LOCAL FIELD U–STATISTICS

STEVEN N. EVANS

Abstract. Using the classical theory of symmetric functions, a general distributional limit theorem is established for U –statistics constructed from a sequence of independent, identically distributed random variables taking values in a local field with zero characteristic.

1. Introduction

Since the work of Hoeffding and Halmos in the 1940s, U –statistics constructed from sequences of independent, identically distributed real random variables have played a central role in theoretical and applied statistics. They have also attracted considerable attention from probabilists because they exhibit a rich limit theory that parallels that of i.i.d. sequences (for example, strong laws, central limit theorems, large deviation results, and Berry–Esseen–type theorems have been established for them). Surveys with extensive bibliographies may be found in [Ser80, KB94, Lee90].

Our aim in this paper is to initiate an investigation into the properties of U – statistics on algebraic structures other than the reals: namely, local fields. A local field K is any locally compact, non-discrete field other than the field of real numbers or the field of complex numbers. All local fields are totally disconnected, and are either finite algebraic extensions of the field of p-adic numbers – in which case the characteristic is zero – or finite algebraic extensions of the the less familiar p-series field (the field of formal Laurent series with coefficients drawn from the finite field with p elements) – in which case the characteristic is non–zero. We give an overview of some of the basic properties of local fields in §2.

Probability on local fields has a substantial, if somewhat scattered, literature, and a comprehensive book–length treatment has yet to be written. For the convenience and interest of the reader we have included a representative (but by no means complete) bibliography in the references.

The natural definition of the notion of U –statistic on the local field K is the following direct translation of the familiar Euclidean definition.

Definition 1.1. Let {X_k}_{k∈N}be an infinite sequence of independent, identically distributed random variables taking values in the local field K. Fix a symmetric Borel function Ψ : K^m → K for some m ∈ N (that is, the value of the function Ψ is unchanged by permutations of its arguments). The sequence of U –statistics corresponding to {X_k}_{k∈N}and Ψ is the sequence of K–valued random variables

Date: March 4, 2001.

1991 Mathematics Subject Classification. 60B15, 60F05, 05E05.

Key words and phrases. local field, p–adic, U –statistic, symmetric function, random walk. Research supported in part by NSF grants DMS-9703845 and DMS-0071468. 1

{Z_k}_{k≥m} given by

Z_k := ∑ 1≤i_1<i_2<···<i_m≤k Ψ(X_{i1} , X_{i2} , . . . , X_{im} ). The following result is proved in §3. Some remarks on the hypotheses are given after the proof.

Theorem 1.2. Suppose that the local field K has characteristic zero, the support of the common distribution of the random variables X_k is compact, and the function Ψ is continuous. Let {k(h)}_{h∈N}be a sequence of positive integers such that k(h) converges to infinity as h → ∞ and also k(h) thought of as an element of K converges to some k^∗ ∈ K as h → ∞. Then the sequence {Z_{k(h)}}_{h∈N}of U –statistics converges in distribution as h → ∞.

2. Local fields

This section is essentially a summary of selected results from [Tai75, Sch84]. We refer the reader to these works for a fuller account. Before giving the general definition of a local field, we begin with the prototypical example.

Example 2.1. Fix a positive prime p. We can write any non-zero rational number r ∈ Q\{0} uniquely as r = p^s(a/b) where a and b are not divisible by p. Set |r| = p^{−s}. If we set |0| = 0, then the map | · | has the properties: |x| = 0 ⇔ x = 0; |xy| = |x||y|; |x + y| ≤ |x| ∨ |y|. (2.1)

The map (x, y) → |x − y| defines a metric on Q and we denote the completion of Q in this metric by Q_p. The field operations on Q extend continuously to make Q_p a topological field called the p-adic numbers. The map | · | also extends continuously and the extension continues to have properties (2.1). The closed unit ball around 0, Z_p := {x ∈ Q_p : |x| ≤ 1}, is the closure in Q_p of the integers Z, and is thus a ring (this is also apparent from the properties (2.1)) called the p–adic integers. As Z_p = {x ∈ Q_p : |x| < p}, the set Z_p is also open. Any other ball around 0 is of the form {x ∈ Q_p : |x| ≤ p^{−k}} = p^kZ_p for some integer k. Such a ball is the closure of the rational numbers divisible by p^k, and is thus a Z_p–module (this is again also apparent from the properties (2.1)). In particular, such a ball is an additive subgroup of Q_p. Arbitrary balls are translates (= cosets) of these closed and open subgroups. In particular, the topology of Q_p has a base of closed and open sets, and hence Q_p is totally disconnected. Further, each of these balls is compact, and hence Q_p is also locally compact.

