz)]
et enon]

n
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Hence ppU | pooU “setwise”.
Assume f € C3(S5?). By (3.4)(b) of [22] and the fact that L({t} x E) = 0 V¢, we have

lim Q7#E [e T X, (fr,)] = Q7HE [e7 T Xp_ (fr.)] ; (A7)

n—oQ

and hence (by Theorem VI.48 of [12]), t — X;(f;) has left limits Q7#iL-a.s. It is now easy to modify
the proof of Theorem 2.1.3(d) in [9] to see that ¢ — X; has left limits in Mp(E), Q7#f-as.

Remark A.2 Equation (A.7) shows that that Vf € Cy(E), X;—(f) is the predictable projection of
Xi(f)-

To complete the proof of (a), we must show that ¢ — X, is continuous on [r, oo, Q@7#-a.s. This is
an easy modification of a standard Laplace functional calculation (see, for example, Section 4.7 of [5])
which we now sketch. Let Xt(¢) = Xi(¢¢) — [1{r < t}¢(r,z) L(dr,dz) and use (A.2) to see that for
¢ € bpB(S?) and A > 0,

Q7 [exp(=(Xi(A0) — X-(A6)))]
(A.8)
= exp(— / 1{r < s <tHVi1(Agp(2)) — Ag(s, 2))L7H(ds,dz), t > T,

and, in particular,

Q70 [exp(—X¢(Ade))] = exp(—Vi 1(Ag)(2)), z € Es, s < L. (A.9)

Equation (A.9) and standard bounds on Q%%% [X;(1)"] allow us to differentiate Vi t(Ag) n times
with respect to A > 0 and conclude that the resulting n*® derivative Vs(y?)(/\, $)(z) extends continuously
to A > 0 and satisfies

0 < VP, 6)(2) < T |[@]les s m), (A.10)

VA €[0,1],z € F5,and 0 <t —s < T. This allows us to set f = A¢ in (A.1), differentiate n times with
respect to A, let A | 0, and use induction on n to see that if Vs(y?)(qb)(z) = Vs(y?)(O, $)(z), then there are
constants {¢,(||¢]|co)t such that

0< VIP(@)(z) < enl(t— )", Vo € By, s <1, n €. (A.11)

Equation (A.10) also allows us to differentiate (A.8) n times with respect to A, use Leibniz’s rule and
let A | 0togetfornelN

m (1) = Q7 [(X4(6) - X1 (6))"]

Z(n—l) =1k Tt//v<” B(6)(2) — 1{n — k = 1}8(s, z) L™*(ds, d=)] |

k=
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and so, by (A.11), for all 7 <¢ < T,

mp(1,1) < Z_: (n ; 1) ek (u(E) + L([0, T] x E))ymg(r,t)(t — 7')"_16_1
(A.12)

P 1¢(% (s,z)LTH(ds,dz)| mp_1(7,1).

Assume (¢,9) € A. Then |P,10(2) — ¢(s,2)| < [|[¥]|eo|t — 5| for s < ¢, and an induction using
(A.12) shows that m,(r,t) < ¢, (t — )% for 7 <t < T and ¢, = ¢, (T, ¢, pt,v). Since Xi(¢) is
right—continuous on [r, 00, Q7#-a.s. (use Theorem 3.1 of [15] as before), Kolmogorov’s continuity
criterion implies that X;(¢;) is continuous on [r, oo, Q7 #f-a.s.

Taking bounded-pointwise limits, we see that X;(¢;) is F[; 47 predictable on [r,00[xQ’ for all
¢ € bB(S°). Remark A.2 therefore implies that X;_(f) = X;(f), Vt > 7, Q7#Eas., Vf € Cy(E), and
the Q7 #' as. continuity of (X¢)i>r in Mp(E) follows. This completes the proof of claims (a) and
(b) for L finite.

For general L, let LT = L(- N ([0,7] x E)). Property (A.2) and the Markov property show that
Q™ L™ — = Q" L™ on Flo (Tl/\T2 1)4] for Tt ATy > 1. Therefore there is a unique law QmHL on
(9, F') such that Q7 #L = Q7 " on j:o [0,(T=1)4] for all T > 1. It is easy to check that Q7*L satisfies
conditions (i) and (ii) of part (a) and part (b). Moreover, uniqueness in (a) is obvious.

Finally, part (c) is an easy consequence of (A.2), the Markov property, and a monotone class argu-
ment.

d

Theorem A.3 Given L € Mrp(S°), (t,p) € S, and (¢,¢) € A, put

Mi(6) = Xi(61) — p //q/)dL /X Ydst>T. (A.13)

Under QTHL, My(¢) is a continuous f[ 1 —martingale for which

7,0+

t_/X Yds, ¥t > T, QTHE — g,

Proof. The derivation of this result from Theorem A.1l is a minor variant of the standard L = 0 case
(see [16], [22], [5]). We give only a brief sketch. Take f = A¢ in (A.2), differentiate with respect to A,
and let A | 0 to see that

QTHE [Xy(¢)] = / / Py 16(2) L(ds, dz), ¥t > 7, ¢ € bB(S?). (A.14)
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The Markov property now easily shows that M;(¢) is a martingale. Tt is a.s. continuous by Theorem
A.1(b).
Differentiating (A.2) twice leads to

Qrml [Xt(¢t)2] = QmHk [Xt(¢t)]2 +/ p(Prs((Ps10)%)) ds

+/: [/Tu/Ps,u((;umz)(z)L(ds,dz) du, ¢ € bB(S°). (A.15)

This, the fact that M;(¢) is a martingale and a short calculation give, for (¢,v) € A,
t
O 00) = o, + [ [ 2605, 5007 X (00) Lids, d2)

_|_/ QL [2X5(¢8)X5(1/)5) +Xs(¢§)] ds.

