Some properties of the arc-sine law related to its invariance under a family of rational maps^∗

by Jim Pitman and Marc Yor

Technical Report No. 558

Department of Statistics University of California 367 Evans Hall # 3860 Berkeley, CA 94720-3860

May 12, 1999. Revised February 7, 2001

Abstract This paper shows how the invariance of the arc-sine distribution on (0, 1) under a family of rational maps is related on the one hand to various integral identities with probabilistic interpretations involving random variables derived from Brownian motion with arc-sine, Gaussian, Cauchy and other distributions, and on the other hand to results in the analytic theory of iterated rational maps.

1 Introduction

Lévy[20, 21] showed that a random variable A with the arc-sine law P (A ∈ da) = da π √ a(1 − a) (0 < a < 1) (1)

∗Research supported in part by N.S.F. Grants 97-03961 and DMS-0071448

can be constructed in numerous ways as a function of the path of a one-dimensional Brownian motion, or more simply as

A =^1_2 (1 − cos Θ)^d=^1_2 (1 − cos 2Θ) = cos^2 Θ (2)

where Θ has uniform distribution on [0, 2π] and^d= denotes equality in distribution. See [31, 7] and papers cited there for various extensions of Lévy’s results. In connection with the distribution of local times of a Brownian bridge [29], an integral identity arises which can be expressed simply in terms an arc-sine variable A. Section 5 of this note shows that this identity amounts the following property of A, discovered in a very different context by Cambanis, Keener and Simons [6, Proposition 2.1]: for all real a and c

a^2 A + c^2 1 − A d= (|a| + |c|)^2 A . (3)

As shown in [6], where (3) is applied to the study of an interesting class of multivariate distributions, the identity (3) can be checked by a computation with densities, using (2) and trigonometric identities. Here we offer some derivations of (3) related to various other characterizations and properties of the arc-sine law. For u ∈ [0, 1] define a rational function Q_u(a) := ( u^2 a + (1 − u)^2 1 − a )_{−1} = a(1 − a) u^2 + (1 − 2u)a (4) So (3) amounts to Q_u(A)^d= A, as restated in the following theorem. It is easily checked that Q_u increases from 0 to 1 over (0, u) and decreases from 1 to 0 over (u, 1), as shown in the following graphs of Q_u(a) for 0 ≤ a ≤ 1 and u = k/10 with k = 0, 1, . . . , 10.

Theorem 1 For each u ∈ (0, 1) the arc-sine law is the unique absolutely continuous probability measure on the line that is invariant under the rational map a → Q_u(a).

The conclusion of Theorem 1 for Q_{1/2}(a) = 4a(1 − a) is a well known result in the theory of iterated maps, dating back to Ulam and von Neumann [38]. As indicated in [3] and [22, Example 1.3], this case follows immediately from (2) and the ergodicity of the Bernoulli shift θ → 2θ (mod 2π). This argument shows also, as conjectured in [15, p. 464 (A3)] and contrary to a footnote of [37, p. 233], that the arc-sine law is not the only non-atomic law of A such that 4A(1 − A)^d= A. For the argument gives 4A(1 − A)^d= A if A = (1 − cos 2πU)/2 for any distribution of U on [0, 1] with (2U mod 1)^d= U, and it is well known that such U exist with singular continuous distributions, for instance U = ∑_∞ m=1 X_m2^{−m} for X_m independent Bernoulli(p) for any p ∈ (0, 1) except p = 1/2.

See also [15] and papers cited there for some related characterizations of the arc-sine law, and [13] where this property of the arc-sine law is related to duplication formulae for various special functions defined by Euler integrals. Stroock [37, p. 233] asked whether any of Lévy’s arc-sine laws might be derived by first showing that the relevant Brownian functional A satisfied 4A(1 − A)^d= A. As far as we know this question is still open.