A local field is a locally compact, non–discrete, totally disconnected, topological field. (As an aside, a locally compact, non-discrete, topological field that is not totally disconnected is necessarily either the real or the complex numbers. A local field with characteristic zero is a finite algebraic extension of the p–adic number field for some prime p. A local field with non–zero characteristic is a finite algebraic extension of the p–series field; that is, the field of formal Laurent series with coefficients drawn from the finite field with p elements for some prime p.)

From now on, let K be a fixed local field. There is a real–valued mapping on K which we denote by x → |x|. This map has the properties (2.1) and it takes the values {q^k : k ∈ Z} ∪ {0}, where q = p^c for some prime p and positive integer c (so that for K = Q_p we have c = 1).

A map with properties (2.1) is called a non-archimedean valuation. The property |x + y| ≤ |x| ∨ |y| is known as the ultrametric inequality or the strong triangle inequality. The mapping (x, y) → |x − y| on K × K is a metric for K that gives the topology of K. A consequence of (2.1) is that if |x| ≠ |y|, then |x + y| = |x| ∨ |y|. This latter result implies that for every “triangle” {x, y, z} ⊂ K we have that at least two of the lengths |x − y|, |x − z|, |y − z| must be equal and is therefore called the isosceles triangle property.

3. Proof of Theorem 1.2

Write E for the support of the common distribution of the X_k. By the ultrametric Stone–Weierstrass theorem (see, for example, §A.4 of [Sch84]), polynomials are uniformly dense in the space of continuous functions from the compact set E^m into K. Therefore, for each ϵ > 0 there exists a polynomial Q such that sup (x_1,...,x_m)∈E^m |Q(x_1, . . . , x_m) − Ψ(x_1, . . . , x_m)| < ϵ. Define a symmetric polynomial Q : E^m → K by Q(x_1, . . . , x_m) = 1 m! ∑ σ∈S_m Q(x_{σ(1)}, . . . , x_{σ(m)}), where S_m denotes the symmetric group on m letters and we have used the assumption that K has zero characteristic to conclude that m! ≠ 0. By the strong triangle inequality and the symmetry of Ψ, sup (x_1,...,x_m )∈E^m | |Q(x_1, . . ., x_m) − Ψ(x_1, . . ., x_m) | |

= sup (x_1,...,x_m )∈E^m | | | | | 1 m! ∑ σ∈S_m [ Q(x_{σ(1)}, . . . , x_{σ(m)}) − Ψ(x_{σ(1)}, . . . , x_{σ(m)}) ] | | | | | ≤ |m!|^{−1}ϵ. Thus, again by the strong triangle inequality, | | | | | | ∑ 1≤i_1<i_2<···<i_m≤k Q(X_{i1} , X_{i2} , . . . , X_{im} ) − Z_k | | | | | | ≤ |m!|^{−1}ϵ. It thus clearly suffices to consider the special case of the theorem when Ψ is a symmetric polynomial. By replacing X_k by X_k − c and Ψ(x_1, . . ., x_m) by Ψ(x_1 + c, . . . , x_m + c), we may further suppose that 0 ∈ E. Moreover, because

lim_h ∑ 1≤i_1<i_2<···<i_m≤k(h) 1 = lim_h ( k(h) m ) = k^∗(k^∗ − 1) . . . (k^∗ − m + 1) m! by assumption, we may suppose that Ψ has no constant term.

Given a positive integer n and integers λ_1 ≥ λ_2 ≥ . . . ≥ 0 with 0 = λ_{n+1} = λ_{n+2} = . . ., define the corresponding monomial symmetric function M_{n,λ} in the variables (x_1, . . . , x_n) by

M_{n,λ}(x_1, . . . , x_n) := ∑ α x^α, where the sum is over all distinct permutations α = (α_1, . . . , α_n) of (λ_1, . . . , λ_n) and x^α := x^{α1}_1 . . . x^{αn}_n .