It is now easy to use the Markov property to obtain the canonical decomposition of the continuous
semimartingale X;(¢;)?. Compare this with that obtained from (A.13) by 1t6’s lemma to derive the
required expression for (M (¢)):.

O

B Conditional Poisson point processes

The following result can be proved using an extension of the ideas in the stochastic calculus proofs of

the martingale problem characterisation of Poisson point processes (see, for example, Theorem I1.6.2

of [25]).

Proposition B.1 Let (E,€) be a measurable space and (Q, F,(Fi)i>0,P) be a filtered probability space
with right—continuous filtration. Suppose that X is a random variable and N and L are random mea-
sures on |0, 00[x E such that:

(i) almost surely N is integer-valued and all the atoms of N have mass 1;

(i) for any B € £ the process t — N(]0,t] x B) is (F;)i>o-adapted;

(iii) if By,..., By € € are disjoint, then almost surely the sets {t > 0: N({t} x B;) >0}, 1 < i < n,
are disjoint;

(iv) the random variable X is Fy-measurable and X > 0 a.s.;

(v) for each t > 0 and B € £ the random variable L(]0,t] x B) is Fo-measurable;

(vi) for any B € £ the process t — L(]0,t] x B) is almost surely continuous;

(vii) P[XL(]0,t] x E)] < oo for allt > 0;

(viii) for any B € £ the process t — X(N(]0,t] x B) — L(]0,t] x B)) s an (F;)i>o0—martingale.
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Then the conditional distribution of N given Fy is that of a Poisson point process with intensity L.
That is, for a bounded Fy-measurable random variable Y, disjoint sets Ay,... A, € B(]0,00[) x &,
and constants Ay, ...\, > 0 we have

P |Y exp(— Z/\N P |Y exp(— ZL )1 —exp(—X)))

Corollary B.2 Suppose that (E,&) and (2, F,(Fi)i>0,P) are as in Proposition B.1 and (X, Ny, L),
1 <k < m, 1s a collection of triples that each satisfy the conditions of that result. Suppose further
that almost surely the sets {t > 0: Ny({t} x E) > 0}, 1 <k < m, are disjoint. Then Ny,..., Ny, are

conditionally independent given Fy.

Proof. This follows by applying the previous result with E replaced by the disjoint union of m copies
of £, and with N and L being the measures that coincide with Ny and L; when restricted to the
product of ]0, o[ and the k' copy of E.

O

C Parametrised conditional probabilities

The following lemma shows that if we have a measurably parametrised family of probability measures,
then it is possible to choose a measurably parametrised family of regular conditional probabilities given

some random variable.

Proposition C.1 Let (S,8) be a Lusin measurable space, (T,T) be a Polish space equipped with its
Borel o—field, and (E,&) be a separable metric space equipped with its Borel o—field. Let (My, M)
denote the space of probability measures on T equipped with the Borel o—field induced by the topology
of weak convergence. Suppose thal s — Qg is a S\My—measurable map from S to My, and Z is a
T\E-measurable map from T to E. Then there exists a (S x E)\M1-measurable map from S x E to
My, which we will denote by (s,e) — Q (- | Z =€), such that for alls € S, A€ T, and B € &, we

have

/BQSM |7 = )07 € de) = Q(AN {7 € B}).

Proof. Our proof is basically an elaboration of one of the usual proofs of the existence of regular
conditional probabilities using the martingale convergence theorem. As T is Borel isomorphic to R, N

or {1,---,n} for some n € N, we may suppose without loss of generality that 7= R.
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Let {&,}nen be an increasing sequence of finite sub—o—fields of & such that & =/, &,, and let
e — [e], be an £, \E-measurable map from F to E such that e and [e], belong to the same atom of
&,. Put

PQMM:{@G—wﬂﬂwmszW@Mwh:MJ%ﬁ@ﬂﬂhz%&>&

0, otherwise.

Observe that for each fixed n and r, (s, e) — F . o(r) is § X &,~measurable.
Put

Fo () lim, o Fs e n(r), if the limit exists,
P =
e 0, otherwise.

Thus (s, €) — Fs o(r) is SxE-measurable. Let A C S x E denote the set of (s, e) such that: forallr € Q,
Fs o(r) = limp oo Fs o n(7); for all ¢, r € Q with ¢ < v, Fs (q) < Fs o(r); limy o req Fs o(r) = 1; and
lim, . _ o yeq Fs,c(r) = 0. By the martingale convergence theorem, for all s € S the set {e € F :
(s,e) € A} has full measure with respect to the measure Q;(7 € de), and for all r € Q and B € €

Qs(] — oo, 7]N{Z € B}) = /B F; (r)Qs({Z € de}).

For (s,e) € S x F and x € R set

G ( ) _ hmrlx,re@ Fsye(r), if (5, 6) & A,
e 1{x > 0}, otherwise.

Then G, . is a distribution function for all (s,e). Let P; . denote the corresponding measure on R. A
monotone class argument shows that (s,e) — P, .(4) is § x E-measurable for all Borel A C R. Thus
(s,e) — Ps . is (§ x £)\ M -measurable.

By construction and the bounded convergence theorem, for all z € R and B € £

Lé&AmeﬂmxwewD: lim [ Fo (r)0.({Z € de})

rle,reQ Jp

= lim_0.-o0,1IN{ZeBY)

= Qs(] — 0, 2]N {7 € B}).

A monotone class argument shows that for all Borel A CIR and B € £
[ Pz e deh) =uan{z € BY),
B

We can therefore set Q (- | Z =€) = P ..
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