Section 2 gives a proof of Theorem 1 based on a known characterization of the standard Cauchy distribution. In terms of a complex Brownian motion Z, the connection between the two results is that the Cauchy distribution is the hitting distribution on R for Z_0 = ±i, while the arc-sine law is the hitting distribution on [0, 1] for Z_0 = ∞. The transfer between the two results may be regarded as a consequence of Lévy’s theorem on the conformal invariance of the Brownian track. In Section 4 we use a closely related approach to generalize Theorem 1 to a large class of functions Q instead of Q_u. The result of this section for rational Q can also be deduced from the general result of Lalley [18] regarding Q-invariance of the equilibrium distribution on the Julia set of Q, which Lalley obtained by a similar application of Lévy’s theorem.

2 Proof of Theorem 1

Let A have the arc-sine law (1), and let C be a standard Cauchy variable, that is P (C ∈ dy) = dy π(1 + y^2) (y ∈ R). (5) We will exploit the following elementary fact [33, p. 13]:

A^d= 1/(1 + C^2). (6)

Using (6) and C^d= − C, the identity (3) is easily seen to be equivalent to uC − (1 − u)/C^d= C. (7) This is an instance of the result of E. J. G. Pitman and E. J. Williams [28] that for a large class of meromorphic functions G mapping the half plane H^+ := {z ∈ C : Im z > 0} to itself, with boundary values mapping R (except for some poles) to R, there is the identity in distribution G(C)^d= Re G(i) + (Im G(i))C (8)

where i = √ −1 and z = Re z + iIm z. Kemperman [14] attributes to Kesten the remark that (8) follows from Lévy’s theorem on the conformal invariance of complex Brownian motion Z, and the well known fact that for τ the hitting time of the real axis by Z, the distribution of Z_τ given Z_0 = z is that of Re z + (Im z)C. As shown by Letac [19], this argument yields (8) for all inner functions on H^+, that is all holomorphic functions G from H^+ to H^+ such that the boundary limit G(x) := lim_{y↓0} G(x + iy) exists and is real for Lebesgue almost every real x. In particular, (8) shows that

if G is inner on H^+ with G(i) = i, then G(C)^d= C. (9)

As indicated by E. J. Williams [39] and Kemperman [14], for some inner G on H^+ with G(i) = i, the property G(C)^d= C characterizes the distribution of C among all absolutely continuous distributions on the line. These are the G whose action on R is ergodic relative to Lebesgue measure. Neuwirth [26] showed that an inner function G with G(i) = i is ergodic if it is not one to one. In particular,

G_u(z) := uz − (1 − u)/z (10)

as in (7) is ergodic. The above transformation from (3) to (7) amounts to the semiconjugacy relation

Q_u ∘ γ = γ ∘ G_u where γ(w) := 1/(1 + w^2). (11)

So Q_u acts ergodically as a measure preserving transformation of (0, 1) equipped with the arc-sine law. It is easily seen that for u ∈ (0, 1) a Q_u-invariant probability measure must be concentrated on [0, 1], and Theorem 1 follows.

See also [35, p. 58] for an elementary proof of (7), [1, 23, 24, 2] for further study of the ergodic theory of inner functions, [16, 19] for related characterizations of the Cauchy law on R and [17, 9] for extensions to R^n.

3 Further Interpretations

Since w → 1/(1 + w^2) maps i to ∞, another application of Lévy’s theorem shows that the arc-sine law of 1/(1 + C^2) is the hitting distribution on [0, 1] of a complex Brownian motion plane started at ∞ (or uniformly on any circle surrounding [0, 1]). In terms of classical planar potential theory [32, Theorem 4.12], the arc-sine law is thus identified as the normalized equilibrium distribution on [0, 1]. The corresponding characterization of the distribution of 1 − 2A on [−1, 1] appears in Brolin [5], in connection with the invariance of this distribution under the action of Chebychev polynomials, as discussed further in the next section. Equivalently by inversion, the distribution of 1/(1 − 2A) is the hitting distribution on (−∞, 1] ∪ [1, ∞) for complex Brownian motion started at 0. Spitzer [36] found this hitting distribution, which he interpreted further as the hitting distribution of (−∞, 1] ∪ [1, ∞) for a Cauchy process starting at 0. This Cauchy process is obtained from the planar Brownian motion watched only when it touches the real axis, via a time change by the inverse local time at 0 of the imaginary part of the Brownian motion. The arc-sine law can be interpreted similarly as the limit in distribution as |x| → ∞ of the hitting distribution of [0, 1] for the Cauchy process started at x ∈ R. See also [30] for further results in this vein.