The symmetric polynomials M_{n,λ} with ∑ i λ_i ≤ d form a basis for the vector space of symmetric polynomials in (x_1, . . . , x_n) of total degree at most d (cf. Ch I of [Mac95] or Ch 7 of [Sta99]). Consequently, we have

Ψ(x_1, . . ., x_m) = ∑ λ c_λM_{m,λ}(x_1, . . . , x_m), for suitable constants c_λ, where the sum is over all λ with 0 = λ_{m+1} = λ_{m+2} = . . ., only finitely many of the c_λ are non–zero, and c_0 = 0 (by our added assumption that Ψ has no constant term). Observe for such λ that if ℓ := max{r : λ_r > 0}, then ∑ 1≤i_1<i_2<···<i_m≤k M_{m,λ}(X_{i1} , . . . , X_{im} ) = ( k − ℓ m − ℓ ) M_{k,λ}(X_1, . . . , X_k). Note that lim_h (_{k(h)−ℓ} m−ℓ ) exists. It therefore suffices to show that the random vectors (M_{k,λ}(X_1, . . . , X_k)), where λ ranges over those non–zero partitions such that 0 = λ_{m+1} = λ_{m+2} = . . . and ∑ i λ_i is at most the total degree of Ψ, converge in distribution as k → ∞.

Given a non-negative integer j, define the power sum symmetric function P_{n,j} in the variables (x_1, . . . , x_n) by

P_{n,j}(x_1, . . ., x_n) := x^j_1 + · · · + x^j_n,

and given integers μ_1 ≥ μ_2 ≥ . . . ≥ 0 with 0 = μ_{n+1} = μ_{n+2} = . . ., set

P_{n,μ}(x_1, . . ., x_n) := ∏ i P_{n,μi} (x_1, . . . , x_n). We have M_{n,λ}(x_1, . . . , x_n) = ∑ μ c_{λμ}P_{n,μ}(x_1, . . . , x_n) where the sum is over all μ with ∑ i μ_i = ∑ i λ_i and, importantly, the constants c_{λμ} do not depend on n (cf. Ch I of [Mac95] or Ch 7 of [Sta99], and note that we are again using the assumption that K has characteristic 0).

It thus suffices to show for any positive integer J that the random vectors (_k ∑ i=1 X_i, k∑ i=1 X^2_i , . . . , k∑ i=1 X^J_i )

converge in distribution as k → ∞. However, this process is just a random walk on the compact subgroup of the additive group of K^J generated by {(x, x^2, . . ., x^J ) : x ∈ E}, and the added assumption that 0 ∈ E ensures that the random walk converges in distribution to Haar measure on this subgroup. □

Remark 3.1. The hypothesis that K has zero characteristic was used several times in the above proof. We do not know whether the result has a counterpart for non–zero characteristics.

Remark 3.2. The role played by the hypothesis that k(h) converges in K is apparent from the proof. However, because the assumption initially looks rather unusual, we emphasise its importance with the following simple example. Suppose that K is the field of p–adic numbers Q_p, m = 2, and Ψ(x_1, x_2) = x_1 + x_2. Then

Z_k = (k − 1) k∑ i=1 X_i. As we observed in the proof, if 0 is in the support of the common distribution of X_k, then ∑_k i=1 X_i converges in distribution as k → ∞ to Haar measure on the subgroup of Q_p generated by the support. Note that if k is of the form p^s + 1, then |k − 1| = p^{−s}, whereas if k is of the form p^s + 2, s ≥ 1, then p does not divide k − 1 and hence |k − 1| = 1. Consequently, we must take k → ∞ along a subsequence in order for Z_k to have a limit in distribution.

Remark 3.3. In principle, the steps in the proof can be reversed to describe the limiting distribution as the push–forward by an appropriate function of Haar measure on the compact additive subgroup of K^Ngenerated by (x, x^2, x^3, . . .) for x in suitable fixed translate of the support of the distribution of the X_k. It does not appear that one can give a more effective characterisation of the limit. In the next section we examine some particularly simple examples where it possible to say something concrete about the limit.

4. Some examples

Suppose that K is the field of p–adic numbers Q_p for some prime p and X_k takes only the values 0 and 1 with positive probability. Then ∑_k i=1 X_i = ∑_k i=1 X^2_i = . . . , and these sums converge in distribution to Haar measure on the ring of p–adic integers Z_p.