4 Some generalizations

We start with some elementary remarks from the perspective of ergodic theory. Let λ(a) := 1 − 2a, which maps [0, 1] onto [−1, 1]. Obviously, a Borel measurable function f^† has the property f^†(A)^d= A (12) for A with arc-sine law if and only if

f̃(1 − 2A)^d= 1 − 2A where f̃ = λ ∘ f^† ∘ λ^{−1}. (13)

Let ρ(z) :=^1_2 (z + z^{−1}), which projects the unit circle onto [−1, 1]. It is easily seen from (2) that (13) holds if and only if there is a measurable map f from the circle to itself such that f(U)^d= U and f̃ ∘ ρ(u) = ρ ∘ f(u) for |u| = 1 (14) where U has uniform distribution on the unit circle. In the terminogy of ergodic theory [27], every transformation f^† of [0, 1] which preserves the arc-sine law is thus a factor of some non-unique transformation f of the circle which preserves Lebesgue measure. Moreover, this f can be taken to be symmetric, meaning f(z) = f(z). If f acts ergodically with respect to Lebesgue measure on the circle, then f^† acts ergodically with respect to Lebesgue measure on [0, 1], hence the arc-sine law is the unique absolutely continuous f^†-invariant measure on [0, 1]. This argument is well known in case f(z) = z^d for d = 2, 3, . . ., when it is obvious that (14) holds and well known that f is ergodic. Then f̃(x) = T_d(x), the dth Chebychev polynomial [34] and we recover from (14) the well known result ([3],[34, Theorem 4.5]) that

T_d(1 − 2A)^d= 1 − 2A (d = 1, 2, . . .). (15)

Let D := {z : |z| < 1} denote the unit disc in the complex plane. An inner function on D is a function defined and holomorphic on D , with radial limits of modulus 1 at Lebesgue almost every point on the unit circle. Let ϕ(z) := i(1 + z)/(1 − z) denote the Cayley bijection from D to the upper half-plane H^+. It is well known that the inner functions G on H^+, as considered in Section 2, are the conjugations G = ϕ ∘ f ∘ ϕ^{−1} of inner functions f on D . So either by conjugation of (9), or by application of Lévy’s theorem to Brownian motion in D started at 0,

if f is inner on D with f(0) = 0, then f(U)^d= U (16)

where U is uniform on the unit circle. If f is an inner function on D with a fixed point in D , and f is not one-to-one, then f acts ergodically on the circle [26]. The only one-to-one inner functions with f(0) = 0 are f(z) = cz for some c with |c| = 1. By combining the above remarks, we obtain the following generalization of (15), which is the particular case f(z) = z^d:

Theorem 2 Let f be a symmetric inner function on D with f(0) = 0. Define the transformation f̃ on [−1, 1] via the semi-conjugation

f̃ ∘ ρ(z) = ρ ∘ f(z) for |z| = 1, where ρ(z) :=^1_2 (z + z−1). (17)

If A has arc-sine law then f̃ (1 − 2A)^d= 1 − 2A. (18)

Except if f(z) = z or f(z) = −z, the arc-sine law is the only absolutely continuous law of A on [0, 1] with this property.

It is well known that every inner function f which is continuous on the closed disc is a finite Blaschke product, that is a rational function of the form f(z) = c d∏ i=1 z − a_i 1 − a_iz (19)

for some complex c and a_i with |c| = 1 and |a_i| < 1. Note that f(0) = 0 iff some a_i = 0, and that f is symmetric iff c = ±1 with some a_i real and the rest of the a_i forming conjugate pairs. In particular, if we take c = 1, a_1 = 0, a_2 = a ∈ (−1, 1), we find that the degree two Blaschke product

f_a(z) := z (z − a) (1 − az) = z − a z^{−1} − a for a = 1 − 2u is the conjugate via the Cayley map ϕ(z) := i(1 + z)/(1 − z) of the function G_u(w) = uw − (1 − u)/w on H^+, which appeared in Section 2. For f = f_{1−2u} the semi-conjugation (17) is the equivalent via conjugation by ϕ of the semi-conjugation (11). So for instance Q_u ∘ γ ∘ ϕ = γ ∘ ϕ ∘ f_{1−2u} where γ ∘ ϕ(z) = −(1 − z)^2 4z (20)

so that γ ∘ ϕ(z) =^1_2 (1 − Re z) if |z| = 1,

and Theorem 1 can be read from Theorem 2.

Consider now a rational function R as a mapping from C to C where C is the Riemann sphere. A subset A of C is completely R-invariant if A is both forward and backward invariant under R: for z ∈ C , z ∈ A ⇔ R(z) ∈ A. Beardon [4, Theorem 1.4.1] showed that for R a polynomial of degree d ≥ 2, the interval [−1, 1] is completely R-invariant iff R is T_d or −T_d. A similar argument yields

Proposition 3 Let f be a symmetric finite Blaschke product of degree d. Then there exists a unique rational function f̃ which solves the functional equation

f̃ ∘ ρ(z) = ρ ∘ f(z) for z ∈ C , where ρ(z) :=^1_2 (z + z−1). (21)

This f̃ has degree d, and [−1, 1] is completely f̃-invariant. Conversely, if [−1, 1] is completely R-invariant for a rational function R, then R = f̃ for some such f.

Proof. Note that ρ maps the circle with ±1 removed in a two to one fashion to (−1, 1), while ρ fixes ±1, and maps each of D and D^∗ := {z : |z| > 1} bijectively onto [−1, 1]^c := C \[−1, 1]. Let us choose to regard

ρ^{−1}(w) = w + i √ 1 − w^2

as mapping [−1, 1]^c to D . Then f̃ := ρ ∘ f ∘ ρ^{−1} is a well defined mapping of [−1, 1]^c to itself. Because f is continuous and symmetric on the unit circle, this f̃ has a continuous extension to C , which maps [−1, 1] to itself. So f̃ is continuous from C to C , and holomorphic on [−1, 1]^c. It follows that f̃ is holomorphic from C to C , hence f̃ is rational. Clearly, f̃ leaves [−1, 1] completely invariant.

Conversely, if [−1, 1] is completely R-invariant for a rational function R, then we can define f := ρ^{−1} ∘ R ∘ ρ as a holomorphic map D to D . Because R preserves [−1, 1] we find that f is continuous and symmetric on the boundary of D . Hence f is a Blaschke product, which must be symmetric also on D by the Cauchy integral representation of f. □ As a check, Proposition 3 combines with Theorem 2 to yield the special case K = [−1, 1] of the following result:

Theorem 4 (Lalley [18]) Let K be a compact non-polar subset of C , and suppose that K is completely R-invariant for a rational mapping R with R(∞) = ∞. Then the equilibrium distribution on K is R-invariant.