Write E_{n,r} for the r^{th} elementary symmetric function of n variables; that is,

E_{n,r}(x_1, . . . , x_n) := ∑ 1≤i_1<...<i_r ≤n x_{i1} . . . x_{ir} , n ≥ r. If we put Ψ = E_{m,r} , then Z_k = (_{k−r} m−r ) E_{k,r}(X_1, . . . , X_k). Write U for a random variable with Haar distribution on Z_p. Then, by a classical determinantal identity (see Example 8 in §I.2 of [Mac95]), E_{k,r}(X_1, . . . , X_k) converges in distribution as k → ∞ to

1 r! det U 1 0 . . . 0 0 U U 2 . . . 0 0 . . . . . . .. . .. . . . U U U . . . U r − 1 U U U . . . U U = U (U − 1) . . . (U − r + 1) r! = ( U r )

(this is also clear from elementary considerations: if {x_1, . . . , x_n} ⊆ {0, 1}, then E_{n,r}(x_1, . . . , x_n) counts how many subsets of size r can be drawn from a set of (x_1 + · · · + x_n) objects).

We note in passing that the random variable U is the simplest example of the natural analogue on Q_p of a Gaussian random variable. Moreover, the random variables (_U r ) are, in a very natural sense, orthogonal and appear in a theory of stochastic integration and Wiener chaos on Q_p. We refer the reader to [Eva89a, Eva91, Eva93, Eva95] for details.

Write H_{n,r} for the r^{th} complete symmetric function of n variables; that is, H_{n,r}(x_1, . . . , x_n) is the sum of all monomials of total degree r in the variables x_1, . . . , x_n. By another classical determinantal identity (see Example 8 in §I.2 of [Mac95]), H_{k,r}(X_1, . . . , X_k) converges in distribution as k → ∞ to

1 r! det U −1 0 . . . 0 0 U U −2 . . . 0 0 . . . . . . .. . .. . . . U U U . . . U −(r − 1) U U U . . . U U = (−1)^r ( −U r ) .

Note that {H_{k,r}(X_1, . . . , X_k)} is not a sequence of U –statistics for some function Ψ. Finally, given a partition λ of some integer r, let S_{n,λ}(x_1, . . . , x_n) be the Schur function in the variables x_1, . . . , x_n associated with λ (see §I.3 of [Mac95]). From a classical determinantal formula expressing Schur functions in terms of the complete symmetric functions (see Equation (3.4) of [Mac95]) S_{k,λ}(X_1, . . . , X_k) = det (H_{k,λi−i+j}(X_1, . . . , X_k))_{1≤i,j≤N} for any N that is at least the length of the partition λ (that is, the number of non–zero parts in λ). By the above, the right–hand side converges in distribution as k → ∞ to det ( (−1)^{λi −i+j} ( −U λ_i − i + j )) 1≤i,j≤N = (−1)^r det (( −U λ_i − i + j )) 1≤i,j≤N . From Example 4 in §I.3 of [Mac95], we see that the right–hand side is ∏ x∈λ^′ U − c_λ′ (x) h_λ′ (x) , where λ^′ is the partition dual to λ and c_λ′ (x) (resp. h_λ′ (x)) denotes the content (resp. hook length) of λ^′ at x (that is, if x is the box in the i^{th} row and j^{th} column of the Young diagram of λ^′, then c_λ′ (x) := j − i and h_λ′ (x) is the number of boxes in the hook with corner at x). There is a natural identification of boxes in the Young diagram of a partition with boxes in the Young diagram of the dual partition. Under this identification, c_λ′ (x) = −c_λ(x) and h_λ′ (x) = h_λ(x). Consequently, S_{k,λ}(X_1, . . . , X_k) converges in distribution as k → ∞ to ∏ x∈λ U + c_λ(x) h_λ(x) .

References

[AK91] S. Albeverio and W. Karwowski, Diffusion on p-adic numbers, Gaussian random fields (Nagoya, 1990), Ser. Probab. Statist., no. 1, World Sci. Publishing, River Edge, NJ, 1991, pp. 86–99.

[AK94] , A random walk on p-adics—the generator and its spectrum, Stochastic Process.

Appl. 53 (1994), 1–22.