Proof. Lalley gave this result for K = J(R), the Julia set of a rational mapping R, as defined in any of [5, 22, 4, 18], assuming that R(∞) = ∞ /∈ J(R). Then K is necessarily compact, non-polar, and completely R-invariant. His argument, which we now recall briefly, shows that these properties of K are all that is required for the conclusion. The argument is based on the fact [32, Theorem 4.12] that the normalized equilibrium distribution on K is the hitting distribution on K for a Brownian motion Z on C started at ∞. Stop Z at the first time τ that it hits K. By Lévy’s theorem, and the complete R-invariance of K, the path (R(Z_t), 0 ≤ t ≤ τ ) has (up to a time change) the same law as does (Z_t, 0 ≤ t ≤ τ ). So the distribution of the endpoint Z_τ is R-invariant. □

According to a well known result of Fatou [22, p. 57], the Julia set of a Blaschke product f is either the unit circle or a Cantor subset of the circle. According to Hamilton [11, p. 281], the former case obtains iff the action of f on the circle is ergodic relative to Lebesgue measure. Hamilton [12, p. 88] states that a rational map R has [−1, 1] as its Julia set iff R is of the form described in Proposition 3 for some symmetric and ergodic Blaschke product f. In particular, for the Chebychev polynomial T_d it is known [4] that J(T_d) = [−1, 1] for all d ≥ 2, and [25, Theorem 4.3 (ii)] that J(Q_u) = [0, 1] for all 0 < u < 1. Typically of course, the Julia set of a rational function is very much more complicated than an interval or smooth curve [22, 4, 8].

Returning to consideration of the arc-sine law, it can be shown by elementary arguments that if Q preserves the arc-sine law on [0, 1] and Q(a) = P_2(a)/P_1(a) with P_i a polynomial of degree i, then Q = Q_u or 1−Q_u for some u ∈ [0, 1]. This and all preceding results are consistent with the following:

Conjecture 5 Every rational function R which preserves arc-sine law on [0, 1] is of the form R(a) =^1_2 (1 − f̃ (1 − 2a)) where f̃ is derived from a symmetric Blaschke product f with f(0) = 0, as in Theorem 2.

5 Some integral identities

Let (B_t, t ≥ 0) denote a standard one-dimensional Brownian motion. Let

φ(z) := 1 √ 2π e^{− 1}2^{z2} ; Φ(x) := ∫_∞ x φ(z)dz = P (B_1 > x). According to formula (13) of [29], the following identity gives two different expressions for the conditional probability density P (B_U ∈ dx | B_1 = b)/dx for U with uniform distribution on [0, 1], assumed independent of (B_t, t ≥ 0):

∫_1 0 1 √ u(1 − u) φ x − bu √ u(1 − u) du = Φ(|x| + |b − x|) φ(b) . (22)

The first expression reflects the fact that B_u given B_1 = b has normal distribution with mean bu and variance u(1 − u), while the second was derived in [29] by consideration of Brownian local times. Multiply both sides of (22) by √ 2/π to obtain the following identity for A with the arc-sine law (1): for all real x and b E [ exp ( − 1 2 (x − bA)^2 A(1 − A) )] = 2 e^{b2 /2} Φ(|x| + |b − x|). (23) Now (x − bA)^2 A(1 − A) = x^2 A + (x − b)^2 1 − A − b^{2 d}= (|x| + |b − x|)^2 A − b^2 (24)

where the equality in distribution is a restatement of (3). So (23) amounts to the identity E [ exp ( − 1 2 ( x^2 A + y^2 1 − A ))] = 2 Φ(|x| + |y|) (25)

for arbitrary real x, y. Moreover, the identity in distribution (3) allows (25) to be deduced from its special case y = 0, that is E [ exp ( − x^2 2A )] = 2Φ(|x|), (26)

which can be checked in many ways. For instance, P (1/A ∈ dt) = dt/(πt √ t − 1) for t > 1 so (26) reduces to the known Laplace transform [10, 3.363] 1 2π ∫_∞ 1 1 t √ t − 1 e^{−λt} dt = Φ( √ 2λ) (λ ≥ 0). (27)

This is verified by observing that both sides vanish at λ = ∞ and have the same derivative with respect to λ at each λ > 0. Alternatively, (26) can be checked as follows, using the Cauchy representation (6). Assuming that C is independent of B_1, we can compute for x ≥ 0 E [ exp ( − 1 2 x^2 A )] = e^{− 1}2^{x2} E [exp(ixCB_1)] = e^{− 1}2^{x2} E [exp(−x|B_1|)] = 2Φ(x). (28)

We note also that the above argument allows (24) and hence (3) to be deduced from (23) and (26), by uniqueness of Laplace transforms.

By differentiation with respect to x, we see that (25) is equivalent to E [ x A exp ( − 1 2 ( x^2 A + y^2 1 − A ))] = √ 2 π e^{− 12 (x+y)2} (x > 0, y ≥ 0). (29)

That is to say, for each x > 0 and y ≥ 0 the following function of u ∈ (0, 1) defines a probability density on (0, 1): f_{x,y} (u) := x √ 2πu^3(1 − u) exp [ 1 2 ( (x + y)^2 − x^2 u − y^2 1 − u )] . (30)

This was shown by Seshadri [35, §p. 123], who observed that f_{x,y} is the density of T_{x,y}/(1 + T_{x,y}) for T_{x,y} with the inverse Gaussian density of the hitting time of x by a Brownian motion with drift y. In particular, f_{x,0} is the density of x^2/(x^2 + B^2_1 ). See also [29, (17)] regarding other appearances of the density f_{x,0}.

6 Complements

The basic identity (3) can be transformed and checked in another way as follows. By uniqueness of Mellin transforms, (3) is equivalent to u^2 Aε_2 + (1 − u)^2 (1 − A)ε_2 d= 1 Aε_2 (31)

where ε_2 is an exponential variable with mean 2, assumed independent of A. But it is elementary and well known that Aε_2 and (1 − A)ε_2 are independent with the same distribution as B^2_1 . So (31) amounts to u^2 X^2 + (1 − u)^2 Y^2 d= 1 X^2

(32) where X and Y are independent standard Gaussian. But this is the well known result of Lévy[20] that the distribution of 1/X^2 is stable with index^1_2 . The same argument yields the following multivariate form of (3): if (W_1, . . . , W_n) is uniformly distributed on the surface of the unit sphere in R^n, then for a_i ≥ 0 n∑ i=1 a^2_i W^2_i d= ( ∑_n i=1 a_i)^2 W^2_1

. (33)

This was established by induction in [6, Proposition 3.1]. The identity (32) can be recast as X^2Y^2 a^2X^2 + c^2Y^2 d= X^2 (a + c)^2

(a, c > 0). (34)

This is the identity of first components in the following bivariate identity in distribution, which was derived by M. Mora using the property (7) of the Cauchy distribution: for p > 0 ( (XY (1 + p))^2 X^2 + p^2Y^2 , (X^2 − p^2Y^2)^2 X^2 + p^2Y^2 ) d= (X^2, Y^2). (35)

See Seshadri [35, §2.4, Theorem 2.3] regarding this identity and related properties of the inverse Gaussian distribution of the hitting time of a > 0 by a Brownian motion with positive drift. Given (X^2, Y^2), the signs of X and Y are chosen as if by two independent fair coin tosses, so (34) is further equivalent to XY √ a^2X^2 + c^2Y^2 d= X a + c (a, c > 0). (36)

As a variation of (26), set x = √ 2λ and make the change of variable z = √ 2λu in the integral to deduce the following curious identity: if X is a standard Gaussian then for all x > 0 E ( x X √ X^2 − x^2 | | | | | X > x ) ≡ √ π 2 (x > 0) (37)

As a check, (37) for large x is consistent with the elementary fact that the distribution of (x(X − x) | X > x) approaches that of a standard exponential variable ε_1 as x → ∞. The distribution of (x/(X √ X^2 − x^2) | X > x) therefore approaches that of 1/ √ 2ε_1 as x → ∞, and E(1/ √ 2ε_1) = √ π/2. By integration with respect to h(x)dx, formula (37) is equivalent to the following identity: for all non-negative measurable functions h √ 2 π E [∫_X 0 xh(x) dx X √ X^2 − x^2

1(X ≥ 0) ] = E [∫_X 0 h(x) dx 1(X ≥ 0) ] .