[AKZ99] S. Albeverio, W. Karwowski, and X. Zhao, Asymptotics and spectral results for random walks on p-adics, Stochastic Process. Appl. 83 (1999), 39–59.

[Bik99] A. Kh. Bikulov, Stochastic equations of mathematical physics over the field of p-adic numbers, Theoret. and Math. Phys. 119 (1999), 594–604.

[BV97] A. Kh. Bikulov and I.V. Volovich, p-adic Brownian motion, Izv. Math. 61 (1997), 537– 552.

[Eva89a] S.N. Evans, Local field Gaussian measures, Seminar on Stochastic Processes, 1988 (Gainesville, FL, 1988), Progr. Probab., no. 17, Birkhäuser Boston, Boston, MA, 1989, pp. 121–160.

[Eva89b] , Local properties of Lévy processes on a totally disconnected group, J. Theoret.

Probab. 2 (1989), 209–259.

[Eva91] , Equivalence and perpendicularity of local field Gaussian measures, Seminar on Stochastic Processes, 1990 (Vancouver, BC, 1990), Progr. Probab., no. 24, Birkhäuser Boston, Boston, MA, 1991, pp. 173–181.

[Eva93] , Local field Brownian motion, J. Theoret. Probab. 6 (1993), 817–850. [Eva95] , p-adic white noise, chaos expansions, and stochastic integration, Probability measures on groups and related structures, XI (Oberwolfach, 1994), World Sci. Publishing, River Edge, NJ, 1995, pp. 102–115.

[Gui89] F. Guimier, Simplicité du spectre de Liapounoff d’un produit de matrices aléatoires sur un corps ultramétrique, C. R. Acad. Sci. Paris Sr. I Math. 309 (1989), 885–888.

[KB94] V.S. Koroljuk and Yu. V. Borovskich, Theory of U -statistics, Mathematics and its Applications, no. 273, Kluwer, Dordrecht, 1994.

[KM94] W. Karwowski and R. Vilela Mendes, Hierarchical structures and asymmetric stochastic processes on p-adics and adèles, J. Math. Phys. 35 (1994), 4637–4650.

[Koc97] A.N. Kochubei, Stochastic integrals and stochastic differential equations over the field of p-adic numbers, Potential Anal. 6 (1997), 105–125.

[Koc99] , Analysis and probability over infinite extensions of a local field, Potential Anal.

10 (1999), 305–325.

[Lee90] A.J. Lee, U -statistics. Theory and practice, Statistics: Textbooks and Monographs, no.

110, Marcel Dekker, Inc., New York, 1990.

[Mac95] I.G. Macdonald, Symmetric Functions and Hall Polynomials, 2nd ed., Oxford Mathematical Monographs, Oxford University Press, Oxford, 1995.

[Mad90] A. Madrecki, Minlos’ theorem in non-Archimedean locally convex spaces, Comment.

Math. Prace Mat. 30 (1990), 101–111.

[Mad91] , Some negative results on existence of Sazonov topology in l-adic Fréchet spaces, Arch. Math. (Basel) 56 (1991), 601–610.

[Sat94] T. Satoh, Wiener measures on certain Banach spaces over non-Archimedean local fields, Compositio Math. 93 (1994), 81–108.

[Sch84] W.H. Schikhof, Ultrametric Calculus : an Introduction to p-adic Analysis, Cambridge Studies in Advanced Mathematics, no. 4, Cambridge University Press, Cambridge, 1984.

[Ser80] R.J. Serfling, Approximation Theorems of Mathematical Statistics, Wiley Series in Probability and Mathematical Statistics, John Wiley and Sons, Inc., New York, 1980.

[Sta99] R.P. Stanley, Enumerative Combinatorics, Cambridge Studies in Advanced Mathematics, no. 62, Cambridge University Press, Cambridge, 1999.

[Tai75] M.H. Taibleson, Fourier Analysis on Local Fields, Mathematical Notes, no. 15, Princeton University Press, Princeton, NJ, 1975.

[Yas96] K. Yasuda, Additive processes on local fields, J. Math. Sci. Univ. Tokyo 3 (1996), 629– 654.

E-mail address: evans@stat.Berkeley.EDU

Department of Statistics #3860, University of California at Berkeley, 367 Evans Hall, Berkeley, CA 94720-3860, U.S.A