That is to say, for U with uniform (0, 1) distribution, assumed independent of X, √ 1 2π E [ h (√ 1 − U^2 |X| )] = E [ |X| h( |X| U)] . Equivalently, for arbitrary non-negative measurable g E [ g ( (1 − U^2)X^2 )] = √ 2πE [ |X| h(X^2U^2) ] . (38)

Now X^{2 d}= Aε_2 where ε_2 is exponential with mean 2, independent of A; and when the density of X^2 is changed by a factor of √ 2π|X| we get back the density of ε_2. So the identity (38) reduces to (1 − U^2)Aε_2^d= U^2ε_2

and hence to (1 − U^2)A^d= U^2.

This is the particular case a = b = c = 1/2 of the well known identity β_{a+b,c} β_{a,b}^d= β_{a,b+c} for a, b, c > 0, where β_{p,q} denotes a random variable with the beta(p, q) distribution on (0, 1) with density at u proportional to u^{p−1}(1 − u)^{q−1}, and it is asumed that β_{a+b,c} and β_{a,b} are independent.

Acknowledgment

Thanks to Steven Lalley and Curtis McMullen for helpful suggestions and references to the ergodic theory of rational maps, and to Gérard Letac for pointing out [6] and [35].

References

[1] J. Aaronson. Ergodic theory for inner functions of the upper half plane. Ann. Inst.

Henri Poincaré, 14:233–253, 1978.

[2] J. Aaronson. An introduction to infinite ergodic theory. American Mathematical Society, Providence, RI, 1997.

[3] R. L. Adler and T. J. Rivlin. Ergodic and mixing properties of Chebyshev polynomials. Proc. Amer. Math. Soc., 15:794–796, 1964.

[4] A. F. Beardon. Iteration of Rational Functions. Springer-Verlag, New York, 1991.

[5] H. Brolin. Invariant sets under iteration of rational functions. Ark. Mat., 6:103–144 (1965), 1965.

[6] S. Cambanis, R. Keener, and G. Simons. On α-symmetric multivariate distributions.

J. Multivariate Analysis, 13:213 – 233, 1983.

[7] P. Carmona, F. Petit, and M. Yor. Some extensions of the arc sine law as partial consequences of the scaling property of Brownian motion. Probab. Th. Rel. Fields, 100:1–29, 1994.

[8] R. L. Devaney. The complex dynamics of quadratic polynomials. In R. L. Devaney, editor, Complex dynamical systems, volume 49 of Proc. Symp. in Applied Math., pages 1–30. Amer. Math. Soc., 1994.

[9] J.-L. Dunau and H. Senateur. An elementary proof of the Knight-Meyer characterization of the Cauchy distribution. Journal of Multivariate Analysis, 22:74 – 78, 1987.

[10] I.S. Gradshteyn and I.M. Ryzhik. Table of Integrals, Series and Products (corrected and enlarged edition). Academic Press, New York, 1980.

[11] D. H. Hamilton. Absolutely continuous conjugacies of Blaschke products. II. J.

London Math. Soc. (2), 51:279–285, 1995.

[12] D. H. Hamilton. Length of Julia curves. Pacific J. Math., 169:75–93, 1995.

[13] M. E. H. Ismail and J. Pitman. Algebraic evaluations of some Euler integrals, duplication formulae for Appell’s hypergeometric function F_1, and Brownian variations. Canad. J. Math., 52:961–981, 2000.

[14] J. H. B. Kemperman. The ergodic behavior of a class of real transformations. In Stochastic Processes and Related Topics I (Proc. Summer Research Inst. on Statistical Inference for Stochastic Processes, Indiana Univ., Bloomington, 1974), pages 249 – 258. Academic Press, New York, 1975.

[15] J. H. B. Kemperman and M. Skibinsky. On the characterization of an interesting property of the arcsin distribution. Pacific J. Math., 103(2):457–465, 1982.

[16] F. B. Knight. A characterization of Cauchy type. Proc. Amer. Math. Soc., 55:130– 135, 1976.

[17] F. B. Knight and P. A. Meyer. Une caractérisation de la loi de Cauchy. Z. Wahrsch.

Verw. Gebiete, 34:129 – 134, 1976.

[18] S. P. Lalley. Brownian motion and the equilibrium measure on the Julia set of a rational mapping. Ann. Probab., 20:1932 – 1967, 1992.

[19] G. Letac. Which functions preserve Cauchy laws? Proc. Amer. Math. Soc., 67:277– 286, 1977.

[20] P. Lévy. Sur certains processus stochastiques homogènes. Compositio Math., 7:283– 339, 1939.

[21] P. Lévy. Processus Stochastiques et Mouvement Brownien. Gauthier-Villars, Paris, 1965. (first ed. 1948).

[22] M. Yu. Lyubich. The dynamics of rational transforms: the topological picture.

Russian Math. Surveys, 41:43–117, 1986.

[23] N. F. G. Martin. On finite Blaschke products whose restrictions to the unit circle are exact endomorphisms. Bull. London Math. Soc., 15(4):343–348, 1983.

[24] N. F. G. Martin. Classification of some finite Blaschke products as metric endomorphisms. J. Math. Anal. Appl., 114(1):205–209, 1986.

[25] T. Nakata and M. Nakamura. On the Julia sets of rational functions of degree two with two real parameters. Hiroshima Math. J., 26(2):253–275, 1996.

[26] J. H. Neuwirth. Ergodicity of some mappings of the circle and the line. Israel J.

Math., 31:359–367, 1978.

[27] K. Petersen. Ergodic Theory. Cambridge Univ. Press, Cambridge, 1983. [28] E. J. G. Pitman and E. J. Williams. Cauchy-distributed functions of Cauchy variates. The Annals of Mathematical Statistics, 38:916 – 918, 1967.

[29] J. Pitman. The distribution of local times of Brownian bridge. In Séminaire de Probabilités XXXIII, pages 388–394. Springer, 1999. Lecture Notes in Math. 1709.

[30] J. Pitman and M. Yor. Level crossings of a Cauchy process. Annals of Probability, 14:780–792, 1986.

[31] J. Pitman and M. Yor. Arcsine laws and interval partitions derived from a stable subordinator. Proc. London Math. Soc. (3), 65:326–356, 1992.

[32] S.C. Port and C.J. Stone. Brownian motion and classical potential theory. Academic Press, New York, 1978.

[33] D. Revuz and M. Yor. Continuous martingales and Brownian motion. Springer, Berlin-Heidelberg, 1994. 2nd edition.

[34] T.J. Rivlin. Chebyshev polynomials. Pure and Applied Mathematics. John Wiley & Sons Inc., New York, second edition, 1990.

[35] V. Seshadri. The inverse Gaussian distribution. The Clarendon Press, Oxford University Press, New York, 1993.

[36] F. Spitzer. Some theorems concerning 2-dimensional Brownian motion. Trans.

Amer. Math. Soc., 87:187–197, 1958.

[37] D. W. Stroock. Probability Theory, an Analytic View. Cambridge Univ. Press, 1993. [38] S. M. Ulam and J. von Neumann. On combination of stochastic and deterministic processes. Bull. Amer. Math. Soc., 53:1120, 1947.

[39] E. J. Williams. Cauchy-distributed functions and a characterization of the Cauchy distribution. The Annals of Mathematical Statistics, 40:1083 – 1085, 1969.